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Abstract 



A prescription for calculating low-energy one-loop higher-mass dimensional effective 
Lagrangians for non-Abelian field theories is constructed in the spirit of quasilocal 
background field method. Basis of Lorentz and gauge-invariant monomials of similar 
mass-dimensions acting as building blocks are matrix-multiplied in a specified order 
(usually dictated by a permutation of tensorial indices) generating the much needed 
invariants. The same set of building blocks is used to generate higher-order corrections 
for a specific mass-dimension. Though the gauge group, the spacetime dimensions, 
the order of corrections that can be included, and the mass-dimensions that can be 
formed are all kept arbitrary in the prescription, we constructed basis invariants from 
3 up to 12 mass- dimensions to accommodate higher-order corrections up to fourth- 
order. With these basis, we pursued solving the zeroth-order corrections leading to 
invariants from 2 up to 16 mass-dimensions, for first-order from 4 up to 8 mass- 
dimensions, second and third order corrections from 6 up to 8 mass-dimensions. As 
a result, we have reproduced the zeroth-order corrections showing dependence on 
the covariant derivative of the background matrix potential. Previous calculation 
was done up to 12 mass-dimensions but this dependence was not shown in closed 
form. For higher-order corrections, the case for 4 up to 6 mass- dimensions are also 
reproduced. Finally, we calculated the case for 8 mass-dimensions which is reduced 
only by exploiting the antisymmetry of the fieldstrength tensor and the freedom to 
throw away total derivatives. 
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Chapter 1 
Introduction 



A physical phenomenon may involve arbitrary interactions including perhaps self- 
interactions. Such event can only be analyzed completely by introducing corrections 
in the equations that describe an ordinary interaction. Usually the included interac- 
tion terms depend on higher-order derivatives of the fields and appear in the effective 
Lagrangian. 1 These effective Lagrangians containing higher-order derivative correc- 
tions arise naturally in higher- dimensional theories. Physics described by effective 
Lagrangians of this kind form a class of higher- derivative and higher dimensional 
theories. 

Various areas of physics belong to this class. Each inclusion of higher-derivative 
term in one of these areas corresponds a reason. In general relativity for example, 
higher- derivative terms of the metric [2] appearing as curvature-squared term in the 
Lagrangian j3 E] are added to a more standard lower-derivative theory as quantum 

corrections. Even for small coefficients, these terms can dominate. In another in- 

^or example in perturbation theory for gravity: go + Sg, where go is a background metric that is 
a solution of the field equations. The terms quadratic in Sg are regarded as the free action, the rest of 
the higher-order higher-derivative terms are the interactions (including possibly self- interactions). pQ 
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stance, they appear in brane theories in two classes[3 El- First, they appear as 
derivatives of the world-volume fields and second, as derivatives of the bulk fields 
to the world volume of the brane. The inclusion of higher-derivative terms occur in 
cosmic strings [3 IB], in Dirac's relativistic model of the classical radiating electrons^, 
in quantum gravity ^21 [TJ], in blackholes ^2j, and in quantum cosmology ^Hj to 
mention a few. In all instances, their presence dramatically recast the original lower- 
derivative theory into a new one no matter how small it may naively appear to perturb 
the original one. 

Theories containing unconstrained higher-derivative corrections have very distinc- 
tive features. Their presence makes two seemingly identical theories very different |17j. 
one a lower- derivative theory and the other the same theory with a higher derivative 
correction included. Mathematically, there is nothing inconsistent with these features. 
One feature is that they have more degrees of freedom 2 and they lack a lowest-energy 
bound than their lower-derivative counterparts. More degrees of freedom 3 might be 
more accurate physically as the most interesting new families of solutions appear 
progressively for each order of accommodated higher- derivative corrections. 

Of course, we want to avoid the above problems. These are avoided if we consider 
nonlocal theories whose higher-order higher-derivative terms appear as a perturbative 

(Taylor-series) expansion about some small parameter. 4 They are not plagued with 

2 This is true at the classical level. At the quantum level, non-commuting variables in the 
lower-derivative theory, such as positions and velocities, become commuting in the higher-derivative 
theory. [TJQ2] 

3 This means that more initial data are needed to solve the dynamical equations of motion. 

4 This is small in the sense that Sg is kept smaller than go locally. (See footnote 1 of this chapter). 
This is so if there are no large metric fluctuations below the Planck scaled, a necessity if perturbation 
is to make sense. 
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such problems as they contain implicit contraints keeping the number of degrees of 
freedom fixed and maintain a lowest-energy bound. Their relatives, the truncated 
expansions of some nonlocal (but otherwise well-behaved) theory, also enjoy the ab- 
sence of such problems. Other theories, like treating the added higher-derivative 
terms as small, also avoid these problems. Through these implicit constraints, a lot 
of the unnecessary degrees of freedom are not counted consequently removing so- 
lutions that cannot be (Taylor-series) expanded about the small parameter. These 
imposed constraints do not correspond to higher-order terms with the higher powers 
of the expansion of the small parameter. Instead, each term in the series expansion 
contributes commensurately less with increasing order of degree. The series expan- 
sion can be implemented finitely or infinitely. While convergence 5 is not an issue in 
the former, it is demanded in the latter that equations of motion converge. 6 

Higher derivatives lead to ghostspQ, states with negative norm. This means that 
the S matrix would not be unitary and there will be states with negative probabilities. 
Ref. PP circumvented these features by considering fourth-order corrections. They 
have shown that perturbation theory for gravity in dimensions greater than two re- 
quires higher derivatives in the free action. Finally, higher-order Lagrangians appear 
in higher-dimensional theories such as Kaluza Klein and string theories. They are 

introduced for various reasons like spontaneous compactification from purely gravi- 

5 String perturbation theory expansion does not converge. They have to be augmented by non- 
perturbative objects, like D-branes.|Sj 

6 The terms mentioned in footnote 2 include (V<5g) 2 , multiplied by powers of Sg. Actually the 
volume integral of such an interaction is not bounded by the free action and perturbation theory 
does not make sense. This makes perturbation for gravity (in the sense described in footnote 1) not 
renormalizable. [Tl| This is because Sg > go locally. 
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tational higher dimensional theories. Higher dimensional theories has been largely 
studied in cosmology [TH} IT§] and in Black holes [T^j. 

1.1 Background of the Study 

In the area of effective field theory, calculation of effective Lagrangian (with its fields 
allowed to vary arbitrarily) involves the construction of the Green function equation in 
momentum-space. One feature we choose to take advantage of in this method is that 
proper-time equations 7 can be obtained in the strong but slowly varying background 
fields. 

The method of obtaining explicit solutions 8 was pioneered by FockJ^Tj when he 
proposed a method of solving wave equations in external electromagnetic fields by 
an integral transform in the proper-time parameter. It was Schwinger|2()[ 122] who 
generalized the proper-time method and applied it to the covariant calculation of one- 
loop effective Lagrangian for constant electromagnetic fields. Then DeWitt|23] in the- 
so-called quasilocal background field method[2n]-[!)U| reformulated Fock-Schwinger 
proper-time method in geometrical language. He applied it to the case of external 
gravitational field. 

In this work, we will perform background-field-method-prescribed calculations 

7 We will interchangably refer proper-time equations with explicit solutions, unless otherwise 
indicated. Proper-time equations relate quantities to the dynamical properties of particles with 
space-time coordinates that depend upon a proper-time parameter. They depend on generalized 
non-Abelian fieldstrength tensor Y and generalized background matrix potential X. We prefer to 
express them as a proper-time integration though they can be equivalently expressed in terms of a 
gamma function (See Appendix D.5). This is an artifact of the proper-time method that isolates 
divergences in integrals with respect to the proper-time parameter, which is independent of the 
coordinate system and of the gauge. [2U| 

8 Refer to previous footnote (No. 7). 
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which begin by imposing covariant restrictions on the background converting the 
nonlocal equation satisfied by the Green function equation to a quasilocal one. The 
covariant restrictions will assure us a fixed number of degrees of freedom and a main- 
tained lowest-energy bound. The trend 9 in the calculation is towards an even more 
relaxed (in terms of covariant restrictions in the fields) version similar to Rodulfo[26 
in application to gauge fields, similar to Brown and Duff|25j in scalar fields. Our cal- 
culation goes beyond the covariant restriction imposed by Schwinger (who imposed 
first-order covariant restrictions on the field strength tensor), Brown and Duff (who 
imposed first as well as second-order covariant restrictions), and Rodulfo (who im- 
posed third-order covariant restrictions). Our work aims to calculate explicitly the 
solution corresponding to the eighth-order partial differential Green function equation 
as obtained by Tiamzon |2Tl |2~H] . 

1.2 Organization of Thesis 

This work is structured as follows: The fundamentals of the background field formal- 
ism and its elegance in accommodating higher- derivative corrections are highlighted 
first. An example is presented to lay ground for generalization. Choosing a con- 
straint on the general form will give us a specific differential equation which this 
work aims to solve explicitly. This differential equation is presented in Chapter 2 in 
both space-time and momentum-space configurations. To solve the equation, Chap- 
ter 3 displays the Gaussian solution upon which we generate new families of solutions 

by letting the non- Gaussian sector operator act on the Gaussian part in momen- 
9 Consider getting a sneak peek at Eqns H3.10JI - H3.12JI . 
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turn space. Though the solution presented in Chapter 3 is exact and closed-form, a 
Taylor-series-expansion (TSE) equivalent will be used instead to generate the basis 
invariants. These basis invariants grouped according to their total mass- dimensions 
are presented in Chapter 4. The zeroth-order one-loop effective Lagrangians are ex- 
plicitly solved for mass-dimensions two up to sixteen including derivatives in the 
background matrix potential not previously shown. For higher-order corrections, an- 
other set of grouped basis invariants is presented in the latter part of Chapter 4. 
Prescriptions on how to use these grouped basis invariants are described for each 
mass-dimension, from mass- dimensions four up to twelve accommodating first-order 
up to fourth-order corrections. Full implementation of the prescriptions is illustrated 
explicitly both in the ungauged case up to ten mass- dimensions and in the usual case 
up to eight mass-dimensions. For the ungauged case, handling p, X, and s integraions 
are presented step by step. These steps are skipped in the presentation of four up to 
eight mass-dimensional one-loop effective Lagrangians in the gauged case. The main 
calculation is presented in the latter part of Chapter 5. This is about the one-loop 
eight mass-dimensional one-loop Lagrangian. The repeated use of total derivatives, 
or equivalently integration by parts, cyclic matrix permutations, and antisymmetry 
of the field strength tensor is presented as the need arises. Use of Bianchi identities 
is yet to be implemented. Such further reduction is reserved in another occasion. 
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Chapter 2 

Statement of the Problem 



2.1 Background Field Method Fundamentals 

In this chapter, we review first DeWitt's 1 background field formalism [2B1I3! then we 
state the problem this thesis aims to achieve. That is, we present the relevant Green 
function equation for real boson fields and display its generalized form in terms of 
the generalized background gauge connection and the generalized matrix potential. 
Then in the next section, we impose (fourth-order) covariant restrictions on both 
the background gauge connection and the matrix potential to obtain the eighth- 
order partial differential equation in momentum-space. This is the section where the 
statement of the problem is formulated. The last two sections of this chapter will be 
devoted to the scope and delimitations, and the significance of this work. 

To begin our review, consider the general form [23 EI] of the bilinear La- 

1 Bryce DeWitt of the University of Texas, Austin, USA invented background field method, and 
developed the methodology of ghost loops in gauge theory. His name is associated with the Wheeler- 
DeWitt equation, which provides the basis for most work on quantum cosmology, and with the 
Schwinger-DeWitt expansion, which is widely used in studying field theories in curved space-time 
and in string theory computations. 
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grangian 2 for real boson fields <fr in D dimensions. 



1 

2' 



(2.1) 



Capitalized Roman Alphabets: W, N, and M, are arbitrary external spacetime de- 
pendent source functions evaluated at = A. They may be chosen to have the 
(anti)symmetry properties fl^\ loT| loTj: 



W* 3 

fJ,V 



V 



W* 3 

VfJ, 



-N 31 



W 31 



M ij = M ji . 
So that in flat Euclidean D-dimensional spacetime, 



(2.2) 
(2.3) 
(2.4) 



w 13 


= —8^ 3 , 




= D, 


5 U 


= d. 



(2.5) 
(2.6) 
(2.7) 



If one forms the tensor quantities 

X = 



M - 



(2.8) 



2 In the spirit of background field formalism, the bilinear Lagrangian appears as a second term of 
the power-series-expanded and quantum-field- variable-(/>-replaced-by-(/> + A Lagrangian |23l PHI I52| 

1 S 2 C 



C{4> + A) = C{A) + 



which is now a power series expanded in <j) about A. This must represent the one-loop quantum 
corrections. This is upon invoking the classical equation of motion on the background [331 141| 



6C(4>) 



0. 



<j>=A 
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V = N u ^ - N^ u + [N^, N u ], (2.9) 

which together with cf) transform according to 

X — ► e A{x) Xe- A{x) (2.10) 
V — e A ^Ve- A ^ (2.11) 
— > e AW0 (2.12) 

for some arbitrary antisymmetric matrix A^(x), then the bilinear Lagrangian (|2.1j) 
may be cast in the manifestly gauge invariant form fZG\ loT] 

= ^(V 2 + X) ( p. (2.13) 

The Lagrangian induced by these one-loop effects, in ()2.13|) is then given by 
the functional integral over the quantum fields 

exp J d D x = J d[<p} exp J d D x ^<f) (v 2 + x) (2.14) 

subject to the condition that 

£«^°0. (2.15) 

Differentiating ()2.14j) with respect to X, one finds that is determined by the 
coincidence limit of two-point correlation function 3 

acw i 

^ = -Tr<0(*)0(*')> (2.16) 



3 Here, Tr denotes a trace over gauge indices (including possibly spinor indices) while tr is a 
Lorentz trace. 
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where the (Euclidean) Green function 



, , , / d[(f)] <\? (x)^(x') exp / d D x \(p (V 2 + X) 



is the solution to the differential (Green function) equation 

'd 2 +X(x) + N^ fl +N fl (x)d fl + N II (x)N fl (x)} (<f ) (x)<j ) (x , )} = -5(x,x'). (2.18) 

Provided one can find some way of solving this non-local equation, the one-loop 
correction to the effective Lagrangian is given by[ 



L« = -Tr J dX G(x,x') (2.19) 

The differential equation ()2.18|) has been generalized by Tiamzon [27, and by 
Tiamzon and Rodulfo [2H] by imposing covariant restrictions 

V n Y = 0, n > 1 (2.20) 

on the background — in the spirit of quasilocal approximation. The case of n = 
1 was shown to be exactly soluble in reference while the case of n = 3 was 
considered in j2H]- 4 The restriction ()2.20|) is the non-Abelian analogue to the one 
imposed by Schwinger [201 on the Maxwell field tensor, F^p = for constant external 
electromagnetic fields. Such restriction is quasilocal and leads one to a closed form 
of the one- loop effective Lagrangian in terms of invariants in even powers of Y^. 

Indeed, the non-trivial extension (J2.20j) corresponds to the general form of the 
background connection given by the finite sum (2 



AT = e A ^«V- A ^ + jt L}^l{V^ l Y{x)), o (,- - .,-')" (2.21! 



4 The case when n = 4 has been derived in \27\ . Their result will be be shown in the next section. 
This was not solved explicitly. Its explicit solution will be dealt with in this work. 
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as generalized by Tiamzon and Rodulfo in [2E| provided (|2.20j) is adhered to. 
Employing the Fock-Schwinger gauge jHHl EE ED] , 

(x - x') ■ N(x) = (2.22) 

in n-repeated covariant differentiations 

(x - x') n+l o V n N(x) = 0, (2.23) 

one finds equivalent ly 

n ~ 1 1 4- D r n 

Here, the pure gauge term in (|2.21j) is absorbed by the gauge transformation iV M — > 
e ~ A (dp + Nfj) e A leaving only the invariant quantities as in (|2.24j) . So that in the 
completely non-local limit (n — > oo) of the background gauge connection, this may 
be expressed in a closed integral form given by 



N^x)= f daaY^(ax)(x-x') (2.25) 

•/ 

where we have rescaled the manifold in accordance with x — *> ax. Since this rescaling 
does not affect the coefficients of expansion, 

Y^{x') = e^ v * [Y u ,(x)} x=x , = e^ v *Y Ufl (x'). (2.26) 

We can then write Y^ u as 

Y^iax) = [Y vtl {x')\ = e a( - x -^ d ™ [Y u ,(x')} . (2.27) 

Formally, this alternative non-local expression (J2.25|) for may be substituted into 
the Green function equation (J2.18j) . 
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Imposing similarly covariant restrictions on the matrix potential 



V l X = 0, 



/ > 1, 



(2.28) 



the matrix potential X(x) has the general form [23 EE] 



l-i 



1 



X(x) = Y -V q X(x') o( x - x') q . 
For any n and I, the generalized differential equation is given by 

l-l -i n-1 



(2.29) 



, 2 + E^0o(,-^-E^ 

I ^ 2(l + g) 
(2 + ff)! 



V {q) ■ Y(x')\ o(x- x') q 
V q Y(x') o ( x -x') 1+q } ■ d 



^ 1 (l + r)(l + g) 
r^)(2 + r)!(2 + ?)! 



p r y(x') o (x — x 



V q Y(x'\ 



o (x — X 



x((j)(x)(j)(x')) = —5(x,x'). 



(2.30) 



as it has been derived by Tiamzon|27j Tiamzon and Rodulfo[28 progressively by 
induction. 

Upon transformation to a D-dimensional Euclidean momentum space through 



(0(x)0(x')> 



d D p 

which effectively entails the replacements: 





Jp(x-x') 



G( P ), 



(2.31) 



(x — x') — > — i 



<9p ' 



d — ► ip, 



(2.32) 



the general quasilocal Green function equation in momentum space takes the form 

(d\ q 



;v+ g(z^ P ^ 0o f|.y_g3H)-(i+ g ) 

,=o ?! W 9 =o (2+?)! 



X 



12 



+ g (-z)^(l+r)(l+g) 



/',[/: 



i (2+r)!(2+ g )! 



1+r 



^ 2(-i)«(l + g) 

h (2 + g)! P ' 



1+9 



G(p) = -1. 



1+9 



(2.33) 



2.2 Eighth-order Partial Differential Equation 



In this work, n and I are set to four in (|2.20j) as 



V^Y = 



(2.34) 



and in ()2.28|) as well as in ()2.30|h ()2.33|) . and in ()3.9|) as this will be appropriate in 
the calculation of higher mass- dimensional one-loop effective Lagrangian with higher- 
derivative corrections. As shown by Tiamzon and Rodulfo [2E], when n = I = 4 in 
(J2.20)) and (|2.28|) . the background gauge connection takes the form 



N„ 



Ypv^x ) {x x );/ Y piJ p (x ~){x x ) 



A2 



"^Y pu pa {x )(x — x ) apv — -^Ypv .pctk( x ){x — x ) KapI/ 



(2.35) 



where K (later also X) and their covariant derivatives are all evaluated at the fixed 
reference point x'. 

Similarly, the matrix potential takes the form 



X(x) = X(x')+X. p (x')(x-x') p + -X. pa (x')(x-x') 



A2 



per 



gX p (TK (a; )(x x )p CTK . 



(2.36) 



Upon substitution of 1)2.35)1 and 1)2.36)] into the Green function equation (J2.18)) . the 
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following differential equation 5 



|^ + X - Y pu (x - x\d, + (v p X + X -V V Y^ 

9 



[x — x') f 



^D u Y pp (x x ) fMU d l 

l -V 2 vtl X + \y pp Y pu - l - {v%Y ptx + V%Y PP )] (x - x') 

1 



A2 

/IV 



^VlY aa (x - x')L n d a 



+ 



-V 3 



g pv "/'V Jpup^ 

Y 1_ Z' T") 3 V _|_ T") 3 V _|_ 7^3 y 

i-^- 2Q y^pva 1 op ~T J - y P au 1 crp T Ly (J pv 1 csp 

f 



~~^DvpcjYap(,X ~ X ) pupa d a 

+ f-£> y 7J> y + -Y V 2 Y \ (x — x') 

~ In o/i^ff 1 ap ~ g 1 ap^ap ttv J \ ) 

^V/fc + ^Y^LYpp) (x - 

+ {^^^v^lP^haa^lP + ^^L^7M^|a^V) (x — £ ) 



./>4 
pvpa 



pupaa 
pvpaaf3 



-5(x,x'). (2.37) 



is obtained, where X and y and their covariant derivatives are all evaluated at refer- 
ence point x' . Fourier transforming ()2.37j) to a D-dimensional Euclidean momentum 
space through 



(cj)(x)(f)(x')} 



This essentially entails the replacements: 



ad 



(27T) 



d 



D 



(2.38) 



(x — x 



op 



(2.39) 



3 In later chapters, we prefer to denote V? „ as P^,..^ 
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The Fourier transformed Green function G(p) correspondingly satisfies an eighth- 
order partial differential equation in momentum space 



-p 2 + X - Y^p^ - i(D„X + V V Y^)^- + ^iDpY^ 



2 



I-n 2 Y - -V v • 3 fr " 2 

O U W A 1 PP 1 pv 



4 



•J 

- ( V 2 Y —V 2 Y 

o \ ly up 1 PP Ly pv 1 PP 
1 



~^ J-^opYpvPp 



dpudp p 

d 2 
dppdp u 

Q3 



+ 



— T) 3 Y — T) 3 V — ( T) 3 V -i- Tfi V 

q pvp> 2q ^ pua 1 ap j^q \ypav 1 op ' ^crpv 1 ° 



+~ {Y a ,V p Y av + {V v Y^)Y ap ) 



4- (v 3 Y n 4- -V Y V Y 4- -Y V 2 Y 

i I *^apv 1 apfa ~ g 1 ap^a 1 ap ~ g 1 ctp 1 ^ up 1 otv 



dpudppdp a 
3 

dppdp u dp p 
<9 4 



dppdp u dppdp 

(^3 Z 2 \ 

T^YupVotopYfiv + j^DvYppD^YppJ 



— ( — T) V T) 3 Y 4- — T) 2 V T) 2 V 

I v IP ftacj ~tp ' Q / ^ Ly pv 1 -yP 1 ^l3a 1 7cr 



120 1 V^^Wf" dp fl dp u dp p dp <J dp a dp p dp 1 



dppdp u dppdp a dp a 

<^ 

dppdp u dp p dp a dp a dpf3 
d 7 



dp^dpvdppdpadpadppdp^dpt 



•G(p) = -1 



(2.40) 



2.3 General and Specific Objectives 



Our goal is to solve this eighth-order partial differential equation in momentum- 
space (J2.40j) explicitly. Such task is equivalent to the calculation of higher mass- 
dimensional effective Lagrangians for 4 up to 26 mass-dimensions. 6 However, we 

6 This is counting the total mass-dimensions of the product of field strength tensor (and its 
covariant derivatives) invariants. The scheme of identifying mass-dimensions of these quantities are 
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limit our calculation up to 12 mass- dimensions. This corresponds to solution of (|2.40|) 



which can lead to invariants of mass-dimension equal to or lower than twelve. 

In our calculation, the use of a symbolic software 7 will be implemented for the 
first time. Consequently, the evaluation eases out complications introduced when 
handling tensors with a number of indices (either Lorentz or internal). 

To verify whether our results agree with those found in literature, we want to 
compare only in the effective Lagrangians for four, and six mass- dimensions. That is, 
we implement standard simplification procedures 8 to obtain results that completely 
agree 9 with those found in literature EIE EE EE1 EH]- We implement such reduction 
scheme jHHl for the case of four and six mass- dimensions. For eight mass-dimensions, 
we limit our reduction process by applying only product rule, cyclic matrix permu- 
tations, integration by parts and the antisymmetry of F^ u in the reduction process. 
Comparison to those found in literature for eight mass-dimensions can only be made 

once the use of Bianchi identities are applied. 10 Results involving ten and twelve mass- 
described in detail in Section 4.1. 

7 Thanks to Dr. Jose Tristan Reyes of the Math Department of De La Salle University, and to 
Dr. Jcrrold Garcia and Mr. William Yu of the Ateneo High Performance Computing Group of the 
Ateneo de Manila University for allowing me to use their licensed Mathematica software. The other 
software is Maxima 5.5, for Windows (with enhancements by W. Schelter) and for Unix-Linux OS. 
Both were licensed under the GNU Public License. Thanks to Dr. Garcia for introducing me the 
linux-compiled version of Macsyma. Text-output handling were done with the aid of a spreadsheet 
software such as MS Excel. In this thesis, we will interchangeably refer Macsyma with Maxima. 

8 The simplification process includes |8(Jj the application of product rule, cyclic matrix permuta- 
tions, integration by parts, Bianchi identites, and antisymmetry of (in other instances perhaps 
mirror transformation). 

9 Effective Lagrangians with derivative corrections can be arbitrarily simplified using these iden- 
tities and relations between F, DF, for our case including D 2 F and D 3 F relations. Different usage 
of such identities and relations can lead to seemingly different result once comparison is made with 
those found in literature |77j. 

10 The goal in the reduction process is to obtain a minimal set of linearly independent (gauge 
invariant) monomials. 
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dimensions will be presented just to showcase the facility of using symbolic software. 
We emphasize that the main result of this thesis will revolve around the one-loop 
effective Lagrangians for eight up to sixteen mass- dimensions in the zeroth-order cor- 
rections case (particularly the closed form expression of the OiT>^) terms) and up to 
twelve mass-dimension in the higher-order corrections case. Such reduction process 
for eight up to twelve mass-dimensions effective Lagrangians and obtain a minimal 
set of invariants will be reserved in another occasion. 

The techniques of handling n-fold proper time integration (for n — 2, 3) will be 
presented and used extensively in our calculation. The case of handling two- up 
three-fold proper-time integrations were applied in Ref. [2E,. But we present them 
in Appendix D in a manner that the case when n > 3 can be obtained similarly and 
when the integrand is expressed in powers of the proper-time variables. 

Also the algorithm used in our calculation can run in computers with limited 
memory capacity and with symbolic software that can handle at least algebraic ma- 
nipulations. We treat the monomials as a textual ouput rather than their usual repre- 
sentation as tensor. 11 This is because an algebraic equivalent algorithm of (kronecker 
delta) index contraction is used. Also the algorithm avoids a polynomial expansion 
that usually leads to a very large number of terms. 12 An ordinary PC can handle 10 3 
terms. We device an algorithm that uses about 3, 000 terms but can accommodate 

higher-order corrections in the calculation of one-loop effective Lagrangians. 

n Tensor packages are not necessary. They become necessary when we treat monomials as tensors. 
See Chapter 6 for a possible recalculation of this work with the aid of tensor packages. 

12 See Section 6.3. Algorithm following direct polynomial expansion algorithm leads to 10 4 , 10 5 , 
10 10 , and 10 13 terms, when first- (£ = 1), second- (£ = 2), third- (£ = 3), fourth-order (I = 4 in Eqn. 
()3.13(l ) corrections are accommodated respectively. 
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2.4 Scope and Delimitations 

This work limits itself to the study of fields with a flat metric, eliminating thence the 
theories with curved metric. The extension to include gravity appears to be soluble 
for conformal gravity [77] . 

Calculations are done up to one loop. Dyson-Schwinger equationjHU E2| extends 
beyond one-loop correction provided one can obtain an explicit solution to the equa- 
tion of the appropriate Green function |25j. 

Prescriptions for calculating one-loop effective Lagrangians are made for mass- 
dimensions four up to twelve. The case of four and six mass-dimensions are worked 
out completely, eight mass-dimensions partially. Higher than eight mass-dimensions, 
results are presented in their unsimplified form. All of the above-mentioned processes 
are done with the aid of a symbolic manipulation software. Although we cannot claim 
that the calculation is totally automated, tasks like simplification procedures with the 
use of identities and relations (among F n , VF n ~ l , . . . , V n ~ l F) are still done by hand. 
The calculation therefore can be considered quasi-automated. 

Our results will purely belong to a mathematical physics domain. However, we 

refrain from showing rigorous proofs of convergence, of minimality of set, of linear 

independence of monomials, etc. Direct relevance and application to physics of the 

present work will not also be discussed. Such issues of relevance of the calculation 

are directed as a recommendation for future work 13 . Also, nothing whatsoever will 

be mentioned about the advantages and the reasons of using the softwares for certain 
13 See Section 6.4 



18 



portions, whole or part, in the implementation of the algorithm with a PC. 
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Chapter 3 



Solution to 
Differential 



the Eighth-order 
Equation 



In this chapter, we briefly describe in both mathematical as well as algorithmic man- 
ner the procedure we will implement in solving the eighth-order differential equation 
(|2.40J) in momentum space. We present the Gaussian solution and we reuse this six 
times 1 to solve the rest of the non-Gaussian sector. The solution will generate an 
expression in powers of momentum integration. The odd-powers of momentum in- 
tegration vanish leaving the even-powers behind which are then explicitly integrated 
out. 2 Then, the product of invariants, whose total mass- dimensionality is twelve or 
less is identified. 3 Then a series of simplifications follow: proper-time integrations 4 , 

Bianchi identities 5 , integration by parts (equivalently total derivatives), and relations 

1 First in Gq/^, second in Go/^, up to sixth in Go/nupa-afi^ partial momentum-space differentia- 
tions. 

2 The momentum integrations in D-dimensions are presented in the appendix. See Appendix C. 

3 The following functions in MS Excel were used for the termwise determination and classification 
of monomials according to mass-dimensions: IF, LEN, and sort functions. 

4 Handling two- up to three-fold proper-time integrations are presented in the appendix. See 
Appendix D. 

5 The use of such identities are exploited only for results relevant in mass-dimensions six or less. 
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between invariants and its covariant derivatives 6 

3.1 Gaussian Sector Solution 

Before solving the eighth-order differential equation in momentum space, we consider 
its quadratic form that leads to a Gaussian-like solution. 
For the case when n — 1 and 1 = 2, 



Y^.p = 0, X. pa = 0. (3.1) 



()2.33|) may be written as 



MP)G (P) = -1, (3.2) 



where 



AM = V + X _ JL _ iX „JL + (3.3) 

This case f!3.2|) was demonstrated to be exactly soluble in following Brown and 
Duff 2") yielding the result 7 

G?o(p) = / rfs exp Xs + -trlnsec(iFs)+X-(2y)- 3 [tan(zTs) - zTs]-X 
jo I 2 



6 Such relations are applied for results relevant in mass-dimensions six or less. 
7 The tensors are expressed in matrix form. For example, 

X-{iYy 3 [ta,n(iYs) -iYs]-X = (V p X){iY^)- 3 [tan(iY vp s) - iY vp s] (V p X) 
2iX-Y- 2 [l-scc(iY S )]-p = 2i(V p ,X)Y- u 2 [6„ x ~sec(iY„ x s)] Px 

^p.y- 2 2tT- 1 tan(»Y'«)-p = -p A (2iY^ tim(iY pT s) -p T 

For the fieldstrength tensors, the following are some illustrations on how tensors with indices are 
equivalently expressed in matrix form: 

Y pi }Y^ v = 1 Y pu Y vll = Y 2 Y pv Y^ p Y pp Y a ^Yp a = Y 3 Y 2 T) p X = X 
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+2iX-Y~ 2 [1 - sec{iYs)}-p+-p-2iY" 1 tan(iYs)-p 



(3.4) 



where tr is a Lorentz trace and s is some proper-time integration variable. Later, it 
will be convenient to redefine 



X = -m 2 + X. 



(3.5) 



To recover the free Euclidean propagator, 



lim iG (p) 



ds e - {p2+m2)s 



1 



.1— u j p 2 + m? 



(3.6) 



one simply switches the background off, that is, — > and X — > — m 2 . The gen- 
eral quasilocal Green function equation (|2.33J) then provides the unrestricted Green 
function G that accommodates all covariant derivative corrections through the per- 
turbative expansion 26J 



G(p) = -(Ao(p) + A 1 (p))- 1 = G (p) J2(Mp)n,iG (p)Y 

1=0 



(3.7) 



where convergence is assured provided the backgrounds are strong and slowly varying 
so that Ai <C A . This expansion (|3.7|) solves perturbatively the general quasilocal 
Green function equation (in momentum space) 



&l(p)n,lG(p) = -1 

in terms of the known Green function Gq. Here |27| l2*%] 

Ai(p)n,i = -P 



(3.8) 



2 1 v H) v.Yopy i "^HHi+g) 

9 = 2 ^ \dp) ^ 



(2 + 9)! 



g 2(-y(l + g) p 

9=1 



(2 + g)! 



Wo ^ 



1+9' 
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n—1 n—1 

+ EE( 1 -w,o) 

r=0 g=0 



)2+r +g(1 + r)(1 + g) 

(2 + r)!(2 + g)! 



x 



\dp j 



l+r 



\op 



1+g' 



(3.9) 



This is a general formula for any n and Z (usually / = n + 1 as exemplified below). 
For example, 



Ao(p) = A!(p) li2 i.e. Pr™ = OandP 2 * = 



(3.10) 



Ax^Roduifo = Ai(p) 2 ,3 - A (p) i.e. P%, = 0andP 3 # = (3.11) 
Ai^Tiamzon = Ax (p) 3 , 4 - A (p) i.e. P 3 = and P 4 * = (3.12) 

This is the operator in the Gaussian sector used in [22], the non-Gaussian sector used 
in j2H], and an improvement in j2Z], respectively. This thesis uses the third kind 
(|3.12jl . In all cases, A (p) is given in (j3.3|) . From this time on, A 1 (p) Tiamzon in f)3.12j) 
will be referred to as as Ai(p). 

The one- loop effective Lagrangian calculated from the coincidence limit of the 
two-point function in coordinate space ()2.16|) is given by 

ft r r °° 

= ^r^Tr JdX j d D p G (p)J2(Mp)GoY (3.13) 

(3.14) 



4 1} + 4° + 4 1} + • • • 
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where 



>~2 



2{2tt) 1 

Trf, 

^A w TrJdXJd D p G (p)A 1 (p)G (p)A l (p)G (p) 



C i ] = ^yyTrfdXfdVp G ip)A 1 ip)G ( P ) 



(3.15) 



etc. 



and Tr denotes a trace over gauge indices (including possibly spinor indices). In this 
work, we will be working up to d±\ 



3.2 Partial Momentum- Space Derivatives of Gq(p) 



It can be seen from ()2.4U|) with (|3.7|) that the operator ()3.9|) with 
restrictions (J3.12j) is explicitly written as 



the covariant 



A 1 ( P ) = -j^g^ + ^^ij,^ 

dp^ 3 p ^dp v dp : 



°~ + 1( P 2 y X ^ 

dp^dp v 4 CTp M1/ ^dp v dp p dp a 



+ 



,3 y 



w _, ^ f r v 

l -(v%^x) - ^(v% a Y a „) - ± ((2$^) + (P; 

+^ (y CTM (p p y CT ,) + (p,f ctm )f c 
+ ((2^n>« + ^(p,r aM )(p CT y ap ) + V^(p^)) 



a 3 



dpij,dp v dp p 

dppdp v dp p dp a 
d 5 

12 W V" a<r*V J Q Vi> Q Vv Q Vp Q Va Q VoL 

^-(p,y w )(p| a(T y 7P ) + -(x>^y w )(x)| a y 7CT )j Qp^Qp^Qp^ 

+^P pu Y Sli ) {V l/3a Y 5a ) dp ^ dppdprTdpadp ^ 
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+ 



1 



, (3.16) 



We intend to let this operator act on ()3.4j) with the prescription (J3.7|) with £ = up 

to e = 4. 

The last two terms of (|2.4U|) [correspondingly the last two terms in ([3.16)1 ] will not 
contribute product of invariants (and its derivatives) of total mass- dimensions equal 
to twelve or less in our calcuation. In addition, terms containing V 3 Y or V A X vanish 
too as covariantly restricted by Eqn. (|3.12|) . That is, we have the further-reduced 
(AiGo(p)) red sixth-order in momentum-space derivatives: 



(AiG„(p)) 



red 



-i(D u Y tlv )G / lx +-i('D p Y tll ,)p fl G / up 



i ) ia> + ^ (Plp^pu)PpG / up(T 



+ 
+ 



I ,_ 3 „, I 



~(V^X) + ~ [Y^iVpY^ + iV^Y^ 



{V v Y ap ){V a Y a 



V2 



;Y a ^(T) ap Y auj 



G 

Go /pup 

Gq/ p,VfX7 



— {DyYpv) (D aa Yi3p)G /pupaa - ^PpiXlii) \P '/3a¥ya)Go/nvpaa0 



(3.17) 

That is, we have the ensuing task specifically in the operator ()3.16|) when acting on 
Gq(p) is reduced to solving momentum-space partial derivatives up to order six only: 



Gr 



'0/p Gq/^ . . . Go/^po-ap. (3.18) 

The sixth-order momentum-space partial differential equation given f)3 . 1 7j) is good 
only for incorporating first-order correction as prescribed in the second equation of 
(|3.15|) specifically the 



Go(p)((Ai(p)G (p)) 



(3.19) 
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part. Since we have the goal of incorporating up to fourth-order corrections prescribed 
by (j3.15j) from to £4 specifically the portions: 

Go(p)(A 1 (p)G (pMA 1 (p)G (p)) 2 (3.20) 
C?o(p)(A 1 (p)Go(p))i(A 1 (p)G?o(p)) a (A 1 ( P )G (p))3 (3.21) 
C?o(p)(A 1 (p)Go(p)) 1 (Ai(p)G?o(p)) a (A 1 ( P )G (p))s(A 1 (p)Go(p))4, (3.22) 

it is therefore appropriate to introduce a subscript £ as in (Ai(p)Go(p))^ to avoid 
repeating the indices more than two times. In this regard, we propose to implement 
the following system of replacements of variables in Go(p)) as given in ()3.3|) with the 
following: 

s -> s £ (3.23) 

for the proper-time variable in (|3.4j) and in (|3.16j) . and system of index replacements 

{fji,v,p,a,a,P} -> {iii,vi,pi,tri,a t ,p t } (3.24) 
{A,r, k,77,^, £>} -> {A^,r/,«/,^,^,ft}. (3.25) 

for the X and K, and for the momentum tensors, respectively. As an illustration, the 
product 

Go(p)((A 1 (p)G (p))i((A 1 (p)Go(p)) 2 (3.26) 

requires the subscripts to be set as £=1 in ((A](p)Go(p))i and £ = 2 in ((Ai(p)Gc(p))i 
with ^-subscripted (AiGo(p))^ ed sixth-order in momentum-space derivatives: 

d 2 
(AiG (p))| = —i(Vv t Yp lVt )Go/p i + -i(V Pt Yp tUt )p lli G / vm 
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+ 
+ 



1 3 

£ (Pa e p e ^PiVi)Vpi Go/mptat 



'■IV t 



G 



O/ptVtPt 



9 

' — ("^^ )Pa e a e Yf3 t p t ) Co/ w u e p e a e a e 

1 



G 



O/ptVlPtvi 



That is, (J3.15)) becomes 

4 1} = ^yyTr f dX f d D p G (p) 

4 1} = ^pTr fdXfd D p G (p) (AiGo(p))S 



(3.27) 



^pTr J dX J d D p G (p) (A 1 G (p)) I £ 1 (A 1 G (p)) 



red 
£=2 



(3.28) 



etc. 



We will be working up to (AiGo(p))^ 4 for only. 

3.3 Go(^) and Go/fjus P ...(p) 

Before setting I subscripts to any positive integer k and build a (Ai(p)G (p))k, let us 
first dissect the exactly soluble sector Go(p) as given in ()3.4|) . One may rewrite (|3.4j) 
in terms of P(s), and i?(s) 



.(i> 



/•LXJ -r 

G (p) = / e Xs + P(s) + Q(sy P+ l p -R(sy P _ 

Jo 



(3.29) 



where 



P(s) = X ■ Y^ (Ys + itaniFs) • X + -trlnseciFs 



(3.30) 
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Q(s) = 2iX -Y~ 2 (1- sec iYs) (3.31) 
R(s) = 2iY~ 1 taniYs (3.32) 

in matrix form. 

Now we let A x (p) given in (I3~TT)|) with V A X = and V 3 Y = act on (13~2H|) . This 
is just the reduced sixth-order partial differential equation in momentum-space given 
in (|3.17p . We wish to compute for ()3.18|) . the partial momentum derivatives, in terms 
of ()3.3()j) . ()3.31|1 . and ()3.32j) . For purposes of generalization, we choose to let 

6 = Xs + P + Q-p+-p-R-p (3.33) 
= Xs + P + Qwx + ^pxRxtPt (3.34) 

expressed first in matrix form ()3.33j) then in tensorial form (|3.34jl . So that (|3.29J) can 
be rewritten as 

G (p) = / ds e e . (3.35) 
Jo 

The first derivative in momentum space 8 , for example, is given by 

= Gq/ih (p) = dse e e [RpeXePXe + Qfi(h (3 . 36) 

We present below the first up to sixth partial derivative of the exactly soluble sector 
with respect to momentum-space variable p: 



'■fir i 



G o/^(p) = / ds e e [px^r.R^Ru 
j o 

~^~Px e (Q n e Ru e x e 4" QugRfi e Xi) 4" Rfj, t u e ~\~ Qn e Qv e ] (3.37) 



^Maxima instruction to obtain Gq/^Ip) up to G$i m/ P ...p(p) can be found in Appendix B.2. 
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f°° o 

(*o/nti>tpe{p) — / ds e \R ill \ t R vlTt Rp lKt p\ l p Tl p Kl 

<j o 

~^~(^Rfj,(uiRp£\£ Q fiiQugRpgXi Q p,(Q p^Ru^Xi QuiQ piRp,g\i ~\~ Rp,icR Ue x e 
~\~Rp e \ e Rv e p e )p\ e ~\~Qp e Rp e v e -{Qp e Rv e p e ~\-Qv e R)j, t p e J rQp t Qu e Qp e } (3.38) 

The rest of the momentum-space partial derivatives (fourth- up to sixth-order) of 
Gq(p) are found in Appendix A. See Eqns. (JA.lj) - (JA.3j) . 

3.4 <3 (p) and G $/fiUp ^(p) 

After obtaining the general expressions dS3Sl)-(IS3Hl) and (P - dHj) , it is now ap- 
propriate to find the Taylor series expansion of (J3.31|) and (J3.32)) 

Q(s) = 2iX-Y- 2 (l - sec iYs) 

= +ls *x - —s A XY 2 + —s 6 XY 4 - —s 8 XY 8 + . . . (3.39) 
12 360 4032 v ; 

R(s) = 2i tanzFs = -2 s+ - s 3 Y 2 - — s 5 Y 4 + — s 7 F 6 - — s 9 Y 8 + . . . (3.40) 
w 3 15 315 2835 v ; 

in matrix form. Considering the first term in ()3.31|) and the first two terms in 1)3.40)1 , 

()3.36)) . for example, becomes 

G$/p e (p) = J o °° ds e e 0TSE (-2 s e 5^ + is 2 V, t X + s/ Y 2 tX )j p X( (3.41) 

with subscript in G$(p) reminding us that we are using the Taylor series expanded 
Go(p) 9 

9 Using the system of index replacements presented in (|3.24l) - (|3.25l) . in maxima code this is 
Gpb is the variable name assigned to Go/ w (j>). Gpa:R_azlz *p_lz= -2 *sz *p_lz + i*sz2 * D_X 
+ (2/3) *sz*sz*sz* Y2_azlz *p_lz with z replaced subscript I. See Appendix B. 
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In (jSHH) , (ET33I) with (l3~5Ul) - (l3~32j) in Taylor-series expanded (TSE) form is 



6 TSE = Xs- -s 2 (tiY 2 - MX ■ p) + -p ■ (-2 s 1 + - s 3 Y 2 ) ■ p. ( 3. 12 ) 

4 2 V 3 



so that ()3.35|) becomes 



G 9 (p) = / ds e 0TSE . 
Jo 



(3.43) 



This is because 



P(s) = X ■ Y~ 3 (Ys +i tan iYs) • X + -tr Insects 



X ■ Y- 3 
1 



3 15 315 2835 



-s z trY z + —sW 
24 



l s 6 t rF 6 + — S 8 trF 8 + . 
90 5040 



■X 



(3.44) 



Q(s) from ljT3B) . and R(s) from (jHOD- 

The following are the Taylor-series expanded equivalent of Eqns. fl3.36j) - ()3.38|) . 
and (fO]l - (fOj) : 



G$/ M uM = / ds e e 0TSE 

J 



g** 1 \x l \t 1 u l T l <^>L u MM turn 3 



4 i- v 2 



2 

+4s £ 2 <^ A A«) Pa.Pt, + 3^^ S ^ 3 ~ 2( W^ - V^XV^Xsi 2 



2% 



-HV^Xd^p^si - 2id lle x e V Ue Xp Xe s e 2 + —V Ul Xp Xe s e 4 Y 2 eXi 



2i 

+ -V, e Xp Xe s e A Y 2 Xe 



etc. 



(3.45) 



Then ()3.27j) with subscript — > and — > Gtse becomes 



(AiG$(p)y g cd = -i(V Ul Y^ lUl )G^/^ l + -i(V Pl Y illUl )p fJ _ l G( i / VePl 
1 3 



G 



0/fi e u e 
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+ 
+ 



^vi>Yafji l )(J} Ul Y ai p l )-\- Y ae ^ e {T) (7ip Y ael , / j 



G 



$1 MVipiait 



)(^a e a e YpePe ) ^0/ W ^epi^eae 



' ('DptVi Y~{ t pi, ) (T^/3 e a t Y"/ e cr e ) ^0//Ltf f£/>£0^ a/yf 



(3.46) 



where we substitute G 



4' } = wiwTrJdXJd D p G fl (p) (A!Gb(p))S 



Z/niuipi...(p)% set £ = 1 up to £ = 4 in ()3.28j) and obtain 
; TrJdXJd D p G (p) 



^0 — 2 (27r) D 



red 



2(2tt) 



4° = ^yyTrJdXfdVp G 9 (p) (A 1 G 9 {p))^ 1 (AiG (p)) 



red 
£=2 



(3.47) 



etc. 



up to (AiG0(p))^ 4 for £ 4 i; . This will be our prescription for solving the zeroth-order 
up to fourth-order corrections of the one-loop effective Lagrangian £W calculation. 



-(I) 
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Chapter 4 



Higher Mass-Dimensional 
One-Loop Effective Lagrangians 

4.1 Mass- Dimensional Term Hunting 



Our calculation can be reduced to an act of counting mass- dimensions. In this re- 
gard, we describe below a scheme on how mass-dimensions of certain quantities are 
identified. 

From the scalar quantity (J3.13)) the known (Gaussian) resolvent (|3.4j) quantity can 
be equivalently recasted as ()3.29j) . In either form, the quantity Gq(p) has an overall 
zero mass-dimension. That is, 








(4.1) 



dim(Xs) 







(4.2) 



dim(P(s)) 







(4.3) 



dim(Q(s) • p) 







(4.4) 



dim(p • R(s) ■ p) 







(4.5) 
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From these, we identify the following mass- dimensions of the following quantities: 

dim(s) = -2 (4.6) 
dim(X) = +2, (4.7) 

respectively, from (|4.1|) and ([4.2)1 . At this point, there is an ambiguity in the mass- 
dimension of Q(s) and p. As Q(s) can have a +1 and p a — 1 mass-dimension, or 
vice-versa. In both cases, the overall mass- dimension is zero. The same thing can be 
said about R(s) and p 2 . Either dim(i?(s)) = +2 and dim(p 2 ) = —2, or vice-versa. 

We consider, therefore, the functions P(s), Q(s), and R(s) as given Eqns. ()3.30|) . 
f)3.31|l . and (j3.32J) . respectively in order to resolve the ambiguity identifying mass- 
dimensions of Q(s) and R(s). First, we consider Eqn. ()3.30|) . 

P(s) = +-s 3 VX ■ Y~ 3 Y 3 ■ VX - -shiY 2 + . . . 
v ; 3 4 

the first term in the Taylor series expansion of X ■ Y~ 3 (Ys + i taniYs) ■ X and 
|tr In sec iYs, respectively. Following (|4.3|) . each term must have zero mass-dimension. 
So that 

dim(£> M ) = +1 (4.8) 
dim(V) = +2, (4.9) 

Eqn. ipCSjl . 

R(s) = 2iY~ 1 tan(iYs) = -2s + -Y 2 s 3 - —Y 4 s 5 + .... 



dim(R(s)) = -2 
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(4.10) 



following (J4~()j) and Hence, 



dim(p) 



+1 



(4.11) 



dim(Q(s)) 



-1. 



(4.12) 



The latter can be seen alternatively from Eqn 



(EPTD 



Q{s) = 2iVX-Y- 2 {\ 



sec iYs) 



following (|H7D and (jUJ). 

4.2 Basis Invariants for Oth-Order Corrections 

After having identified the mass- dimensions of s in (|4.6J) . X in ()4.7j) . £> M in (|4.8|) . Y" Mi , 
in ()4.9|) , and p\ in (j4.11|) , we are now ready to build the basis upon which we matrix 
multiply them and come up with invariants whose total mass-dimensions is twelve or 
less. 

There are two kinds of basis we will construct. We will construct basis for zeroth- 
order corrections and another for higher-order corrections. In this chapter, we will 
construct the basis invariants and solve for the mass- dimensional one-loop effective 
Lagrangians accommodating zeroth-order corrections. Also in this chapter, we will 
construct the basis invariants needed and the prescriptions on how these basis will 
be used for accommodating higher-order corrections in the calculation of one-loop 
effective Lagrangians. However, we choose to delay until the chapter to implement 
the prescriptions described in the latter part of this chapter. 
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To obtain the zeroth-order one-loop effective Lagrangian indicated in the first 
equation of (|H.15j) . we must perform the p-integration which can be handled by [23jl2l)j 



J d D pe Q - + i p R p = 7r D / 2 exp 



.^.g-trV-l) 



(4.13) 



We then perform the X-integration and obtain the closed form of the zeroth-order 
one-loop effective Lagrangian 

3 Xs+P( S )-iQ( S )-i?- 1 ( S )-Q( S )-itrln(~^i) _ X s 



Ai) = h r° ° ds 
" 2(4vr) D / 2 Jo s 1+d / 2 



(4.14) 



where Xo represents the zero reference of the background potential X. Equivalently, 
Rodulfo[23l2ni simplified (|O^I as 1 

4 1 ) = ± \ Tr I™ dss- l - D ' 2 e- m2s 
2(4vr) D / 2 Jo 

X [ e + s ^ e -| tr M^)- 1 S iniy Se +A'-(jy)- 3 (2tan^-iy s )-A' _ j ^\ 

This will be used in the extraction of zeroth-order corrections by Taylor-series 2 ex- 
panding the separate exponential functions. 

In the following Taylor series expansion, we choose to represent in matrix form. 
But we restore the tensorial form as we present the one-loop effective Lagrangians 
containing zeroth-order corrections two up to sixteen mass- dimensional invariants. 

For the first term in ()4.15|) . 

x , s 2 X 2 s 3 X 3 s 4 X 4 s 5 * 5 s 6 X 6 s 7 X 7 s 8 X 8 , . 

6 =1 + ^ + ^ + ^ + ^ + W + W + ^ + 40320 + -'-- (416) 



1 The X and p integration has already been performed. The overall sign + is for bosons, — for 
fcrmions. 

2 Taylor-series expansions were obtained using Mathematica. 
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There are seven terms (upon collecting only the invariants whose mass-dimensions 
is equal to 16 or less) 



o[0] = +1 
a[2] = +Xs 

a[4] = + \x 2 s 2 



a[6] = +];X 3 s 3 



a [8] = +—X i s A 



a[10] = +-^X 5 s 5 



a[12] = + ^* 6 * 6 



2 
1 

< 

6 
1 

24" 
1 

120" 
1 

720' 



4.17) 
4.18) 

4.19) 
4.20) 
4.21) 
4.22) 
4.23) 
4.24) 
4.25) 



For the second term in (|4.15j) . 

1, , , .,, s_i . .,, . (iYs) 2 . (iYs) 4 . (iYs) 6 . UY s) S . (iYs) 10 . 

e _ 3 trin(*y 8 ) i S i ni y s = e + ^-^ + i^ + i^ + i f ^ + ^ 5 - + ..._ (4.26) 

There are four terms. That is after using the series expansion 

lnfx) -1 sinx = — — — — — — (4 27) 

v ' 6 180 2835 37800 467775 "' v ' ; 

(iYs) 2 

For the first term e + 12 in (|4.26jl . 

b[0] = +1 (4.28) 

6[4] = ~Y* S 2 (4.29) 

b[8] = +^Y 2 Y 2 s 4 ( 4 -30) 

b\\2] = —Y 2 Y 2 Y 2 s 6 (4.31) 

1 J 10368 v ; 

6fl6l = + — - — y 2 Y 2 Y 2 Y 2 s 8 (4.32) 

L J 497664 v ; 
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This is after using the power series expansion: 

2 /-y«2 ,-vj4 , yi 6 /-y»8 ,-vilO 

I X J.' X' X' Jb Jb 

e+T2 = 1 + — + — + — — + — — + 



12 288 10368 497664 29859840 



,(iYsf_ _____ 

For the second term e seo in ()4.26|) 



c[0] 



c[8] = +— 
1 J 360 

c[16] = + — — F 4 FV 
L J 259200 



This is after using the power series expansion: 



4 ,yi8 /y>12 

P + 360 — 1 -1 1 1 U 

360 259200 279936000 

. (iYs) 6 

For the third term e + 5670 in ()4.26|) 

d[0] = +1 

d[12] = —Y 6 s 6 

[ J 5670 

This is after using the power series expansion: 

, x 6 x 6 x 12 x 18 

e+5670 =l-| 1 1 \- 

5670 64297800 1093705578000 

. (iYs) 8 

For the fourth term e reeoo 



e[0] = +1 

e[16] = +— *— 
[ J 75600 

This is after using the power series expansion: 

P + 75600 = 1 -1 1 h 

75600 11430720000 
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For third term in (j4.15j) 



x ■ v fv\-a( (iYs) 3 , (iYs) 5 . 17 (iYs^ 7 

e X-(iY)- s (2t a n^-iYs)-X = ^-{lY) { L ~To L - + horh + 



Ysy . (iYs)° 17 (iYs)' 
12 + 120 ' 20160 



This is after using the series expansion 

x x 3 x 5 17 x 7 31 x 9 691 x 11 

2 tan x = 1 1 1 1 h 

2 12 120 20160 362880 79833600 

There are two terms to consider. The first term in (|4.44|) : 

e +±X-{iY)- z {iYsf-X _ e +±X-Y- s Y 3 -Xs z 



using 



2 3 4 

cc JU JU JU JU 
P12 =1-1 1 1 1 U 

12 288 10368 497664 



f[0] = +1 

f[6] = +^X-Y- 3 Y 3 -Xs 3 
f[12] = +— (X -Y- 3 Y 3 ■ X) 2 s t 
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The second term in (I4.44j) : 



e+1 L.X-(iY)- 3 (iYs) 5 -X _ e -^XY- 3 Y 5 -Xs 5 



using 



2 3 
e -cc/120 _ j _ x _|_ ■' •' 



120 28800 10368000 

g[Q] = +1 
9[10] = --^X ■ Y- 3 Y 5 ■ Xs" 

38 



For the constant of X-integration, the last term in ([4.15)1 : 

« 2 y 2 « 3 y 3 « 4 y 4 q 5 y 5 « 6 ^ 6 q 7 ;f 7 

c -*« = i- s x + —-!L _ + fj*_ _ lA. + _ iA. + . . . .(4.55) 

2 6 24 120 720 5040 v ; 

There are seven terms 

h[0] = -1 (4.56) 

h[2] = -X s (4.57) 

h[4) = ~\x 2 s 2 (4.58) 

h[6) = -l*o 3 s 3 (4.59) 
b 

h[8] = -^*>V ( 46 °) 

h[W] = ~^o 5 s 5 (4.61) 

fc[12] = -^Xo 6 s 6 (4.62) 

= -^r^oV (4.63) 

M16] = -— — X 8 s s (4.64) 

L J 40320 v ; 



4.2.1 jC q : Oth-order Mass-Dimensional Lagrangians 

After having gathered the terms of interest that resulted in the Taylor series expan- 
sion, we now group the terms into their common mass-dimensions (as indicated in 
their names and the numbers inside the [] notation). 
Two Mass-Dimensions 

The two mass-dimensional one-loop effective Lagrangian 

2 

^) C OO /J p — 771 S 

£ ° = 2(4^1 %m^^- x ") <« 5 > 

The terms contained here are contributed from (|4.18|) and (|4.57j) . respectively. Eqn. 
(EDS) is exactly Eqn. (2.71) of [H]. 
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Four Mass-Dimensions 

That is, the four mass- dimensional one-loop effective Lagrangianhas the zeroth- 
order correction: 



00 dse 



-Tr 



-(X 2 - X 2 ) + — Y^Yyu, 



(4.66) 



The terms contained here are contributed from ()4.19j1 . (|4.58jl and ()4.29j1 . respectively. 
Eqn. is exactly Eqn. (2.72) of |25|. 

Six Mass-Dimensions 

The six mass- dimensional one-loop effective Lagrangian has the zeroth-order cor- 
rection: 



f (X) [6] 



00 dse~ 



2(4^)^/2 7 S -2+^/2 



Tr 



1 



1 



-(Af - X ) + — XY^Yfxv 1 « • 



(4.67) 



The terms contained here are contributed from (|4.20j) . ()4.59|) . the products 



a[2]6[4] 



12 



(4.68) 



and (|4.49|) . respectively. Eqn. (|4.67|) is exactly Eqn. (2.73) of 
Eight Mass-Dimensions 

The eight mass-dimensional one-loop effective Lagrangianhas the zeroth-order cor- 
rection: 



Ami . 

" 2(4tt)^/2 Jo 



ds e 



Tr 
1 



— (X 4 -X 4 ) + — 
24 v ; 288 



Y Y Y Y 

1 pv 1 pv 1 pa 1 pa 



+ -^ Y pu Y up Y pa Y ap + -^X 2Y pv Y pv + —XiV^iVpX) 



(4.69) 
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The terms contained here are contributed from (J4.21)) . ()4.60|) . ()4.30p and products: 

a[4]6[4] = -^* 2 rV (4.70) 
a[2]/[6] = +^XX ■ Y- 3 Y 3 ■ Xs\ (4.71) 

respectively. Eqn. ()4.69|) is Eqn. (2.74) of [26J in the long- wavelength limit (T>^ — > 0). 
In Eqn. (j4.69J) . we have lifted this limit and showed explicitly the complete zeroth- 
order correction with eight mass-dimension. What is new here is the inclusion of the 
0(2^) term. 

Ten Mass-Dimensions 

The ten mass- dimensional one-loop effective Lagrangian has the zeroth-order cor- 
rection: 



r (i)[io] h r dse~ m2s r i i 

" 2(4vr) D / 2 Jo s -^+d/2 1 



(X 5 — X 5 ) + -^^XY^yY^vYpaYpa 



120 v ' 288 



+-^^XY\i^vtXpoYov, + ij^^Y^vY^ v + Y^X(V fl X)Y llu Y flu {V fJi X) 
+ ^X\V,X){V,X) +^Y„V(P/)(V) 



(4.72) 



The terms contained here are contributed from 1)4.22)1 . ()4.filj) . products of Eqns. 

(jo^ x ijoiji . pn?ji x f)OHji . ooni)x(ionD: 

a[2]6[8] = +^L*y=W (4-73) 

a[2]c[8] = +^XY*s 5 (4.74) 

a[6]6[4] = -±XW, (4.75) 

Eqn. ()4.54jl . products: 

a[4]/[6] = +^X 2 X -Y- 3 Y 3 ■ Xs 5 (4.76) 
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W[6] = -^Ly 2 X-Y- 3 Y 3 -Xs 5 , (4.77) 

respectively. Eqn. (|4.72|) is Eqn. (2.75) of [26J in the long-wavelength limit (T>^ — > 0). 
In Eqn. (|4.72jl . we have lifted this limit and showed explicitly including the 0(T>^) 
terms. This completes the zeroth-order correction containing invariants whose mass- 
dimension is ten. 

Twelve Mass-Dimensions 

The twelve mass-dimensional one-loop effective Lagrangian has the zeroth-order 
correction: 



(i)[i2] h r^se- ms „ [ 1 



° ~ 2(47^/2 J s ^ + D/2 1 



720 



(X 6 - X t 



~\~ YiivYpvYpaYpa + ■^^^Yp iU Yp U Yp a Y aa Y a f3Yf3p + Y^yYypYpfjYf,^ 



- X (V^ X)Y I11/ Yp il y Y pcr Y pcr (T>pX) 



(4.78) 



720 

The terms contained here are contributed from ([4.23)1 . ()4.62|) . ()4.31|) . ()4.39|) . products: 

o[4]6[8] = +^—X 2 Y 2 Y 2 s & (4.79) 
576 

6[4]c[8] = -JLy<W (4.80) 

a[4]c[8] = +^X 2 Y*s e (4.81) 

a[8]b[4] = ~^X 4 Y 2 s 6 (4.82) 

Eqn. (|4.50|h products: 

o[6]/[6] = +^-X 3 X ■ y- 3 y 3 . Xs 6 (4.83) 

a[2]g[W] = -r^XX ■ Y~ 3 Y 5 ■ Xs 6 (4.84) 
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a[2]6[4]/[6] = -r^XY 2 X -Y- 3 Y 3 ■ Xs 6 (4.85) 

respectively. The last two terms are combined resulting to the last term in ([4.78)1 . 
Eqn. (|4.78|) is Eqn. (2.75) of [26J in the long- wavelength limit [T>p — > 0). In Eqn. 
(|4.78|) we have lifted this limit and included the 0{Vp) terms. This is the closed 
form of the zeroth-order correction that contains twelve mass- dimensional invariants. 
Again like the eight, and ten- mass dimensional zeroth-order contributions we have 
explicitly displayed the 0{Vp) terms. 
Fourteen Mass-Dimensions 

The fourteen mass-dimensional one-loop effective Lagrangian has the zeroth-order 
correction: 



^ 1)[M] = — ™ / ^™rTr 



h r°° dse~ 



-"0 



■m?s 



2(4tt)^/ 2 Jo S ' g+d / 2 



5040 Ar ° 7 ) 2im X * Y ^ Y vp Y p° Y ^ 



1 5 1 3 1 3 

1440 ^ ^ ^ ~ 2160 ^ Y h vYv p Y p° Y °h 1728^ p- u v v P a p° 
~l~ ^gggg '^' Y p'vYf_ivYp a Yp cr Y a pY a [3 + ^_22Q XY P vY P vY P crYcraYa P Y Pp 
--^^XY^YvpYpvYvaYupYp^ + — X^iV^X)^^) 
— -^^q {'DiJ,X)Y l j, v Y V p(l)pX)Y ( r a Y aa + -^^^{V pX){V pX)Y pa Yp (7 Y a pY a p 

-^^{V^X)Yp, v Y vp (V p X)Y aa Y aa + -^^{VpX){VpX)Yp U Yp V Yp a Yp . 
1 „ „ 1 



+ — (VpX)(V fl X)Yp U Y U pY pa Y all - —X\VpX)Yp V Y vp {VpX) 
+ ±-X 2 (VpX)(VpX)Yp U Yp U + ^X{VpX){VpX){V u X){V u X) 



(4.86) 
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from (JH211), f)4.63f) . and the products: 

a[10]6[4] = -_L*«YV (4.87) 

a[6]c[8] = -^i-A^W (4-88) 

a[6]6[8] = + I ^* 3 ^W (4-89) 

a[2]6[12] = -7^* F2F2rV (4-90) 

a[2]6[4]c[8] = -JL^W (4.91) 

a[2]d[12] = -^AW (4-92) 

a[8]/[6] = +^* 4 * • F^F 3 • AV (4.93) 

Zoo 

6[4]^[10] = +^-r¥-^V (4.94) 

W[6] = • F^F 3 • AT 2 FV (4.95) 

c[8]/[6] = +^' r¥ '^ 7 (4-96) 

a[4]#[10] = -^X 2 * ■ Y~ 3 Y 5 ■ Xs 1 (4.97) 

a[4]6[4]/[6] = — —X 2 X ■ Y~ 3 Y 3 ■ XY 2 s 7 (4.98) 
288 

o[2]/[12] = +^*(^y-»y».*)V l (4.99) 

respectively. 

Sixteen Mass-Dimensions 

The sixteen mass-dimensional one-loop effective Lagrangian has the zeroth-order 
correction: 

h r°°dse- m2 ° f 1 /„.« ..«\ 1 



/i(l)[16] _ ■- I — ~ rri 

_ 2(4vr)Wo s -7+^/2 1 



40320 v / 8640 



a — a j + — — a. r (mi 



6912 ^f J - u ^^ u ^f" J ^f CT 20736^ ^^^^^ CT ^* T ^ / "< a ^ 1 ' 3 
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^8640^ ^VvYpvYpaYoaYapYpp + gg^g^ Yp U Y U pYp a Y a p 

__|_ v2y V V V V V j ^ y V V V V V V V 

11340 1 pv 1 vp 1 po 1 oa. 1 otfi 1 fip\ ^g^gg^ 1 pv 1 pv 1 pa 1 pes 1 oifi 1 otft 1 ^6 1 

^~^^^^Yp V Y V pYp a Y rj pY a ^Y a pY 1 ^Y^ + 259200 ^ ^ CT ^ ^ 7 5 a 

1 ........... 1 



j'/tj/ ^i/p ^oct ^cto ^a/v .'5 Y-\6 ~\~ —-„„ t Yp V Y V pYp a Y ao ^ a ^Y^Y^^Y^p 



68040 75600 
+ 14l0' Y5(I3 ^ )(I3 ^ ) " ^* 3 (^*)VM^*) 
+^* 3 ( V)( V)*^, + -L-X(VpX)Yp U Y up (VpX)Y aa Y aa 

+^x\VpX)(VpX){v v x)(v v x) + ij(p/)(v)M(V)W 



576 3456 



1440 

from P~25j) . (|4~M|) the products: 



(0321, 



(4.100) 



a[12]6[4] = -^* 6 yV (4.101) 

a[8]&[8] = + g^ 4 ^ V ( 4 - 102 ) 

o[4]6[12] = -^^ 2 F 2 r 2 r 2 s 8 (4.103) 

o[4]6[4]c[8] = -^X 2 YW (4.104) 

a[8]c[8] = +^ T<*' 4 ^ 8 (4-105) 

a[4]d[12] = -Yrj^^ 2 ^ 58 ' ( 4 - 106 ) 

(4.107) 



6[8]c[8l = + — - — Y*Y 2 Y 2 s s (4.108) 
1 J 1 J 103680 V 7 

(4.109) 
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b[A]d[12] = + 68U40 F6y2s8 (4110) 

(4.111) 



()4.42|) . and the products: 



a[10]/[6] = +^X 5 X-Y- 3 Y 3 -Xs 8 (4.112) 

a[%[10] = ~^ 3 X ■ Y- 3 Y 5 ■ Xs 8 (4.113) 

a[6]6[4]/[6] = --^X 3 X -Y^Y 3 ■ XY 2 s 8 (4.114) 

a[2]6[4]«7[10] = ~^XX ■ Y~ 3 Y 5 ■ XY 2 s 8 (4.115) 

a[4]/[12] = +— X 2 (X ■ Y- 3 Y 3 ■ xY s 8 (4.116) 
576 v ' 

6[4]/[12] = -^^r¥^)VV (4.117) 
/[%[10] = ■ Y- 3 Y 3 ■ XX ■ Y- 3 Y 5 ■ Xs 8 (4.118) 

4.3 Basis Invariants for Higher-Order Corrections 

The building block of the prescription described in ()3.47|) is (AiG^p))^. In this 
section, we expand it 3 and choose to collect 4 the terms of similar mass- dimensions 5 , 
ranging from [3] up to [12]. With the notation 

[£} = (A 1 G 0t (p))? d (4.H9) 

denoting the common mass- dimension of the collected terms. 
3 There are 2,974 terms. 

4 We used MS Excel spreadsheet software to sort the generated invariants according to increasing 
string length. 

5 In the 2,974-term collection, mass-dimensions range from 3 up to 26. 
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A replacement G% — > G% t (with G$ given in ()3.43|) ) will be implemented: 



J o 



oo 



/ 



oo 



(4.120) 



with 0tse n ow truncated 6 @TSE t an d X redefined as X — > X — m 2 . Note that a 
subscript is instituted on the proper-time parameter s. This is to distinguish higher- 
fold proper-time integrations with respect to s±,S2, ■ ■ ■ that may become relevant in 
higher-order calculations. 

We will group terms coming from different order of corrections that will give a 
total mass-dimension of twelve or less. Note that the collection includes odd mass- 
dimensions. We know that such odd mass- dimensions vanish owing to their odd 
powers in p-integration. We consider them here as they do not vanish in the higher 
order expansion for example, when they are multiplied to any odd mass-dimension 
collection of invariants. 

With the knowledge on the mass-dimensions discussed in the earlier part of this 
chapter, we enumerate below the result of collecting invariants containing similar 
total mass- dimensions and then contracting kronecker delta indices: 7 



The first term in (|4.121|) agrees with Eqn. 2.94 of Ref. j2H] disregarded the last 
term which we choose to display instead. Here, p n means p\ e p T( ■ ■ ■ whose subscripts 

are identified from the unpaired tensorial indices. 

6 This is upon considering only the first term of Taylor expanded R(s) given in (|3.40(l with P(s) 
and Q(s) completely disregarded. 

7 Refer to Appendix B for mass-dimensional basis with uncontracted kronecker delta indices 




(4.121) 
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/•OO f 



(X—m 2 —p 2 )s 



(4.122) 



The first and second terms in (j4.122j) agree with Eqn. 2.92 and (first term) Eqn. 
2.95 of [26], respectively. Knowing that 

3 1 
3 3 1 



Although the term P WPf i\ fTf vanishes after performing the p 2 momentum integra- 
tion in the calculation of Z^j 1 , it will not vanish in C^ 8 \ etc. These simplifications 
would make the p 2 term in (j4.122j) agree with (second term) Eqn 2.95 of [2E]. Again 
Ref. [2E] disregarded the last term which we choose to display instead, including terms 
that will become relevant in higher mass-dimensions. Hence, we have the simplified 
version of (|4.122|) 

1 



[4}i = J o °°d Se ! [ +s e V 2 X+p 2 s e 2 



2V XiTe X + -V { , tn Xx m + V 2 Y X 



2 



-Ip'sfV^Xx^e^-™ 2 -^ (4.123) 



where 



^[^ereX^e^e ~ ^ UtrX^iHt ^Te^X^e^e (4.124) 

V 2 = 2? ww (4.125) 
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The p 4 term will become relevant in [8], [10], and [12] mass- dimensions appearing 
in the higher-order corrections. 

2i 



(4.126) 



where 



T^{ixiv m )X = V Pl{uePl }X + V Ve{piPl }X + V Pe{peVe }X (4.127) 
' D IH {vtPi} x = V^^X + V PlPlVt X (4.128) 
/ D <T Fni\i>= = Vxy^ +T> u y pAe (4.129) 



f°° ( 1 

[6]/ = J Q d Sl |+- Si 2 Y^(V% m + V {peUe} Y p 



1 vipii 

+ g S ^ {0^iyfY ptJ / e )('D pe Y pePe ) + (I'p^^ J< ,^)(I , <p^^ J< ,^>)) 

+ ^p 2 s/ 3 (X> w Ar)((X> <T ,Y^ w> ) + (V Ue Y peUe )) 

— ps# {{T> TA Y^ PtVl +T> TlV Y^ pi x l +T) Vl \Y^ piTl )Y ptVl 
+ (D{T l v e }Yfi e vt+D Y pt Tt ) Y pt \ ( ) 

~p 2 s e 3 (2((V Ue Y tim )(' D r e Y IXeXe ) + (ZV^X^VW) 

+2p 4 s e 4 (V VeKe Y peTe )Y piXl + ^^/(D^)^^)}^^ 

(4.130) 



[7]/ = y o d at \+-ps t \V {Xm) X + 2(^^)1^ + 2(V <Xe Y peUe> )Y^ eUe ) 
- l -ps<?V pi X{V 2 Y XlPl + V^yY^) 
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3i 

+-ps e 3 V M X(V {Xm} Y Ml/e +V {f , my Y XeUe + (4/3)Z> {wM *) 



(A'— m 2 — p 2 )si 

(4.131) 



1 3 

+T^v i pXptvt^ > XePe ^WePeXpe^e) 

+T~ ) o- e pXpeve((.'D{crePeXpevi) + ^P&wtXpiPii) + {^{peu^inai))) 



2 



X) + 2(V Ti Y UeXe )Y l 



»lPt 



J r{'D\(Yv l p ll + ^^^A^)^^ + (T^TeX e p, e + 2? m'^'v l T t )^ r ui\ l ) 



VfPt ' 



~\p 2 se 4 (+( V ne\e Y ^r e + V^v^T^Y^ 
+(T> Y l/elIe + T> Pifl( Y UiPe )'D TilIt Y Ui \ i 

) {\lPl\ Y Vlpi)'^ > Tip^Utpt + ^{puT^UtPl ^ptpX^t^t 

+ {'D\ t pXvipe + *D pep.Xvt^i)'® PipXvi-re 

+{T^p, t \Xfipt ~ >r 'Dptp¥vAi)'DpiTXveni + (^{t^i^aJ^ y^p £ 

+(22^ ww y^ w + T> iiilP ~y vi p t )D TlP ^Y VlL \ l 
+ (T> Y Vitii + T>^ Pe p e yY l/ePe )T>x eT( Y l/e p e 
+ {V {rm} Y VlPt +V 2 Y UlTl )V 2 Y VlXl 
Jr ^X > {ptPiX v i x i + ^Pt^X^iPt^TepX^ePt 

^(^{XePeX^ePe (^{repeX^ePe) 
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Jr ^ > {piPiX v O i ^^ >T i' x XviPi + ^PirXviXi + pt.\Xvtn) 
+ i (D{\ l PtX v tl i t < ^~ > { T iPtX v iPt + Y„ m )) 
+ q P s £ ((^ 'pe^X^m^pe^ + (PvipX^mXpiKi + i^Ve^X^ePeXperi) 



2 
3 

^ „4 „ 5; 



+ 2^ S ^ ((^VepX^e ^ ^Pe^X^im^^X^ePe 
+ {'E > ri l nXvm + T^v^rXpmiX^ i^ipX v lM 
~^~^{mpe X u t K t ) ^ 

+ (^{t^P^A* + T^XtrXfiPi^Vt^XviPi 
{\iPtX v tPt + ^ \tX^m K XvtTt 

+ (T> Y vmt + T>^ perte ^Y l/efle )'D KeTt Y UeX> ,) 
-/ -€ 6 (2WW(P«€^)} e (*"™ a -^ (4.132) 

[9]/ =jj^{^P*A(P{ w .^^ 



2i 4 



+ {( V {\ t p l } Y v l Pl) + ^{Xtp^iPt) + ^{pipfi Y vi\l)) Y viPl 
+ (T> Yvuxt +T~ ) {piPi} Y vtpi L Xvi\i) 

+ ^PsfV^X{2{V <Xl Y VfJlf> ){V pi Y vm ) + 2(V <Pe Y um> )(V pe Y UeXe ) 
Yu e fi£> 

)(Vx e Y vm )) 

—ip S£ 'D Pi X((D KeTe Y Ue \ e )Y l/ePe + (T> KeTe Y L , ePe + / D{K i fi e }Yi/ eTe )Y U( \ e ) 
~p 3 Si 5 V M X((V <Xe Y^ e> )V Ke Y um + V Tt Y VlXt (V <Kt Y VtlH> )) 

+^p^s£ > {{V llenXl X + (2? T p<W^ + {V^ VlTl )Y VlXl )Yl lKl 

+{'D KiP-iXe X + (£> nXvi><i) Y viKi + (PkX^i ^ ) Yi/£ X( ) Y^ Ti 

+ iJ- > K l Ttni'^ + {'DrXvipiXvtKt + {PKX^m) Y viPi) Y pt.\S\ e ^ P ) * 

(4.133) 



/■oo f 1 4 2 
[10k = J o ^ | — g s ^ ((D<7epXpi"e ^ ^wXpePe ^ ^"evXpePeXpeae 
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^T^PcripXpiPt + ^ ''ptoXpiPl + ^ptpXpi^i XvtaeXpivt 



1 



+- 8< 4 (D W ^)(D^)(D W ^ + (3/4)(D WM y wp J 
+ ( V {n e ae} Y u m ))) 

4 

~27 ' Si ^^v^Pzvt'^ve^PtPe) + {^nXpe^e + 'D<yXpiPi)'® v Xpivi 

J r(J)p,yp l (Jt + ^ Aft )^ 

+-U 2 ^(p^x^XP^y^ + z^y^) 



2 

^p 2 ^^((p^y^x^y^ + v {pm} Y vtpt ) 

+(^ , <p<y^ft>)(^'p<A < y^T < + f r^p^y^A^ +^ , r < A^y^p < ) 

+(^<A^y^p^>)(f {Tun}Yvepi + T^rtpiX^tpt) 
^^Pt^ipA^nXtYutPi + ^{T(p,i}Yv e x e ) 

J !~'DptYi, t X l {'D{p t p, l }Y Vl , TI , + 'Dpi>T e Yvtp e ) 

+(DTiYv l pi)(T3{p l p e }Yvt\i + DpiXfYvtpi) 

+(v n Y UeXe )(v 2 Y Ue ^ + z> {ww} y„« w )) 



1 



+2^ s ^ (((^ ptxXpt^i + DpzvXnt^i + ^ Vt^XpiPt 



+ (J^T l pXpi^i + ^TivXpiPi + ^^epX^en) Y peX( 

^^T t pXpiPi + DptTlYptpt + ^VfPf^ftT^y^A^ 

+ (^T^p^^/i^A^ + T^ptXXptTl + ^TtXXpiPtXutptXptfl 

+ {{1^ pl>vXptVl + DvtpXpiVli + ^V t vXp-lPiX P(.Tl 



+^p 2 s/((2(p,y p ^j(^y wA j + (zvWC^ 



+2(2? vXpipi + ^p-Xpe^^^Xpe^e^p-iTg 

+ (2(V u Xp e ve)('E > TXpePe) + ^PvXptP-tl^vXpiTi) 

+(2(^y p ^j(D T y p<A j + {PtXpmi){' d vXpi*i) 

+T^xXpiP-l^ > rXpifi + '^'pXpi'Xl^PvXptTt ^^rXpifi^XpiUe) 

^ P 4 Si 6 (v^)((v Xe Y um )(v veKe Y ueTe ) + (^y,A,)(^ K£ y«: 
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2 
3 

(4.134) 



[12]e=J d s ^-—se 5 ((V {aeat} Y Utae )(V pe ^ e Y Ueae + V{p e <j e }Yv m ) 

+ (^{^ea e }Y l ; e a e )('E > {p eae }Y UeCre +V Y VeP[ ) 

+2(T> pip ^Y Viai )(T> Y U(ae ) + (T>{ pepe yf l/eae )'D aecri Y Ui 

+ (^{p e a,,}Yu e a e ){'D{ peae yY Ueae + ^{p e cr e }^u e a e + £ ) {o. l c l ^v l pi) 

+ {T> Y Viai + T> aeai Y Uer7e )) + {T>^ piai yY Vl , ai )T> Y VlPl 

+ (D Y Vlpi ){T> Y Vtpi ) + (D{ aeae ^ l/efle )('D{ peae }Y l/ea - e + T> aia JY vepi ) 

+ l -p 2 Se e ((V {peUe} Y Xept )Y^ e Y p 2 eTe 

H-ZD^X + (l/6)(V {pm y peM ))Y* Ae Y* n ) 

^(^{peaii^vicre + Y Uepe )(T>{ pepe yY l/e \ e ) 

+(D Y VlPl +V{ aiPt ^Y Vl(Jl )(T> pLlP ^Y Vl \ l + V pi \^Y VlPl ) 

+ ('D{pi(T e }Yv e p e + Y UlPl ){T>^ epi yY Vtpi ,) 
~ >r ('D{pe<7e}¥ r v e pi + D p l pXvt(Tt){'D {agX^vept ) 
+ (^'{^ < o- J >}^'£o- J > + f Y VitXl )T> Y Ue \ e 

{lilp^viatfD aiXgfvtpt + ^Pp(.cXvnp,^)^P X t aX v tPl) 
-^{DptaXviPt + p l p¥v l (j^)'D<Jtpzfv l X l + (2(^ > {^ w }^ct^) 

+ ((^ ) {p J >cr £ }^cr < + f ^wX^V^pt'ift?) 

+ (^'{cr £ p £ }^o- J . + f ^i>ipi)iJ^npXvt^t + ~D ptpXvtTt) 



r2 

1 p-m 
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+ (P{pto t X v tot + ^ ^wl^ftA^ 
^(^PepX^e + ^{pecr^X^ePe^^epX^m 
^(^{tieaij^epi + ^pepX^t + ^{p^}^^ 

+£ , CT£P£^£p J £ + ^{p^j^PfX^r^l^Pf))^^ 
J r{'Dcr l pXvt\t + ^ PiXX^l^^n^X^Pl 

+ ('E > {picT e }Yv e cr e + ^ Yi/ipJi^TtpX^Ae + Dpi*-¥ v tTt + ^nxXviPi) 

J r{'D\(<pXvt<Ti + ^{^ofp^A^f a(.pX^en 
~ >r {^ > {pi(T l X u i x i + ^A^^p^^p^^-^ 
+ (^ ) {^ < o-j>}^A < + ^A^o-^i^tJ^o-^r^fPf 

+(T^p e nX^e + ^{p^^^w^^tP^A^ 

+ (^'{(t^P(.}^m<! + 'D pe i lt ¥ l/eae )T) Te \Xv£<?e 

Jr ^{Mpi\^ v tPt + 'DpipXvi^i^noXvtvt 

~ >r {^- ) {X l p l X u tPi + ^pepX^i^e^^frX^e 

J r{'D\ipXvtp,t + 'DptXXvtlJ-t + ^ ptp,X v l^t)'^ > ^i<^X v iti 

+ (^ , A £ cr^ £ o- J > + 'D<T l \Xvtvt + ci<rX v l^i)^P PitX v IPI + ^UpX^lPe 

-^{DptoXvivt + 'D<?ipX v e.vt + ^aiaX^tptl^P p t rXvt\t + T^nnX^t^e 

J r{'D<T l pXvtPi + T^pictX^iij-i + DpioXviPi + DpipXvtvt y^>ci \X v e.n 

-^{DptoXvi^t + 'E > cr(.\X v tPl. + 'DoiPtfviXi + f pfA^jio-f)^ a^X^lPi 
-^{DpiXXvevt + DptaXviXi + ^cr^pf^Af + ^o-^A^jipf )^^£r^ £ o-£ 
+ (^'/i^A^^'£0- J > + 'D\ l pX lJ tcrt + ^ > CF l pX^l'Xl 

+'Dp l aXvt^i + ^(yi>X v iPi + ^^icrX^tPe^npXft^e 
+ (Dp, e \Xvtve + ^vipXvt^t + ^XtpX^t^t 
+'Dp e aXvt^t + ^crexX^ePe + ^^rrX^ePe^n^X^ePe 
+ 'p e fiX^e + DpepX^evt + ^peaX^ePe 



+T^a t pX^tPt + ^cripX^ePe + D piaXviPl)^ rtaXfl^iXp-ipi) 

(2/9)p 4 s e 7 (((V UetI Xx e r e )Y^ Ke + (^PW^rXw 
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-2 



"(1/6) P S£ 7 ((T> Kep< y i/e x e (T> n eT< Yu e r)i + ^VepX^m) 

kltXvipi^P pi^Xvmi + ^mpX^t^t) 
+^kitX^£^£ C^pepX^ene + ^pmX^tPi + ^vepX^epe 

PirX^i^t ^PpmX v i^i + ^vepX^e^e + 
+^ > %K £ ^r J >(f p e xX"ePl + *D HtpXvtM + ^ > \lpX v iPt)X pup 
^r^'mnX^lpX^TlpX^iPl + D mrXviPt) 

KtuX^tPii'^'ntpX^m + ^ pirXwoe) 

+^ 'perX^tPti^'riepX^e^t + D litnX v lKl) 
J r'E > K l TXvtpt('D'ilipXvipi + 'DpepX^eVe + ^p e rX^iPi) 
+'Dr)tKXvtTt(J} pipXvtPi + ^pepX^ePe + ^PtpX^tPe) 
^rT^KtrXvipi^PmpX^iPl + D<rtn¥ v t<7i + ^w/»/w))^p ( A( 
^^m^X^lPt^^lpX^lPl + D ptp-Xvi^i) 
+^K t pXvtPt ^Pni^XviXt + ^pexX^ene) 
KMiXvixSPmP-XviPi + 'DptpX^eVe) 
'^mnXvipt^PxtiiXviPl + ^ptxX^ePe + ^PepX^t^t) 
+f pipXvi\iXPr]lX'X v iPl + ^VipXviKt + 'DptriXveKi) 

+T^K l pXvt^t('^riipX^tPt + T- > ciT)X v t.^t + ^ pipX v miiX f. 
+ ('E > ri e pXvePe(.'E > ^e'rXvtPi + ^npX^i) 
pirXvipt (^VepX^e + ^PtaX^tVe) 
+ >^XPm pX"t n ^^Pt rXv t rit ) 
+^\?/%^t j . {'D\tpXviPt + 'DptXXvtPt + ^ 'pepX^e^t , 
+'Dp{TXviX e ('DriepXvePt + ^PevX^tPt + ^-qeaX^ePe) 

^T^PtrXviXt^mpX^iPi ~ >r 'DptvXvtPi + ^PipX^tmTXpiK, 

+ {1^ pinXvtPt{'D\ l TXvtPt + ^T(pX^e) 

+ T ) K l TXv l Pt{'DptpXvi^l + 'DpiXX^iPt) 

J rT^KipX^i^t{'^ > PipX^iTt + DperXviPe) 

PiK-Xviri ('DpepXvt^i + ^XtpX^tPe + 'DpiXXvePe) 
PtrXvtXi^ pikXvipi + 'DpepXveK-t + ^ptpX^t^t) 
rurXvi^l^J-* PloXvgat + ^CipX^i^i + ^ PtpX v iPe)X pnt]g) 

+ (1/3) |) 6 S^ 8 (P K£rj ,y Mj ,A £ (^ f ^^»7 i .^ 9 + Y Uir]l V g £XptVt) 
9(,Xpmi^P v t T Xpi^tXviiK(. + ("^re^^W-O^V^ 

+ (^(7^,1/,)^^, + ^PkitXp-iM )X(£t)) 



2 



^2 
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+W v t H XV t>l X{2{V pi Y UllH ){V ai Y vm 



+(P [ p e p e Y I/(r7e + T> pt(Tl Y Vtlll + T> (Tl p l Y Vt p l )Y Ul(Tl ) 

2 
9 

+(T^a t Y Ul ,p l -\-'D fJie Y l , eae )'D ae Y l , e p e 
+(J)<ri ! Y Ul p l +T>p l Y Ul(Tl )'Dp l Y Vl(Tl ) 

~ g S£ ^ Pi^Yvipi^ Pt v wi^ + DpiPivnX + T^p lPl v t <^) 

-^P 2 s i 6 ( v Pi X )(' D PiX)((' D T e \ e Y um + Vr^fY^Xt + V piTl Y vl x t )Y vm 

4 
~9 

+2-Vv ^ Aj. (P-r £ p £ + ) ) 

+\p 2 Si e V M X((V Tm X + P W7W * + V Tmvl X)Y^x 



-p 2 sfV pi XV pi X{{V Pi Y VePl + P^Y^JP,,!^ 



9 



+(V VtXtlH X + V ptVl x t X + XW,*)^ T< )} e (^- m2 -P 2 )^ (4.135) 



Note from above that [11] and [13] up to [28] are excluded in the list as they will 
not contribute in any sense in our calculation. 

4.3.1 jC[ : lst-order Mass-Dimensional Lagrangians 

Using the compact notation (J4.119|) . 8 we now explicitly present the prescription de- 
scribed in (|3.47|) in terms of the mass-dimensional basis [£} given in (|4.121j) - (|4.135|) : 

8 This corresponds to changing i in the subscript of tensor indices as 1 if the term is contributed 
by a first order correction, 2 by a second order correction, and so on. In our presentation, left-most 
factor in [][].-•[] denotes the first order corrrection and the right-most the highest order in the 
degree of corrections considered. The number of [ ] factors denotes the order of corrections. Adding 
all numbers indicated in each [ ] should sum up to the common mass-dimension of the collected 
terms. 



56 



4 1)[41 = ^p Tr JdxJ d D P G $ M (4.136) 
with [4] given in (gHHD - 



C? [e] = ^-^Tr JdxJ d D P Gy6] (4.137) 
with [6] given in ([4. 130)1 . 



£« [8] = ^pTr / eOf / G 0t [8] (4.138) 
with [8] given in (14.1321) . 



4 1)[1 ° ] = ^75 Tr J dX J d °P G ^ ( 4 - 139 ) 
with [10] given in (14.134)) . 



£S 1)[12] = ^)75 Tr J dX J d °P G ^ ( 4 - 14 °) 

with [12] given in ()4.13f)j) . 

This is after performing the prescription 

4° = ^75 Tr / dX J d °P G ^P) (^(P))T=i ■ ( 4 - 141 ) 

Notice that there are no first-order corrections that can be incorporated in the calcu- 
lation of one loop effective Lagrangian in two-mass dimensions. 
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4.3.2 £2 : 2nd-order Mass-Dimensional Lagrangians 

4 1)[61 = ^)75 Tr JdxJ d D p G 0t [3][3] (4.142) 
with [3] given in (j4.121j) . 



4 1)M = ^)75 Tr JdxJ d D p G 0t ([3][5] + [4] [4] + [5][3]) (4.143) 

with [3], [4], and [5] given in (I4.121|) . (I4.123j) . and (I4.12fij> . respectively. Here, [3] [5] is 
just a swapping of indices [5] [3]. That is, the subscript £ = l-v=>£ = 2is swapped. As 
an illustration, [3] [5] means [3], set I = 1 and [5] set i = 2. The other way around, 
[5] [3] means [5], set £ = 1 and [3] set £ = 2. 



£ ^ )[1 ° 1= 2(2V Tr ° m [?] + W [6] + [5] [5] + [6] W + [?] [3D (4 ' M4) 
with [4], [5], and [6] given in (14. 12311 . (I4.12(ijl . and (|4.13()|) . respectively. 



2(2tt) j 

C0 t ([3][9] + [4] [8] + [5][7] + [6] [6] + [7] [5] + [8] [4] + [9] [3]) (4.145) 

with [4], [5], and [6] given in (I4.123jl . ()4.12f)|) . and (|4.13()|) . respectively. 
This is after performing the prescription 

4 1} = ^)75 Tr d °P G M (^iG0(p))r=i (AiG (p))- d 2 . (4.146) 

Notice that there are no second-order corrections that can be incorporated in the 
calculation of one loop effective Lagrangian in two and four mass-dimensions. 
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4.3.3 £3 • 3rd-order Mass-Dimensional Lagrangians 

4 1)[101 = ^y5^ fdxfdPpj^ds G ^ + t 3 ™ + WP) (4-147) 

with [3], and [4] given in (14.1211) . and (14. 123)) . respectively. Here, [3] [3] [4] is just 
a swapping of indices with [3] [4] [3] and similarly with [4] [3] [3]. As an illustration, 
[3] [3] [4] means leftmost [3], set £ = 1 mid [3] set £ = 2 and rightmost [4] set £ = 3. 
The leftmost object is always set I = 1, the second object set £ — 2, the rightmost 
set £ = 3. 



4^ = ^/^p 

Gd [3] [4] [5] + [3] [5] [4] + [4] [5] [3] + [4] [3] [5] + [5] [3] [4] + [5] [4] [3] + [4] [4] [4] ) (4. 148) 

with [3], [4], and [5] given in (14.1211) . (I4.123j) . and (I4.12fi|) . respectively. 
This is after performing the prescription 



^ )= 2(2^ Tr S dX S d ° P ° M ( AlGf 0^=i ( A ^0°))S ( A i G 0(P))S • 

(4.149) 



Notice that there are no third-order corrections that can be incorporated in the cal- 
culation of one-loop effective Lagrangian in two, four, six, and eight mass-dimensions. 

4.3.4 £4 : 4th-order Mass-Dimensional Lagrangians 

4 1)[12l =^^Tr jdxj d D p C 0t [3][3][3][3] (4.150) 
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with [3] given in (14.1210 . 

This is after performing the prescription 

G t ,(p) (A^ttp))^ (A,G B (p))^ 2 (AtCfp))^ (A 1 G,(p))™ <1 1 . (4.151) 

Notice that there are no third-order corrections that can be incorporated in the 
calculation of one loop effective Lagrangian in two, four, six, eight, and ten mass- 
dimensions. 



60 



Chapter 5 



One-Loop Lagrangians with 
Higher-Order Corrections 

Consider the ungauged case when 

Y^O (5.1) 

in Eqns. ()4.121j) - (j4.135|) . Later we will relax this limit but for purposes of illustra- 
tion, we present the case of pure X and its covariant derivatives of X. That is, we 
illustrate how straightforward our calculation will be in determining the higher-order 
corrections. Also, we show step by step how the ensuing integrations: p (momentum), 
X (background potential), and s (proper-time integration) are performed. 

5.1 Pure X Mass-Dimensional Lagrangians 
5.1.1 Pure X: Two Mass-Dimensions 

r (l)[2] _ r (l)[2] r (l)[2] ( r 9 N 
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where jC^ y ^Lo f° r ^ > does not exist. For the case when k = from (|4.65|) . it is 



,(i)[2] h r°°dse-'"- 



C ° Y -° - 2(4vr)^ Jo 7^W Tr {X ~ Xo) (5 ' 3) 
5.1.2 Pure X: Four Mass-Dimensions 

r (l)[A] _ r (l)[4] ~(1)[4] /_ ,x 

i -'y->o ~~ y^o M y^o ~r • • • W-^v 



where from ()4.66|) 



ft r°°dse~ 



^ oy ^° ~ 2(47r)Wo 



-ire 



2. 



(5.5) 



and 



,2, 



,(i)[4] S e-™« 1. 



The following is the explicit derivation of £iy-*o' 

To compute for (Cjy^o, consider from the prescription (|4.1H6|) with [4] given in 
(ftT23j) but in the limit Y -> 0. 



x 



/ e^ 2 > s » { So ^X - 2p 2 s 2 V Xr x} e^ 2 ^ (5.7) 



expressed in terms of X. The indices of the momentum tensor can be identified from 
the unpaired indices of T>. That is, p 2 = p\p T for this instance. 
Factoring out the X and p 2 in the exponents 

J d D p {sqV^X - 2p 2 s 2 V Xr X} e - p2 ^ +s ^ (5.8) 
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x 



Performing p° and p 2 momentum integration using the formulas (jC.21|) and (jC22|) . 
respectively. 



n 



2(2tt) 



D 



roc roo r 

Tr/ d Sl / ds dX e x{so+Sl) 
Jo Jo J 



x {(1, 0; 1, 0)V^X - 2(2, 0; 2, l)6 Xr V Xr X} (5.9) 



where 



(1,0; 1,0) 
(2,0; 2,0) 



7T 



D/2 



2 1 (s + s 1 )°+^ 2 

n D/2 



s e 



So 2 e X( So+Sl ) 



2 2 (s + Sl y+ D / 2 

Index contraction 1 and performing X-integration using 

X(so+si) 



J dX e x{so+sl) 



So + Sl 



-m 2 (so+si) 
SO + Si 



and considering 2 



where X = —m + X 



l + X(s + Sl ) + -X 2 (s + Sl ) 2 + 



1 



(5.10) 
(5.11) 



(5.12) 



J^+X( Sl + s ) + ^X 2 { Sl + s ) 2 + . . . 
ft 



(5.13) 



(the first term indicated by an arrow) we have 

h 



Am 



2(2tt) 



D 



roo roo „ 

Tr/ dsj d So {(l,0;l,l)-2(2,0;2,2)}P^e-^ so+Sl ) 
Jo Jo 



(5.14) 



1 Because indices are dummy they can be renamed at will. 

2 Because X{s$ + si) term will contribute in the six mass-dimensions and ^X 2 (sq + si) term will 
contribute in the eight mass-dimensions and so on. 
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Performing proper-time integrations 3 



oo poo 



s e 



— m 



(so+si) l foo e -m 2 s 



(1 ' 0;M) = io H ^Kso + s^/^U dS 

fOO pOO 



ir[2-D/2] 



SQ 2 e -m (so+81) 1 j /-oo g-m 8 

as 



s -l+-D/2 2 m 4 -- / 2 

ir[2-D/2] 



(5.15) 
(5.16) 



we have 



r (l)[4] 



(5.17) 



thereby obtaining (J5.6j) . This agrees with Eqn (2.108) of |2b| . 
Higher Mass-Dimensions Contributed by [4] 
[A]X: Six Mass-Dimensions. 

The contributions of [4] to higher mass-dimensions as one moves to higher order 
terms in the expansion 



l + X(s 1 + s )+-(s 1 + s ) 



(5.18) 



(the second term indicated by an arrow) 



(1)[6] 

[4]X Y^O 



roc roo 

r D/2 / ds! / ds 
Jo Jo 

{(2,0; 1,0) -2(3,0; 2,1)}XD^X 



Because the proper-time integrations 

s e- m2 



OO pOO 

(1,0; 1,0) = / dsj ds , 
o Jo l(«o + si) u +^/^ 



(s +si) j f°° e" m s 



ds- 



ir[3-D/2] 



s Q 2 e- m ( s o+*i) i 1 /•« e -r»-> 



2./ s- 2 + c / 2 2 m e-D/2 

ir[3-£>/2] 



poo poo 

(2,0; 2,1) s ^ ^ «bo^ +(i)1+D/J = 2'3 X "V*-^ - 6 m a-W2 



(5.19) 

(5.20) 
(5.21) 



3 See Appendix D for a detailed derivation. 
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yeild the same prefactor as (1,0; 1, 1) and (2,0;2,2), respectively, the first-order cor- 
rection of mass-dimensions six contributed by [4]X is given by the Lagrangian 



r (l)[6] 



h r c 



-TtXD^X. 



(5.22) 



2(4tt) d / 2 7o s -2+^/2 6 

[4]Af 2 : Eight Mass-Dimensions. With four and six mass- dimensions invariants 
agreeing with the results obtained by Rodulfo, this work showcases the calculation for 
the eight mass-dimensions. Consider the contribution of [4] to higher mass-dimensions 
as one moves to higher order terms in the expansion 



1 + X( Sl + s ) + \x 2 {si + s ) 2 +^(si + so) 3 + • • • 

S v ' 

ft 



(5.23) 



(the third term indicated by an arrow) 

In similar manner, the first order correction of mass- dimensions eight contributed 
by [4]X 2 is given by the Lagrangian 

h r°° e~ m2s ds 1 



/•Wis] . " / ™ ±.TvX 2 r> x 

[4]*» y-o " 2 (4tt) d / 2 Jo s -3+^/2 12 ^ 



(5.24) 



Contributions to higher mass-dimensions can be obtained in a similar fashion 

h f c 



r {1 ^ h f°° 6 m sds -Trx 3 n x 

M^y^o- 2 (47r)^ 2 io s~ 4 +°/ 2 36 w 



r (l)[12] » /* 

M [4]^ y^o - 7 ( d ^D/2 J 



h r°o e~ m s ds 1 4 
2(4tt)^/ 2 Jo M4 



(5.26) 



r (i)[i4] » /* 



h r°° e~ m s ds 1 5 
2(4tt)^/ 2 Jo 720 D ^ X 



(5.27) 
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-(1)[16] 

^1 [A]X 6 Y^O 



h r^e- ms ds 1 6 
2(47r)°/ 2 7o s- 7 +^/ 2 4320 ^ 



(5.28) 



with the prefactors and exponents of <Y dictated by the coefficients and exponents of 
a Taylor series of an exponential function. 

5.1.3 Pure X: Six Mass-Dimensions 

From (J4.130|) prescribed by (|4.137|) but in the limit Y — ► 



r (i)[6] 
M y^o 



0. 



(5.29) 



There are no first-order corrections. Also from (j4.121|) prescribed by (j4.142|) in the 
same limit Y — > 



*-2 y^o ~~ u - 



(5.30) 



The one-loop pure X six mass-dimensional effective Lagrangian is 



C 



(1)[6] 

y^o 



h r°° dse 



2(47r)^/ 2 7o 



Tr 



1 



1 



-(X 3 - X 3 ) + j^{V^X){V,X) + ^xv^x 



(5.31) 



which is contributed mainly from ()5.22|) and C Q yl>o- 
Using the relation: 



(5.32) 



C 



(1)[6] 

y^o 



00 <is e~ m s 



2(4vr) D / 2 Jo s- 2 + D /2 



Tr 



X 3 - A} 3 



n »--(2?^)(2? M ^) 



. (5.33) 
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5.1.4 Pure X: Eight Mass-Dimensions 

The prescription (I4.138j) with (I4.132j) in the limit Y -> 

-jjp 2 So 4 (^)(^X + ^ {TM}A X)} e^ 2 >° (5.34) 

Performing the p-integration, X-integration (after redefining X — > X — m 2 and con- 
sidering (j5.13)) ) and renaming dummy indices, we have 

t /*oo /*oo f 1 

£ ^ 0= 2(2^ Tr i) dSl Jo ds ° e ~ m2(Sl+S0) {^(^■AA)(V (i X)(V {vu , ) X) 

-- (4, 0; 2, 2)(Z>,,#)(ZW# + (5.35) 
Performing two-fold proper-time integration: 



2 t 



Because 



■ ^(V„X)(V^X + V {Mv X)\ (5.36) 



^(z/iz/i) ^ — Dw^X + D^vyX + V Uflu X (5.37) 



so that 

(V^ip^X) = {VpX){V wll X) + {PpX){V^X) + (p lt X)<p vltt ,X) 
= -p m x)p vv x) - (V^X)p^X) - (V^X)p^X) 

and 

{V„X){V {Mv X) = p^X)p^ v X) + {V^X)p^ v X) 
= -(V^X)(V^X)-(V^X)(V^X) 
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after applying integration by parts (or equivalently applying an appropriate total 
derivative relation). Hence, we have 

C IY% = 2(47r)^ 2 l s -2+D/2 Tr {-^(^*)(^-*) 

-j-(V^X)(V^X + T>^X)\ (5.38) 
The second-order correction in the pure X case is: 



/*oo Z^OO /^OO Z 1 /* 

r Tr| ds 2 J Q d Sl J o ds J dxj d D p e (x-p 2 )^ e (x-p 2 >i e (x-p 2 > 



aim _ 

x {(D M1M1 X)(D M2M2 X) s si - 2(V ll2tl2 X)(V XlTl X) p 2 s 2 s x 
-2{V^X){V Xm X) p 2 s Sl 2 + A(V XlT1 X)(V X2T2 X) p 4 s 2 s, 2 } (5.39) 

as prescribed in (I4.143jl with (I4.123|) with i = 1 and I = 2. 

Performing the p-integration, X-integration (after redefining X — > X — m 2 and 
considering ()5.13Jl ) and renaming dummy indices, we have 

C2 ^ = 2i^ TT Jo dS2 Jo dSl Jo {(1, 1, 0; 1, l)(X> Wi Af)(X> w Af) 
-2(2, 1, 0; 2, 2)(V^X)(V VU X) - 2(1, 2, 0; 2, 2){V^X){V W X) 
+4(2, 2,0; 4, 3) {{V^X) {V W X) + (T> tlv X)(T> fJiU X) + (V^X^V^X))} 

(5.40) 

Performing three-fold proper-time integration: 

Aim _ h [™ dse- m2s f 1 
21 ^° ~ 2(4vr)^/ 2 7o s -2 + d/2 \24^^K^^J 

-2 ■ ^ ((2V*r)(2> w #) + (V m X)(V w X)) 

+4 • ^ + (v^x^v^x) + {v^x){v^x))\ 

(5.41) 
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Simplifying: 



,(i)[ 8 ] h r°° dse~ m2s r 1 



A y^o - 2(47r) D/ 2 J s -2 + d/2 \^V^X)(V VV X) 



' (V^X) ((V^X) + (p Vft x)) 



180 



(5.42) 



Combining (|5.H8|) and (|5.42|l . we have 



,(i)[ 8 ] fi f°°dse- ms f 1 



±(V^X)((T>^X) + (V^X))\ (5.1.3) 



Adding gSSj) and fl£Z3) 



45 

Because 



— (P^X) ((V^X) + (ZV?))} (5.44) 



(A" 2 ^*)) = 2X(V IX X)(V IM X) + # 2 (£V#) (5.45) 
and if the trace of tensors that are self-contracted vanish, we have 

~(V^X)(V ur X)} (5.46) 
Using the relation for reordering of derivatives within a factor: 



(5.47) 
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for any tensor A. This relationship is used for the simplification of the last term in 
CTf but in the limit Y -> 0. 

5.2 Explicit Calculation of £^ [4 ' 6 ' 8] 

Having shown in the previous section the step by step calculation of £W[ 4 > 6 ' 8 1 for the 
ungauged case, we choose to skip most of the steps and present only the order by 
order corrections for each mass-dimension. 

5.2.1 Four Mass-Dimensions 

First-Order Corrections: Four Mass-Dimensions 

Using the prescription (|4. lHfij) with basis invariants (j4.123j) 



The simplifications are as follows: (1,0; 1,1) = |, (2,0; 2, 2) = |, trace of self- 
contracted tensors vanish, and Y^ v = —Y Vil 

Since there are no second-order corrections, we have the complete four mass- 
dimensional one-loop effective Lagrangian 



,2, 



(5.49) 



This is upon incorporating the results contributed from the zeroth-order corrections 
This result is in agreement with that of Refs. fM 1551 I7%1 17H] 
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5.2.2 Six Mass-Dimensions 

First-Order Corrections: Six Mass-Dimensions 

Using the prescription (|4.137|) with basis invariants ()4.130|) we have 

2 

4 1)[6] = ^yjj, jf (^) Tr {(V p Y pu )(V p Y pu ) + (V u Y^)(V p Y wJ 

+ (V p Y pu )(V u Y pp )) (5.50) 



and using the identity 



(V p Y pu )(V u Y pp ) = l -{V p Y pu ){V p Y pv ) (5.51) 



we have the first-order correction for six mass-dimensions 

41)161 = %^ r sss (545) Tr {Ip^pm + p^)(v p y, 

(5.52) 

Further simplification can be implemented: 

(V p Y pu )(V p Y pu ) = 2(V u Y pu )(V p Y pp ) - AY pu Y up Y pp + tot.div. (5.53) 
so that we have the further simplified version of the first order correction: 

^1 = 2Uix) D l 2 Jo s -2+£>/2 ^270 ) Tr Q&vY^iPpYpp) - 3Y pu Y up Y ppJ 



(5.54) 



2(4ir) D / 2 Jo s -2+d/2 y 270 j 

The proper-time integrations used are (2, 0; 1, 1) = |, (3, 0; 2, 2) = |, and 
(4, 0; 4, 3) = i. Although there is a new term in (j4.130|) 

^p 2 s 3 V p X(V T Y Xp + V p Y Xr + £>„ V) (5.55) 
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not included in [26 . In the simplification process such term vanishes. We also used 
the following: 

Y^V pv Y w = -VvY^VpY^ + tot.der. (5.56) 

Second-Order Corrections: Six Mass-Dimensions 

Using the prescription (j4.142|) with basis invariants (j4.121|) with i = 1 and I = 2 

4 ,, ' 6, = w^W f ^ (m) wj<iw,) (5.57) 

combining (|5.49|) (but considering (|5.13|l ). (|5.54j) and (|5.57|) we have 



+-X(T> m X) - —{V v Y tjlv ){'D p Y l j i p) + —Y^YvpYpfi 



(5.58) 



Further simplifications: 



h roc rlQ p~ m2s n 1 1 

£(i)[6] = —A— / aSe ^ n/ Tr i(A' 3 -A'o 3 ) + -A'K,V--(^)(P^) 
2(4vr) D / 2 io s - 2+D / 2 [6 12 M M 12 v ^ n M y 



I -.3 ... 1 I 

1 



\ K^v^pv) \DpY„pj -\- Y pu Y V pYpi 



(5.59) 



gQ \~ "~ pv )\ p ppl 1 QQ P v v P PP 

This result is in agreement with |26] 176] 
5.2.3 Eight Mass-Dimensions 

First-Order Corrections: Eight Mass-Dimensions 

Using the prescription (J4.138)) with basis invariants (J4.132j) and implementing 
the algorithm presented in Appendix E, the 154-term result can be reduced to the 
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following: 

4 1)[8] = I 



pi' 



I 1 2 1 2 1 

-^C^pp^)^ + Y44^ V p uY p^ Y ^ ~ Y^^ V pp Y "^ Y ^ ~ qq{' d i1v X){'D i1v X) 
-^{V, V X){V V ,X) - ±(p m X)(p w X) + j^(VM(V pa Y, a ) 

+ x 120 W^A*^) (^^^Mp) X120 ^ ppY ^ v ' (■^ crCT ^ / A tiy ) ~~ ^ vaY ^ yPpa^iw) 

~~^{J^vaY^(T) crfy Y pf} ) — -^{T) piJ Y p P )(T) GV Y p V ) — -^-^{T) U pY flCT )(X > p CT Yp V ) 

~ ^qC^ "P^P-Pl^P aoYpv) ~ ~~^J^v<jYp V )(T) 'ppY^u) — -^(T> U(T Yp U )(T) p<J Ypp) 
~ ~^J^pv^pp) \Paa^\aj) + ^(^i/^^pX^i/p^u/) + piX pv)^P a pX pa) 
^~^J^ pa^pv)^J^apXpv) + ^gQ^ 'poXp,v)('D pcXpu) ~ ^^{J^ ap^pu){J^ ap^pu) 

II 29 29 

~l~ pvYp,v) [D<TvYp,p) + 1120 ^^ vpYtl1 '' p<Xp°) 1 12O ^^ vpY p' v '^^ a P Y i lcr ' 
29 29 29 

^~^^J^vpYpv)^(DooYpp) + ^^2Q ^PvaYpa) (DppYpv) + -^^J^ pp^ pv)^ av^ pa) 

31 31 37 

(^VXP^V) + — — {V p X r pa) (P ap Yp U ) + (Vp U Yp U )(V a pYp a ) 



3360 3360 672 

43 5 67 

_ 840 fi^ ai,YfJ, P' \^°'P Y p> i/ ) ~^^X p^X pa)X^ pa^ pv) — 33qq i^p<Xpu) \DapYpu) 

79 1 

"l680 (I)wFw)( ^ ) } (5 ' 60) 

Second- Order Corrections: Eight Mass-Dimensions 

Using the prescription ()4.143|) with basis invariants f)4 . 1 2 lj) and ()4.126|) and im- 
plementing the algorithm presented in Appendix E, the (2 x 78)-term result can be 
reduced to the following: 
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(i)8] 7t z* 00 ds€~ m2s ( 2 2 

A [3][5] + [5][3] = 2(4^)^/2 / s -3+D/2 Tr ( ^P^pX\V p Y^) + — {V^X) {V p Y^) 

+ ^(V» PP X)(V p Y tlu ) + 2-{V vpp X)(V p Y pv ) + ^-{V ppv X)(V p Y pv ) 
+ ^(V pvp X)(V p Y pu ) - JL-(V„Y„ v )(V vpp X) - J-(V,Y pv )(V pvp X) 



2835 v " " / " ' 5670 v /v " 5670 v 

+ ^(Pp^)(Ppn.) V + ^{V p Y pa ){V p Y av ) Y pv 
+ ^{-D p Y va ){V a Y pp )Y pv + -±-(V p Y pu )(V a Y pa )Y pu 
+ ^ ) {V p Y au ){V (T Y pp )Y pv - ±-(V u Y pa ){V p Y ap )Y pv 
' {V p Y vp ){V a Y^)Y. v - A(p v )(p v )y 



p J -l/pJ\ J ~'(J J -tMTj J -tMV ^^\^ V- [lp } \^ (J ^ P CT ) ^ pU 

■— {V P Y W ){V 9 Y W ) Y pu - ^-(PpV)^,) V 



405 v " AWV ° ^ 2835 
37 1 
-2^(^p)(^V)V) (5-61) 

With basis invariants (j4.123j) and implementing the algorithm presented in Ap- 
pendix E yields the 285-term result which can be reduced to the following: 

C 2 ] [f][4] = 2 ( 47r )D/2 J s -3+D/2 Tl ^X)(V W X) + — {V pv X)(V pv X) 



2(4tt) d / 2 Jo s -3+^/2 

I 13 I 

■ — {V pv X){V vp X) + —(V^X^V^) - —(5 

--^-(V, v X){V vp Y pp ) + + ^Tjf 
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2 1 19 

-^(V pu X)(V pu Yj - ^{V pu X){V pu Y pp) - ^{V pu X){V pp Y pu ) 
" (V pv X)(V pp Y up ) + -L(V, p Y, u )(V va Y pa ) + -L(V pa Y pv )(V ap Y up ) 



315 672 a 1 "/ v " u ^ u / ■ g^2 

-^^{'DtA,pY pa ){T> cru Y Pjl/ ) + ■^^{T> au Y pu ){T> ap Y pp ) + Ppp^p^ )('D av Y pcT ) 

1 1 1 

1120 Ppp^p^ \PopYvo) + vp^ixvjyPooYvp) + - _^ {DppY^) (J) aa Y pv ) 

1260 ^VP^vp) P<yo~Ypv) + ]^260 ^^ CT ^ ocr ^ ^Pvp^p,v) + 1260 P v P^P-p) ^Pao-Yp,^) 

111 

'YPvaYp,v)^PapYp,^) ~~ ^r^^P piXpv)\PapYop) ~~ ^PpiYpv) PapY a p) 



-^2Q0 210 -u P -u P , 210 

3360 ^P V P^P V ^ (Do-pYap) + 33QQ (^P^W) Po-pY a p) + 33gQ (^PP^W) PapXav) 

111 

3360 Ppp^p 1 ' y^cvYcp) ~ ^^PpuY pp ){T> ap Y pa ) — -^^(T> pu Y PjU )(T> ap Y Pj<J ) 
7^^(73 pvY^iTtppY^p) — -^^(D pu Y pu ) (D aa Y pfl ) + -^^(T) up Y fll/ ){T) ap Y pa ) 



5040 v ' ^ / v ^ ^, ■ 504Q v ^ ^/v ™ w , 5040 
5040 ^Ppp^p 1 ^ Po-pY V(T ) + -^^^P ppY pv ){(D av Y + ^q 4 q (PppYp.u) Po-o-Y pu ) 

-^^(J^ppYpvjXPaaYvp) — -^^PppYpv)PavY ap ) — -^^(T > ppYpv)^PapYav) 

111 

~~^^(PppY pv )(T > (TU Y pcT ) — -^^('DppY pu )(T > ap Y UCT ) — -^^(T > pp Y pv )(T > ac7 Y up ) 

3 3 1 

+ 2240 ^Ppp^p^ i^w^o-p) + 2240 ^Ppp^p^ Po'pYu) ~ ig80 P vc ^p^ PppYpv) 

15 1 

(PcpYpv)Po-pY V p) — — — -{T> pv Y pv ){V> ap Y p( j) — —rr('DppY l j il/ )('D aa Yp l ,) 



1680 8064 840 

11 11 19 

I 40320 Pp u ^p u ^ PvpYp) + 40320" P^p-Ypu) PapYpa) + 2~oigo Pp°^p°} ^PpvYpv) 

19 47 1 

(p^) (D ffp y w ) + (2^) (p CTp y; p ) | (5.62) 

Lower Mass-Dimensional Invariant Contributions 

We have already made a point in Chapter 4 that X-integration depending on 
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whether we are considering (|5.13|h ()5.18|) . or ()5.23|) could contribute same invariants 
but differs by a X n factor. 

In this regard ()5.48jl result contributes in the correction of eight mass-dimensional 
one-loop effective Lagrangian as 

r (i)[ 8 ] _ h r°° dse-™ 2 * 1 2 
ixa ® ~ 2(4vr)^/ 2 Jo S -3+^12 w [ ' 

if X-integration is performed with the third therm in the expansion ()5.23jl . 
In similar manner ()5.54j) contributes as 



*p] = 2(4?r) D / 2 X s -2+ D / 2 V270 J i 2 ^^)^^) ~~ 3 ^X/ P ^} 

(5.64) 



and in the same way as ()5.57|) 

45 = 5(5^571 1°° T*X(V^„)(V„Y m ) (5.65) 

We now combine the results (JOT}, (BID , (fo"oTl) (jo~o^) . (jO^jl . (fo"Ml) and (fo~631) 

/•(1)[8] _ /-COP] , r (l)[8] , r (l)[8] , ~(1)[8] , ~(1)[8] ~(1)[8] 

*- — MJ 1 ~r ^1 A- 2 [4] ^1 AT [6] ^2 "T ^ 2 AT [6] 1,0. 00 j 

This is an expression containing 132 terms. 

Manipulating using the properties: Cyclic matrix permutations 

ti(XYZ) = tr(YZX) (5.67) 

integration by parts 

J dx tv(D^X^Y) = - J dx ti(X^D^Y) (5.68) 
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and antisymmetry of Y, 



Y, 



[IV 



-Y 



Vp 



(5.69) 



we have the following one-loop effective Lagrangian with eight mass-dimensional in- 
variants: 



£(1)[8] 



h r°° ds e~ m s f 1/4 4 \ 1 
2(4tt) b / 2 Jo s~ 2 + d /i l + 24 \ X ~ *° ) + 90*^^3^ 

+ pvY p V Y pc! Y pa + -^^Y /11 yY up Yp cr Y crfl + Yp V Yp U — — Af (T > pX)(T>pX) 
-±X(V u Yp U )(V p Ypp) + ^{VpX) {{V <tl Y vp> )Y vp + (VpY vp )Y U p) 



+Y L 



+Y, 



2 



^ (P<,V>)(^f pct ) + (p p y p ,)(p CT y M(T )) + A ( ^y pa) (p <pV>; 



i 

90 



1 

60' 



144' D {^} y w 



180 Pppy ^ + 20 VfluX 



{Vp U X){V { p u] X) + -(V m X){V vv X) 



DpvX 



+ 



+ 2520^^ 4 



37 179 41 

T) y 4- -p y + p y 

^Vp 1 (1/) T _„ ^ OU 1 VO< ~ l - ' ' 



3240 



15120 



'pp * vp 



5040 



pp^vp 
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{T-^ paYpp) (J^crvYpii) 



167 



p^ y 



2835 v ~ ^--/v-^-^/ 5040 v-p^ w>/v- 6720 ■ 

27 29 1 

\P ] pvYpp){T> cra Yp V ) — ———(T>p l/ Yp V )('D a pY (7 p) + ——-{T> pa Yp (7 ){T>ppYp V ) 



2880 
557 



(p pvY pv)(J~* a pYo p) 



112QV P , w/v „„ ^, 12g0 

1 3 

"^q(^o-^p) (^0-^;/) + -^^PvaYpp^^apYpv , | j)( ls() 1 

1 37 1 

3360 ^P v ^^ v ^ 0-^po-Yap) + YoQgQ {^pvYpv){T^ acjYpp) + ^p,p^pv)\Pv<jYp(/) 

~~^^('E > ppYpv)('D -vYpa) + YY2^(^V)( p ^V) ~~ 10080 
79 31 1 

(P/iv Ypcj) \ Dv(jYpfij + oocn (PpvYpo-^Uo-vYpp) + ~T~~^^(J^ ppYpv)(^D aaYpv) 



\& * ppYpv)(J-^ ^crpYva) 



1680 v ^ p /v 3360 
1 31 
+7^(^ po-Yp V )('D a -pYp U ) + {T^pvYp J7 )(T)( T pYp U 



1120 



48 " ^ / v ^t* h "v 1 33gQ v ^ ■ - /*« / \- - ^ / 3360 
1 1 263 

J f"^J^fTpYvp)^vpYpcr) + T^^^yD ppYpv){P crvYcrp) + - nnon ppYpv) \DovYpaj 



3360 



10080 



+ „„ {T^(7vYpv)(T^(TpYpp) + (I';ypy^ J y)(X ) (7 pl^ to - j 



20160 



10080 



(5.70) 



Eqn. (|5.7U|) is a 54-term reduced form of 132-term Eqn. (J5.66j) . This result awaits 
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the application of the following identities [7U| 

(V 2 X)Y 2 „+2(V ll X)(V p Y up )Y l/p = (5.71) 

{V up X)Y pp Y vp +{VpX) {V u Y vp )Y w +{V p X) (V v Y m )Y vp = (5.72) 

(V p X)(V u Y up )Y pp +X(V p Y pu ) 2 +XY pv (V pp Y pv ) = (5.73) 

{V p X){V p Y up )Y up +X{V,X up ) 2 +X Y pu (V 2 Y pu ) = (5.74) 

(V p X)(V p Y up )Y up +2(V p X)(V u Y pfl )Y up = (5.75) 

X(V p Y up ) 2 +2X(V p Y up )(V u Y pp ) = (5.76) 

ZXY^^ppYpv) + 2XY pv Y vp Y pp = XY pu {T> 2 Y pu ) (5.77) 

and ordering of derivatives within a factor can be changed by continued application 80 
of 

D pu X = D vp -i[Y pv ,X] (5.78) 

for a further reduction. 
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Chapter 6 

Summary and Future Work 



In this thesis, we have developed a prescription that can calculate one-loop effective 
Lagrangians for various mass-dimensions and for different orders of correction. We 
have worked out the calculation of C l ^ 2 \ C 1 ^, and C 1 ^ completely; C 1 ^ partially; 
C 1 ^ and in their unsimplified form. For appropriate mass-dimensions, first- 

up to fourth-order corrections were incorporated. The results obtained in the present 
work for C^ 2 \ C l ^\ and C 1 ^ have been compared to those found in literature and 
were found to be in complete agreement. C 1 ^ remains to be simplified further and 
reduced to a 17-term expression before comparison can be made. 

6.1 Effective Lagrangians 

The following is a list of the one-loop effective Lagrangians explicitly calculated in a 
quasi-automated manner incorporating zeroth-order corrections. 



79 



Mass-Dim 


Name 


Eqn. No. 




J- w u 


r l[2\ 






Four 


1-0 


(pTKfi|) 




Six 


r l[6\ 






Eight 


r l[8\ 
1-0 






Ten 


r l[l0\ 
1-0 


(H7721 




Twelve 


r l[12\ 
1-0 


(H77SI 




Forteen 


r l[U\ 
1-0 






Sixteen 


1-0 


(14.100)) 




For higher order corrections, the following were calculated. 


Mass-Dim 


Name 


Eqn. No. 


Comments 


Two 






None 


Four 




(14. M 


£l[4] = £ l[4j + £ll4j See 


Six 


c m 

~1[6] 
*-2 
r l{6] 


(|4.i^7|) 
04.142|) 


£ 1[6] = £l[6] + £ 1[6] + £ 1[6]^ gee 

From [4] upon considering (|5.18jl 


Eight 


£ l[8j 

-1[8] 
*-2 
r l[8] 

i-'imx 

r l(8] 
u '2 [6]X 
r l[8] 
*~1 \4]X* 


(|4.1;te|) 
(|4.143!) 


£ i[8] = £ ii8j + £ ii8j See( j^7ni). 

Eqn. (|5.7()j) awaits further simplification. 
From [6] upon considering (|5.18() 
From [6] upon considering: (|5.18() 
From [4] upon considering (|5.23() 


Ten 


£l[10j 

-1[10] 
1-2 

r x[xo] 

1-3 


(|4.1;w|) 
(|4.144|) 
(|4.14V)1 


prescription only 
prescription only 
prescription only 


Twelve 


£l[12J 

r l[12] 

1-2 

r X[X2\ 

1-3 

r X[X2\ 

1-4 


(|444()D 
(|4.145|) 
(|4.148|) 
(14.1 Mil) 


prescription only 
prescription only 
prescription only 
prescription only 
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Apart from the above contributions, the following should be included for ten 

-lp.0] , -1[10] r l[10] r l[10] r l[10] (n \ 

^1[8]X J ~2[8]X ^1[6]X 2 J ~'2[6}X 2 ^1[A]X 3 V 3 ' 1 ) 

and twelve 

r l[l2] r l[X2] r l[12] r l[12] r l[12] r l[12] r l[l2] r l[12] (R ^ 
*"1 [10]* ~r / -2 [10] AT ^3 [10]* ^1 [8]* 2 ~T ^2 [8]A" 2 ^1 [6] A" 3 ~T ^2 [6]* 3 ~T ^1 [4]A" 4 

mass-dimensional one-loop effective Lagrangians. They are all contributed mainly 
from lower mass- dimensions. 

The results for C 1 ®, C 1 ^, and C 1[6] are in complete agreement with those found 
in literature. See Refs. (2HI EH1 EHl EH1 E3 • 

6.2 Closed form expressions. 

Three closed form expressions have been obtained. 

(i) partial momentum-space derivatives of Go(p): first- up to sixth-order 

(ii) p 8 integration formula in both arbitrary and flat metric 

(iii) two- and three-fold proper-time integration formula 

We have calculated the closed form formula for handling p 8 integral in both flat 
and arbitrary space-time metric. See Eqn. (jC.25|) and Appendix C.6, respectively. 

We have also developed a more general way of handling two- and three-fold proper- 
time integrals for various form of integrand. Refer to Chapter 5 or Appendix D on 
how these different forms were handled. Furthermore, we have also devised a compact 
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notation 

(go, qi, ■ ■ ■ , q n -f,A, B) = J] / ds, n /a 

as introduced in (|D.6J) . The use of such notation are illustrated in detail in Chapter 
5. 

Knowing the Gaussian sector, we have expressed the non-Gaussian sector of the 
Green function equation by letting the sixth-order operator act on the Gaussian sec- 
tor. In so doing, the general closed forms of the partial momentum-space derivatives 
of Gq{j>) have been obtained in terms of -P(s), Q(s), and R(s). See Appendix A. 

6.3 Algorithm 

The following summarizes the procedural programming (advantages) used in this 
thesis, further proving the possibility of completely automating DeWitt's background 
field formalism. 

Collect then Matrix Multiply 

There are two avenues to choose from when handling (j3.13|) 

= ^-^Tr J dX J d D p G {p)J2(A 1 (p)G ) e 
particularly the (Ai(p)GoY term: 

1. ) Multiply the polynomial A 1 (p)G by itself £ = 1, up to £ = 4 times consecu- 

tively. Then collect terms of similar mass- dimensions. Refer to (j3.19|) - ()3.22J) . 

2. ) Collect terms of similar mass- dimensions in A 1 (p)Gq into basis then matrix mul- 

tiply them to form the much needed products (the gauge invariant monomials) 
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for a mass-dimension of interest. 

We have tried both avenues. 

For the first avenue, the following results: 

1=1 1 = 2 1 = 3 1 = 4 

No. of terms" 2,974 8,844,676" 2. 630406642x10 10 7.822829355x10 



a The numbers above are yet to be mutliplied to a 4-term Go(p) (in terms of P, Q, and 
R) as given in l|3.33[l (or equivalently in l|3.34fl '). The number of terms will increase once 
TSE P, Q, and R are specified. 

6 We have only tried up to the case when I = 2 and it took about 3 days to finish 
on a Pentium 133 PC not to mention the time it may take to sort, identify, and collect 
monomials of similar mass-dimensions. 

So we reverse the process and the second avenue was conceptualized and was 
further developed. The method of obtaining immediately monomials of specific mass- 
dimensions and order of corrections can be observed following the notation introduced 

in flump 

[£} = (AxGfcCp))^ 1 
The following tabulation depicts how manageable the second avenue is. 



For t = 1 



[3] 


[4] 


[5] 


[6] 


[7] 


[8] [9] 


[10] 


[12] 


No. of terms" 3 


10 


12 


23 


42 


112 42 


104 


334 



°The numbers in the table represent the Ai(p)Go in the unsimplificd version (con- 
traction of indices has not been performed yet.). 
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The following table further depicts the ease in forming invariants in the mass- 
dimension and order of correction of interest if the second avenue were used. 






mfif'riv mn If 

l±ld lil l-A. IIIULILj. 


INTo of fpymc; 


1 VI O CC_rj 1 T VI 


1 


[4] 


10 


Four 


1 


[6] 


23 


Six 


1 


[8] 


112 


Eight 


1 


[10] 


104 


Ten 


1 


[12] 


334 


Twelve 


2 


[3] [3] 


9 


Six 


2 


[3] [5] 


36 


Eight 


2 


[4] [4] 


100 


Eight 


2 


[5] [3] 


36 


Eight 


2 


[3] [7] 


126 


Ten 


2 


[4] [6] 


230 


Ten 


2 


[5] [5] 


144 


Ten 


2 


[6] [4] 


230 


Ten 


2 


[7] [3] 


126 


Ten 


2 


[3] [9] 


126 


Twelve 


2 


[4] [8] 


1,120 


Twelve 


2 


[5] [7] 


504 


Twelve 


2 


[6] [6] 


529 


Twelve 


2 


[7] [5] 


504 


Twelve 


2 


[8] [4] 


1 i on 

1,120 


Twelve 


2 


[9] [3] 


126 


Twelve 


3 


[3] [3] [4] 


90 


Ten 


3 


[3] [4] [3] 


90 


Ten 


3 


[4] [3] [3] 


90 


Ten 


3 


[3] [4] [5] 


360 


Twelve 


3 


[3] [5] [4] 


360 


Twelve 


3 


[4] [5] [3] 


360 


Twelve 


3 


[4] [3] [5] 


360 


Twelve 


3 


[5] [3] [4] 


360 


Twelve 


3 


[5] [4] [3] 


360 


Twelve 


3 


[4] [4] [4] 


1,000 


Twelve 


4 


[4] [4] [4] [4] 


10,000 


Twelve 
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System of Index Replacements 

We have introduced a system of temporary index replacements from Greek to 
Latin when symbolic computation is to be performed and then back to Greek 
when results are to be presented in WT^i2s format. 

Below is the above-mentioned system of index replacements as given in (|3.24j) - (jH.25j) . 



Interface of Softwares 

We have used and interfaced three symbolic handling softwares, namely: Math- 
ematica, Macsyma, and MS Excel for pattern matching, procedural program- 
ming, and data base pivoting needs of the calculation. 

Kronecker delta Index Contraction 

Since the monomials are treated as text output rather their usual tensor repre- 
sentation, we have devised an alternative algorithm to contract indices as dictated by 
even powers of p integration in flat space. Instead of using symbolic softwares' tensor 
package to contract indices, we have used Mathematica and MS Excel to handle such 
task. Below is an illustration how the task is done. 

For example, in the contraction of indices of the monomial (one of the 2, 974 terms 
generated by Macsyma): 



{fii, is £ , p t , a e , a t , fa} 



{&£, hi, C£, di, eg, f^j 



{l £ ,t^,k £ ,h £ ,x £ ,gj 



1 




13440 
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can be rewritten into a textual output following the system of index replacements: 



+(1/13440) D_hlklY_lltl D_h2k2Y_12t2 d.llhl d_12h2 d_tlkl d_t2k2 

Using MS Excel and Notespad to isolate D 2 Y D 2 Y and kronecker delta from its 
indices, , we have the following (in Mathematica format) 

{hl,kl,ll,tl,h2,k2,12,t2}/.-[ll->hl,12->h2,tl->kl,t2->k2} 

This is after manipulating the textual output using any text editor (for our case 
Notespad). If we enter the above in Mathematica, we obtain the output 

{hl,kl,hl,kl,h2,k2,h2,k2} 

After a series of manipulation, we have the resulting (index-contracted) monomial: 

13440 ^ T ' 1Kl ^ / *' lKl ^ (^72 K-iXr]2Ki) 

6.4 Recommendations 

1. The results presented here particularly the one- loop eight mass-dimensional 
effective Lagrangian await further simplification. While the antisymmetry of 
the fieldstrength tensor and the freedom to throw away total derivatives allowed 
us to obtain the most we can do to obtain the present simplified form of C^ 8 \ 
the identities (|5.71j) - (j5.77j) will hopefully reduce the present form ()5.7()j) into 17 
linearly independent invariant monomials as they have been obtained by van de 
Ven|76j via the heat kernel approach. 
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2. The prescriptions described in Chapter 4 to obtain and £WI 12 1 await 
similar reduction process. If such reduced Lagrangians are to be consistent 
with Ref. [HO] monomial counting for a specific mass- dimensions, there should 
be 79 linearly independent invariant monomials for Z^ 1 ^ 10 ! as it has been worked 
completely in Ref. jZHj and 554 such invariant monomials for Z^ 1 )! 12 ! as it has 
been counted by Ref. jHO] • Both effective Lagrangians remain to be worked out 
explicitly in the spirit of background field formalism. 

3. The following options are left arbitrary throughout our calculation. Fixing them 
can be considered an extension to our present work. 

Gauge group. This would facilitate in the reduction process and express one- 
loop effective Lagrangians in terms of linearly independent invariant monomials. 
Particularly, the minimal set upon which the reduction scheme will be based 
would be chosen by group representation methods rather than by hand. 

Mass-Dimensions (higher than 12). This means accommodating higher or- 
der corrections. Mathematically, this is equivalent to handling higher powers of 
momentum and higher folds of proper-time integrations. 

Further relaxation on the covariant restrictions in the fieldstrength tensor 
(n > 4) and in the background matrix potential (/ > 4) 

4. The following options can be changed. 

Euclidean spacetime metric to a conformally flat metric, or in general curved 
spacetime metric that may be relevant in quantum gravity and early universe 
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theories. 

Also, the assumption of strong and slowly varying background fields as indicated 
after Eqn. 13.71 can be changed to weak but rapidly changing one. Calculating 
mass-dimensional one-loop effective Lagrangians in this line of assumption re- 
mains an open problem. 

5. The most interesting extension of this thesis is the application of the results to a 
specific field theory. This is done simply by determining the relevant background 
connection so that the following quantities can be defined: 

X = M-NpNp 
V = N U4l -N, tU + [N„N u } 

as these are given in (|2.8|) . and (|2.9|) and the covariant derivative 

V^T ee d^T+lN^T] (6.3) 
2V> ee d^ + Nrf (6.4) 

for any tensor T, and scalar (p. One may alternatively determine these quantities 
if the relevant second order operator 

A = (d + N^) 2 + X (6.5) 

is identified. This is the operator part of (|2.18j) . Here, X = —m 2 + X . 

Showing only the relevant second order operator 12ZI for the following field 
theories: 
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Pure Yang-Mills theory 

(A vector )J = (d,5 ab 5 a p-gf abc Al5 a p-2gf abc F c a 
(A ghost )° 6 = (d^5 ab - gf abc A c ^ 

These are the vector and ghost operators, where 

F; u = d,Al - d v Al + gr hc A\Al 

Scalar bosons in a Yang-Mills background 

A boson _ ^ _ igT -Alf + m\ 

with 

Tr (T s a T s 6 ) = T s 5 ab 

to normalize the generators of the fundamental representation. 
Dirac fermions in a Yang-Mills background 

A f ~ = 7,(9, - igT^A^ + im f l 

where 

Trl = 2 D/2 

with 

Tr (T/T)) = T f 5 ab 
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to normalize the generators of the fundamental representation. Here, 7 M repre- 
sents a 2t D / 2 ] x 2' D//2 1 Dirac matrix normalized as above. 

See Refs. j2Sl HZj for details on the results of this thesis can be applied to 
Yang-Mills theory interacting with matter. 

6. All calculations described since then are all up to one-loop. One may consider 
calculating higher loop effective Lagrangians. 

7. All covariant derivatives are of integer type. One may consider calculating with 
fractional derivatives. 
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Appendix A 



Partial Momentum-space 
Derivatives of Gq(p 



A.l Cro//xi/p...(p) m terms of P(s), Q(s) and R(s 

We have the following momentum-space derivatives of Go{p) from first up to sixth 
order with 9 given in (jH.HHJl : 

(*0/ fJ.£lS£P£<7£ (P) = / dS e~ \RfJ,g \g Rv£T£ Rp£K,£ R<7ir)£P\gPTlPK.£Prj(> + {Q pl£ RupX£ Rp£T£ R<T K £ 

Jo 

-\-Qi/£Rp, ( , XpRp£TgR<TKg + Q piRp^^X^R-u^TiRani + Q<yiRp,^X^R-U£TiRp^Ki)p\ & PTiPK^ 

-\-(RfiiueRpgXiR<ygT£ 4- RuiPiRviXiRfTiTi + Pp^iX^Rv^piRfy + Rp,£XiRv£o-pRp£T£ 
-\-R.f_ le dR, l ,g Te Rp£\ e + R^ i \ i Rv t r t R Pt ai H~ Q npQ pgRv^XgRcriTp + Q p,iQv£RpgXpR<riT£ 

P(>Rp, e xiRcrgTi -\- Q p^iQa iRv^xiRptTi + Qv^Qo-gRfiiXiRpiTi ~ i r Qpg L QcrgRp,^x^Ru^ri)pXi'PT(_ 
~~\~(Q PeRviPiRaiXg H - Q^iP^ePe^^i^i ~\~ Qp£Rp£vpR<T£Xp ~\~ Q<y£Rp,^X£R^pP£ 
-\-Qo-pRp.pL>gRpgXi H - Qo-gRpppgRi/gXp H~ Q niftvgagRpgXg H~ Qvp Rp,£ap RppXp 
~\~Q p^iRv^x^Rppo i + Qi'^Rp.iXpRpfo-f + Q ppRppa £RvpXp H~ Q P£RppXpRv£<rp 
~^~Q nzQvzQ ppRo 1X1 Q p.gQh'iQcr gRp^x^ H~ Q P£Q ppQ&pRvpXp H~ Q^^QpiQoiRp,^x^)Px^ 
~\~Rpp^£ Rpgog ~\~ Rfigpg Rvgcrg ~\~ Rfigo-pRvgpg ~\~ Q ppQug Rpp(T£ H~ Q p£Q ppRupa £ H~ Qp,£QapRv£pp 

] (A.l) 



Gq/ LLpvpPgo-pae {p) = I ds \R^ i \ l R v ^ Tt Rp^ Kt R atrit R ai ^ t px t p Tl p iit p r]ll p^ l 
Jo 

~^~{Q pp P-v^Xi Ppi T£ RaK-i Rapr/p ~\~ Qup Rp£X£ Pp£ T£ R<tk,£ Ra>£r]p Q p£ Pp>£ Xp P^£ T£ R&k,£ Ra£i]p 
~\~QapRpipXpRi'£T£Rp£KiRapr]p 4~ Q a£Rp,pXpRv '£T £Rp£KpR<r ir\£)PXfPriPi^iP , r]£ H~~ i^Rp,£i/pRppXpR<y iT£Rql£K£ 

~\~R^LpP£ RlSp Xp R(JpTp Rap K,£ H~ Rp:pX£Rv£p£R<T pTpRapKf ~\~ PjJ,£X£Rl / lCT£Rp£T£Ra£Kl H~~ Rp.£<7 £Ru£TpRppXpRoL£H.£ 
~^~Pp^pXp Rl/£ T£ Rp£ <J p RapK,£ ~\~ Rp,£ X£ RlSg ^Pp£ Kg R<TpT£ H~ Rf_L£OLp Rv£ T£ Rp£ K£ R<T £ Xp Rp £ X p R^ £T£ Rp £ R<7 K, £ 
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~^~Rp,p Xp Rvt>Tp RpgKg Ra^ag H~ Q ppQviRppXpRcr pTpRa.pK,p H~ Q [ipQ piRvgAgRaiTiRagKi 
~\~Qvp Q p£ Rp,pXp R<rpTp Ra.£K£ H~~ Q piQap R^iXi Rp?_i~p Rap ftp H~ QvpQcr^ RfigAg RpgTg RocgKg 

ppQap Rp,pAgRisgTp RapK.j> ~t~ Q jj,j>QeRi;gA t >Rp(>T(>R<TK.(> H~ QviQeR^^A^Rp^TiRa Kg 
~\~Q ppQeRppXiRvprpRanp + Q<7iQeRpiXiRvpTpRppKi)PXpPrpPKi + (Q pipRviPpRa p\pRotgT£ 
-\-Qi/^R/j,^p^RapXpRapTp H~~ Q pp Rp.pvp RapXpRapTp H~~ Q fi ^Rv i<j gR p pX pRoc pT p ~\~ QuiRp,i<7iRppXpRoLpTp 
-\-Qap Rp.pi;p RppXpRapTp H~~ Q /j,gRi/pXpRp£<7p RapTp ~h QvpRppXpRpiV pRczpTp ~\~ Q ppRp.p<TgRi/pXpRapTp 
"\~Qap Rp,ppi Rfp Xp RapTp Q p?_ Rp.gXgRvgO'gRaiTg H~ Q<TpRp,pXpRv£PpRapTp H~~ QeR^iu^Rp^X^RcT £Tp 
-{-QeRfAgpgRvgXgRagTg + QeR^gXpRisppgRagTz H~ QeRp, f XpRvpaiRpiTi H~ QeRpifJiRvpTpRppXp 

+QeRp, i x i Rv^rp Rpp<7{> ~\~ Q p,iRvpXpRpp€-R<j£Tp H~ QuiRppXpRpi^-Rcprp H~ QpiRp,pXpR^i e Ro-pTp 

~\~Q p,£ Rvpag RpgTg RagXg H~ Qi^ Rp,£ag RpgTg R<j£ X^ QppRp.papRh'iTiRo-iXi Q PiR^iXpRpiTiR<7iap 
-{-Qi/gR^gXgRpgTgRagap + Q P?_Rp,p\pRv£T£Ra£a.p Q(TpRp,pXpR^iapRppTp ~\~ Q(TpRp.pa.i RvpTp Rp f Xp 

~\~QapRp,pXpR^iTiRpiap Q p,iQviQ piR<TpXpRapTp ~\~ Q ni>Qvi>Q(j iRppXpRotpTp ~\~ QpiQppQo-pRvpXpRctpTp 
~^~Qv(iQ PjiQap Rp,pXpRapTp H~ QeRpg Xg RcF^Tg + Qp,iQppQeRi^ i x i R<j i T i ~h Qvt>QppQeRfj,e\pRcrpT( 

-\-QfilQapQeRu £ XiRp£Ti + QviQaiQeRfigXiRpiTi + QppQaiQeRp. £ X £ R^£Ti)pXiPr^ + {RpLpViRpi<r pRatpXp 

-\-Rp,pp£Rh>p<T£Ra>£X£ H~ Rfj-eo-(Ri>j>p(Roig\g Q fj.iQviRpio-pRa.pXp H~ QtieQpiRvgagRagXg 

^~Q/J.£ QagRi>£PiR(xg \g + QviQ ppRp,pa iRa.iXi H~ QviQo-pRp,pppRapXp Q PiQo- iRpipvpRapXp 
-\-Q fiiQe-RviPpRa iXi + QfiQeRfiipp RapXp + Q p iQ &R& pv iR a iX i + Q p.iQeRvi<rpRppXi 
'\~QvgQeRp.pcrpRpg\p H~ Qo-pQeRp.pi'p RppXp H~ Q LtpQeRi/pXpRpfiJTi + QviQeRp,pXiRpi<Ti 
~\~Q pgQeR/J.(CrgRi/g\i QcrpQeRp.pPiRi/pXp H~ Q PiQ&Rp,pXiRvp<Ji H~ Q<r pQeRp,£XiRvpPi 

~\~Rp.pi/( jRppai RaiXi H~ Rp*p_Pi Rvpo-i RapXi H~ Rp^pap R^ipp Ra pXp H~ R^i^i RpiXiR&iap 

~\~Rp 1 ppiRvpXpR<7pOLi + RpLpXpRviPpRvpOLi H~ RpipapRuiOLpRp^Xp ~\~ RpiOLpRvi<rpRppXp 

~\~Rp,pa iRvpXpRppGLi ~\~ Rp,pXpR^i<7 p RppoLi H~ Rp,pa t > Ri>iXiRpi<7 p H~ RpiXiRvpa>iRpi<j p 
~^~Q p,iQ<Tp Rb>iaiRpf,Xi Q ftiQ ppRispXpRo-pai Q LLiQviRp^XiRo- i<y.i ~\~ Q p,pQvpRpictpR<y pXp 
~\~Q p,iQ ppRvpa.iR(7iXi H - QfiQ 'ppRp.pa.iRcrpXi ~t~ Q^iQ pp Rp,pXiR&iai 4- QvpQo-pRpiapRppXp 
~^~Q ' p,iQo-pRupXpRppai + QviQapRpipXpRppGLi ~\- Q ppQo iRp,ia>iRvpXp H~ QpiQ<7iRp,pXpRviap 
mQviQ piQo-pRaiXi "h Q p,iQviQ piQeRapXp H - Q p^pQ^pQo-pQeRp^Xp H - Q p,pQ piQo-pQeRvgXi 

PiQ(TpQeRjj, £ Xi)PXp H~ Q p-iRviPpRcricti ~\- QviRpippiRcr iocp ~\- Q piRpLpupRapcti 

~\~Qpi Rvpoi Rppai ~{~ Q v pRp, p<y pRpiatp H~ Q<rpRp,pviRpi<y.p H~ Q p,pRviotpRpp<7 i ~\~ Q viRp,poLiRpi<r i 

-{-QeRp^iViRpicrp H~ Q piRp^iO gRisgocg QapRfipppRviap ~h Q PgRfJ-gOigRisgag H~ Qotp RpipiRviG i 
~\~Q<ypRp,p<y.iRvppp QaiRp,i<7iRu£Pi ~\- Q piQviQ piRa ictp H~ Q p,pQupQaiRppa.i ~\- Q piQviQatpRpicrp 

~\~Q PiQ ppQ<r pRvpa.i H~ Qp.pQ piQaiRvp&i ~h Q piQapQapRi^ipp H~ QvpQ piQ a iRpic^i H~ QviQ ppQap Rpicrp 

~\~Qi>iQa iQaiRp,ppi 4" Q piQ<7 iQctiRpipvi H~ Q piQ^iQ piQapQap] 



poo 

pipViPi apOLiPi (p) = I (is [ R^ f XpRiyiTiRpiKpRa-priiRaiS : pRj3pgiPXiPTpPK.iPriiP^pPQi 

Jo 

~^~{Q p,pRi/iXiRpiTiR(7KiRa.irjpRf3 £ ^p H~ QviRpiXpRpiTiRa KiR&ir]p R{3p£p H~ Q ppRp,iXiRvpTpR<jK,pRaLpr)iR(3p£ i £ 

~\-Qap Rp,pXp R^iTi RpiKp Rctprii Rpi£i H - Qa^ Rp,pXp Rv^i Rpi^i R^im RfleXt 

~^~Qpi Rp,iXi Rvprp Rppx-i Ro mp Ra.pXi )P\iP'TiP^iP'>ie.P^,i {Q^e Q^i RppXp Ro-prp Rap^i Rflprn 

p^iQ PiRvpXpRcrpTiRoLpKiRfiprii + QfiQ ppRp,pXiRcrpTp RapKiRfiiTip + Q Ve.QviRi'iXiRpiTiRa.ittpRfittrip 
~^~QviQ<TiRp,iXpRpiTiRa.pK.iR(3pr]i H~ Q ppQ&iRpiXiRvpTp RapKiRfiirip + QfJ-eQocgRi>j>\gRp(T(R<JK(Rl3grig 
~\~QviQaiRp,pXpRppTpR(TKpRf3gr]p H~ Q PiQa.iRp,pXiRviTiR<TKpR{3prii H~ Q<7iQa-iRp,pXpRviTiRpiKpRf3gr)p 

PiQ /3pRviXiRpiTf y R<TKiRapr)p H~ QvpQ j3pRp,pXpRpp_Tp RaKp Rapr/i H~ Q piQ {3pRp,pXiRvpTpR<TK.pRaLprii 

~\-QapQ Pi Rpi Xp Rvprp RppKi Rapiii H~ QapQ/3p Rp,pXi R^iTp Rpp^i Rai-np + Rp.iVi RpiXi R^i^i Rai^p RpiT/p 

~\~Rp,pPiRi/pXpR<TpT~iRa>iK,iRftprii H~ Rp-pXiRviPpRo-prpRapKiRpprip H~ RpiXiRvpJ? iRpiTiRctiKp Rfiprip 



101 



~t-Rpp<7£ Rh>{>Tp RppXp Ra£ K,g Rft£T)£ Rp-£ ^£ R^£ T £ Rp£ (j £ ^ a e K i ^Pem ^^t^t ^ u £ a £ -^P£ K £ t T t ^Piwi 

~\-Rppa£ Ri>£ Tp Rp£ K£ RcrgXi Rftpr\£ H~ Rpp Xp Rv£T£ Rp£ otg_ R<JK£ Rft£7}£ H~ Rp£ X^ ^fTf Rp£ K£ Rfti r\£ 

~^~RflgX£ RvpPl Rp£K£ R<T£T)£ Ra£T£ H~ Rflgfil R»£T£ Rp£K,£ R<7£T}£ RagXp H" RflpX£ R»£T£ Rp£&£ R-CTK£ Ra.£T}£ 

~^-Rp,£X£Rv£T£Rp£K,£R(Tgf3£RaC£ri£ + Rp£ X£ Rv£T£ Rp£K,£ R<J £T) £ R<J£X£ Ra.£T£ Rf3£K£ 

~\-Q p,£ Qh>pQa£ Rp^X£ Ra.£T£ RftpK,£ H~ Q ^ £Q ] V gQ a £ Rp£X£ R(T£T£ RftpK,£ H~ Q 'p £Q *p £ Q(T£Rl/gX£ Ra.£T£ RftpK,£ 

+ Qv£Qp£Qa£Rp, e X£Ra£T£Rj3£K,£ H" Q P£Q p£QoipRl'£X£Ra-£T£Rj3£K,£ H" Qv£Qp£Qot£R^ e X£Ro-£T£Rj3£K,£ 

~^~Qp£Q<T£Qot£Ri; e X£Rp£T£Rj3£K,£ + Qv£Q<J £QoL£Rp,pX£Rp£T£Rft i K,£ + Qp£Qcr£Qa£RppX£RlS£T£Rj3£K,£ 

+ Q PpQl/pQ (3£Rp£X£R(T£T£RoL£K,£ H" Q P£Q P£Q j3pRl/pX£R(T£T£RagK,g + QV£Q P£Q j3£Rp£X£Ro-£T£Ra£K£ 

~\~Qp£ Q<J £ Q 0£ Rv£X£ Rp£T£ RoL£K,£ H~~ Q 'v ^ Q '(7 £ Q ft p Rp£X£ Rp£T£ R<y.£K£ H~~ Qp£ Q<7p Qftp R/-L£ Xp Rf£T£ R<y.£K,£ 

~\~Qp£ Qa£Q/3p RvpX£ Rp£T£ R<tk,£ + QvpQapQ 0£ Rfip x£ Rp£T£ Ran,£ + Q ppQa£Q j3£ RppXpRv£T£ Rax,£ 

~-\-Q<7p QapQ ftp Rp,£X£Rl>£T£ Rp£K,£ H~ QfJ,£ R^£P£ R<J£X£ Ra£T£ RftpK£ H" Qv£ Rp£P£ R(T£X£ RoL£T£ RftpK,£ 
+ Q pp Rp£l/£ Ra £X£Rot£T£ Rj3£K,£ H~ Q P £ Rv£(j£ RppX£RoL£T£ RftpK,£ ~\~ Q V £ Rp£<7£ Rp£XpRa£T£ RftpK,£ 
-\-Q<7p RpL£l/£ RppX£RoL£T£ Rj3pK,£ ~\~ Q P£ Rv£ Xp Rp£<T£ Rot£T£ RftpK,£ H" Ql/£ RpgXgRpgO-£ RoL£T£ Rj3£K£ 
-\-QppRp£0-£Rl/ e X£Rot£T£Rj3£K,£ 4~ Q CP p R p £ p £ Rl/ £ X £ Ra £ T£ Rj3 £ K £ ~\~ Qp£ Rpp Xp Rl>£ (Tp RoL£T£ Rftp K£ 
~\~Qap RppXp Rl>£p£ Rot £T £ Rj3£K,£ H" QapRp£ V£ Rp^X£ R(T£Tp Rj3£K,£ H" Q P£ Rf£ Xp Rp£OL£ RapT£ R(3£K,p 

-\-Qvp Rp £ x £ Rp£o.£ RapT£ Rp£K,£ H - Qap Rppp£ Rv£X£ Ro-£Tp Rp^^p ~\~ Qpp Rp^Xi Rv£a£ Rapr£ Rp^^p 

-T-QoLpRppX£Rv£PpR<j£T£Rfi i K,p + QniRv£OC£Rp£TgRcr e X£R{3gK£ + Qv£Rp-£OL£Rp£T£Ro £X£R&£K,p 
~\~Q PpRp£OL£RvpT£Ra£XpR{3£K,p H" Q ' P>£Rv£XpRp£T£Ro-£OtpR(3£K,p H" Qv£Rp,£XpRp£T£R<7£OipR{3£K,p 
~\-Q ' PpRppXpRv£T£R<j£OL£Rfi£K,p + Q<ypRppXpRv£OL£Rp£T£R{3£K 1 p + QoLpRppX£Rvp<J £RppTpRfi l K,p 

~\~Qo-pRp£a.£Rv>£T£Rp i X£R{3£K,p + QapRppapRvpTiRp i XpR{3£K.p + Q<7pRppXpRv£T£Rp£OL£Rfi i K, IL 

~\~QapRp£X£Rv£T£Rp£(TpR/3£K,p H" Q f3£Rp,£V£Rp£X£R<T£T£Ra>£K.p + Q (3£Rp£PpRu£X£R(T£T£Ra.£FL£ 
~^~Ql3£ Rp,£ X£ Rfpp£ R<J£T£ Ra£Kp H~ Q f3£Rp,£X£Rvp<T £Rp£T£Rct£K,p H~ Q 0£Rp£(T£RlS£T£ RpgX£Ra*£K,p 
~^~Q fl£Rp,£X£RvpTpRppO £Ra.£Kp + Q{3gRp,£\gRv£OC(RpgK,£Rcr£T£ + Q f3£Rp£Oip RvpTpRppK,£R<j£X£ 
~\~Q {3gRp(\gRv£T£Rp£OC£R(TK£ H~ Q fl£RppXpRv£T£Rp£K,pR<J pOL£ + Q p,£Riy£X£Rp£f3£R(TK,£RapTp 
~\-Qv£ RpiX£ Rp£p£ R&K,£ RdL£T£ H~ Qpp Rp£X£ Rv£0£ R(T K £ R(3ipTp + Q(J£ RppXp Rv£&£ Rp£K£ RoL£T£ 
~\-Qp,£ Rv£p£ Rp£T£ RoK£ R<y.£X£ ~\- Qv£ Rpp ftp Rp£Tp R(TKp RapXp Qp£ Rppf3p Rv£T£ R(JK,£ RqL£X£ 

-\-Q<TpRp£(3£Ru£T£Rp£FL£RoLpX£ + Q P £ Rf £ X p Rp £T£ Ra £ {3 £ Ra £ K p + Qv£Rp£XpRp£T£R(7 l ,{3£Ra£tt£ 

~T~Q PpRppXpRv£T£ Ro£^£ Ra£ftp + Q<rpRppXpRv£T£ Rp£p£ Ra£ftp + Q p,£RispXpRp£T£RaK,£Ra.£/3£ 

~\~Qv£ Rp£X£ Rp£T£ R(JK,£ Ra£p£ H~ Qpp Rp£X£ Rv£Tp R(TK,p Rap ftp H" Qo£ RppXp RV£T£ Rp£K£ Rap ftp 

~\~Qa£Rp£X£Rv£fi£Rp£K£Ro-£T£ + Q a $R p £ ft %Rv £T g_Rp £K £ R<j gXg + QapRppX£RvpTiRppftpRaK,£ 

-\~Qap RppX £ Rv£T£ Rp£K£ R(7£ft£ )PX£PT£PK£ + {Rp£V£ Rp £U £ Ra £ X£ RftpT£ H" Rp-£P£ Rv£(T£ Ra£X£ RftpT£ 

-\-Rp£0£ Rv£P£ Ra£ X£ RftpT£ H~ Rp £V £ Rp £ CK £ R(J £ X £ R ft £T £ H~ Rp £ CK £ Rf £ p £ R<J p X £ Rft £T £ 
~\~RppVp RppX£ R<Jpa£ Rft£T£ ~\~ Rp-£P£ Rv£a£ R<J£X£ Rft£T£ H" Rpppp RfpX£ R(Tpa£ RftpTp 

H~ RppXp Rv£pp Rapap RftpT£ H~ RpL£(Jp Rv£ap Rp£X£ RftpT£ ~\~ Rp pap Rv£<T£ Rp£X£ Rftprp 

~\~Rpp<7£ RvpX£Rp£ap RftpT£ H~ Rp£X£ RvpO£ Rp£a£ Rft£T£ H" Rp£a£ RlS£X£ Rp£<7£ RftpTp 

~^RppXpRv£apRppO £RftpT£ H~ Rp£X£Rv£P£R<T £ft£Ra£T£ H~ RppV£RppX£R(T£ft£RapTp 

~\~RppP£ RfpXp R<Jpft£ Ra£T£ H~ RpL£(Jp Rv£ft£ Rp£X£ Ra£T£ H~ Rp£X£ Rv £<J £ Rp£0£ RapTp 

~^RppXpRv£ft£Rp£(T £Ra£T£ H~ Rp£V£Rp£ftiR<7£T£Ra£X£ H~ Rppft£Rv£a£RppX£R(J £Tp 

~l~ RppXp Rv£ap Rpp ftp R<TpT£ H~ Rp£X£ Rfpftp Rp£ap Ra £T£ ~\~ Rp£a£ Rvpftp Rp£T£ RapXp 

~\~Rppa£Ri>pTpRppftpR(T pXp H~ Rp£ft£RvpTpRppa£Ro £X£ H~ RppX£Rv£a£Rp£TpR<j£ftp 

-\-Rppa£ RvpTp RppXp Rap ftp H~ Rp£X£ RvpTp Rp£ap Ra £ft£ H" Rp£X£ Rv£ft£ Rp£T£ Ro£a£ 
~^~RppftpRv£T£Rp£X£R<T £a£ H~ Rp£X£RfpTpRppftpRapa£ H~ RppppRvpft^Ra £T£Ra£X£ 

~*rRp£ft£Rv£P£Ro-£TpRapXp H~ Rp£ft£Rv£0 £Rp£T£R&£X£ H~ Rp£(TpRv£T£Rp£ft£Ra£X£ 

~H Rpp ftp Rv£T£ Rp£ap RapXp H~ Rpi£V£ Rp^X£ R&£T£ R<y.£ft£ H" Rpfpp RvpX£ RapTp Rap ftp 
~T-Rp£X£Rv£PpR<JpT£Ra£ft£ + Rp£X t Rv£0 £Rp£T t Ra£ft£ + Rp-£V£Rv£T£RppXpRapftp 
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^RpgXpRvgTpRppapRapftg H" QvgQvpRppXpRapftpRapTp + Q ppQ pgRvgXgRcrgPgRotgTg 
-\-Qui Qp£ Ry,£ Xp R<T£p£ Rct£T£ H~ Q /J.£ Q (7 p R\J p X £ Rp p ft p R& fTf H~ Qup Q<T£ RppXgRpgftg Rct£Tg 

+ Q ppQa pRppXpRvpftpRapTp H~ Q pgQvgRppftpRa grpRapXp H~ Qp-eQpgRvpftpRagTpRapXg 

J rQi>t L Qpi L Rp 1 pftpRapTpRapXp + QpgQapRvpftpRppTpRapXp + QviQapRppftpRppTgRagXg 

-\-Qpp Qap Rpgftp Rvgrg RagXg "H QapQftp Rp,£V£ R-PtXp RcrpTp ~h Qp-i Qfip RvpXp Rpgcti RagTg 

-\-QvpQ ftp RpgXp Rpgap Raprp + QapQftp Rp-ipn RvpXp Raprp + QpgQfii Rp,£ Xp Rvpag Raprp 

-\-QagQftpRp,pXpRvppgRagrp + Q pgQ ftpRupapRpprpRa pXp + Qv?Q ftpRp-gapRpprpRapXg 

-\-Qpp Q ftp Rp,pap Rh>iT£ RagXg H" Qpg Q ftgRi/gXp RpgTg Ragap + Qvp Q ftp Rp,£ Xi RptT£ Rapag 

~\-Qpp Q ftp Rp,pXp Rv£T£ Rapap + QppQap Rpp Xp Rvgap Rftprp H" QpgQap R/J,£ Xp Rv£ crgRftprg 

-\~Q<j£ Qap Rpp Xp Rv>ipp Rftprp H" Qpg Q flgRvgPe RapXp Raprp + QvgQftp Rp-ipi Ra gXgRagrg 

~{-Qpp Q ftp Rp-pvg Ra gXpRaprp + Q ppQap Ri/pXp Rpgap Rftprp "H QvgQa p Rfj,£ Xp Rp^ap Rftprp 

-\-Qp.p Qap RvpXp Rpgap Rftprp H" QvpQap Rp,pXp Rpgag Rftprp H" QpgQap Rp,pap RvpXgRftgrg 

~\~Qpg Qap Rp,pa p RupXp Rftprp H" QapQap Rpppp Rvp Xp Rftprp H" Qp-iQftp Rvgap RpgXgRagTg 

-VQvpQ 'ftp Rpp a iRp^X^Ro-pTp + QapQ ftp Rpgvp Rpp Xp Raprp + Q p,pQ ftpRvpXpRpgapRagrg 

-VQvpQ 'ftpRppXpRpga pRaprp + Q pgQ ftpRp-gapR^pXpRaprp + QapQ ftp Rpp ppRi/pXp Raprp 

-\-Qpg Q ftp Rp,p XgRvgaz Raprp + QapQ fig RppXp Rv^pp RotpTp + QpipQa^ Rv^otp Rp^x^Rftiri 

'VQp.iQoLpRi/^apRppXpRft^Tp + QviQcriRp-pociRp^XiRftpTp + Qv^QoLtR^tcriRp^XiRftiTi 

~\~QcriQa.^Rp 1 iupRppXpRftiTp H" Q&pQ figRpgXpRvgapRppTp + QagQ figRpgXpRvpagRpgrg 

~\~Q<7£ Q 'ftp Rp,pap Rv#T£ RpgXg H~ QapQ fig Rp,pa i RvgTp RppXp H - Q<? ftp Rp,£ X^ Rv^rp Rppoti 

J rQoL^QftpRp 1 pXgRviTpRppai + Q p,iQuiRppcriRa.iXiRftpTp + Qpi^QpiR^^agRapX^Rftgrg 

~\~Q p-pQapRuippRoLpXpRftirp H - Qh>tQ piRp.£(TiRa.£XiRftpTp ~\~ Qf^QcriR^ippRctpXiRftiri 

~\~Q pipQviRpgagRapXzRfigTp H" Q p<iQ PzRvzociRcr^XgRftpTp ~\~ Q p.gQoLgRvgPgRa ^X^Rft^r^ 

-\~Qvp Q pp Rp.pa.ip Ra^Xp Rftirp H" Qv>iQoli Rp,ppi Ra^X^ Rftprp ~\~ QpiQctp Rp,pv>i Ra^XgRftgrg 

~\~Q p^Qa ^RppupRoLpXpRftirp H" Q piQv>iRppXpR(7£OciRftpTp ~\~ Q p-tQ p^R^pXpRa-iapRft^r^ 

-\~Qvp Qp£ Rp,pX£R<7£a£ Rftprp Qpg Qv^RppXp Raprp Rap ftp ~\~ Qp-^Qp^ RvpXp Raprp Rap ftp 

~\~Qvp Qp£ Rp,p Xp Raprp Rapftp H~ Qp^Qap RupXp Rp£T~p Rap ftp + QvpQap Rpp X^ RpgTp Rap ftp 

-VQ ppQo pRp l XpRvtTpRap0p + QpiQapRvpXpRppftpR&pTp + QvtQapRppXpRppftpRcrpTp 

~\~Q ppQapRp,pXpRi/pftpRcrpTp + Q piQapRvpftpRpprpRfjpXp H~ QveQapRppftpRppTpR&pXp 

-\-Qpp Qap Rp,pftp Rv^Tp Rap X^ ~\~ Qp^Qap Ri/pXp Rp£Tp Rapftp ~\~ QvgQap Rpp Xp Rp£Tp Rapftp 
+Q ' ppQapRp,pXpRvt>TpRap0p + QapQapRppXpRvpftpRpprp + QapQapRp,pftpRv>pTpRppXp 
~\~Qap Qap RppXp RvgTp Rppftp + Q ppQupQ ppQap RapXpRftprp ~\~ Q p-iQviQ ' ppQap Rap Xp Rftprp 
-\~Q pipQvpQapQapRppXpRftprp + QpeQpiQapQapRi/pXpRftpTp + Qi'iQpiQapQapRp.pXpRftprp 
+Q p,pQvpQ ppQ ftpRapXpRaprp + Q piQviQapQ ftpRppXpRaprp + Q p,(*Q piQapQ ftpRvpXpRapTp 
-\~Qvp Q ppQapQ ftp Rp,pXp Raprp + Q p^QupQapQ ftp RppXp Raprp + Q p.gQ pgQapQ ftp RvpXp Raprp 
-\-QvpQ ppQapQ ftpRp,pXpRapTp + Q p^QapQapQ ftpRvpXpRptrp + QvpQapQapQ ftpRppXpRpgrp 
-\-Qpp QapQap Q ftp RppXp RvgTp )PX^PTp H~ {Qp.£ Rvgpi Rapap RftpXp ~\~ Qv^ Rpppp Ra pap RftpXp 
~\~Q ' ppRppvpRa papRftpXp ~\- Q piRviapRppapR0pXp ~\~ QupRp,papRppapRftpXp 
-\-QapRppfpRppapR0pX^ H~ Q piRvpapRpia pR0pXp H" QvpRp,papRppa ^R0pXp 
-\-QapRppvpRppapRftpX£ ^ Q p^Rp^a pRupapRftpXp H~ Qcr pRp,pppRupapRftpXp 
~\~Q ppRppapRi/pa pRftpXi ~\~ QapRppppRv^apRftpXp ~\~ Q a pRp,papRupppRftpXp 
-\-QapRppapRvpppRftpXp H" Q Pj^Rv-tvpRppapRapXp ^ Q ftpRptPiRv^apRapXp 
H~Q ftpRp^ta pRvpppRapXp H" Q ftpRp,pvpRppapRapXp Q f3p Rpi pg Rvgap RapXp 
-\-Q ftpRp,pa.pRvpppRapXp + Q ftpRp^pvpRppXpRapap + Q 0pRppXpRveP£Ra £ a £ 
~\~Q ftpRp,papRi>papRppXp H" Q ftpRp,pptRvpXpRa pap + Q Rppap Rvpa p RppXp 
~\-Q ftpRp,papRi/pXpRp£ap + Q f3pRp,pXpRfga pRppap + Q ftpRppa^Ri/pXpRpgap 
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+ Q " ppRvppgRa ^^Rol^i + QvgRnepgRo-gpzRotgXg 
~^~Qp£ R^eve Rag (3p Rag \i H~ QfJ-eRvicrzRpgPgRagXg H~ Qv^Rpicr^Rp^^^Ra^Xp 
~\~Q<ypRppupRpp(3pRa.pXi QfJ-gRi/gfigRpto-gRagXg QvgRp,g(3gRpgagRa.gXg 

-\-Q ' p£Rp,£(Ti>Rvp(3pRa.p\p QvgRp-tPiRvgPgRagXg H" Qpg Rp-gPe Rv£<?e R<xeXg 

~\-Qo-pRfj,p{3pRv£PpRap\p H" Q (tpRviPpR(Tp\pRa.pf3p H~ QvpRpiPpRapXpRagftp 

-\-QppRfipiy£_Rap\iRap(3p + Q ppRvi<rpRppXpRap{3p + QvpRpiv pRppXpRoL£&£ 

~\-Qap Rftpvp RppXpRapftp QftpRviXgRpicrpRapftp H~ QvpR^,^X^Rpi<ypRa^(3p 

~\-Q ppRfipaiRvpXpRapftp H" QcriRniPiRispXpRapftp H~ Q PiRpiXgRvgagRaiftp 

-\-Q<TpRp,pXpRv£PpRoip(3p H" Q 1 p.pRv£OtpRpp/3pR(Tp\p + QvpRiiict^Rp^fl^Ra^X^ 

~^~QazgRfj,gi'(Rpg{3gR(jgXj> Q p-p^u^S3^Rp£OLpR(7pXp H~ QvgRp.gpgRptagRagXg 

~\~Q ppRp,pctiRupj3^R(TpXp H" Qa^ Rpppg Rvpfip Rap Xp H~ Q PiRfi£l3pR^£apRapXp 

~\~QoipRp,pj3^RuippR(7pXp H" Q ^pRfiOcp RppXpRapftp H~ QvpRpiapRppXpRapftp 

~\~QoLpRppuiRp^\^R(7p(3p H" Q ^pRviXgRpiOip Rapftp H~ Q^pRfi^X^Rpiap Rapf3p 

-\-Q ' ppRppa l >Rh' e \^R(jp(3p H~ QoLt>Rp£p(>Rv£\ p Rcr i(3p H~ Q ^ pgR[i^XpRviOLpRa p(3p 

~\~QoipRpp\^RuippR(7p(3p Q ppRu^^^Rp^x^Rfr^oLp + Af^^Qf 
Rv^xi Rpipi Raiap + QupR^iXiRpipiR<7£a.p 4- QpiR^ifSpRuiXiRa^Q.^ 
-\-Q ' ppRppXpRvifiiRv tup + Q<7j>R^t><y.j>Rup(3pRpfXp + Qa.t>Rp J p<7 { ,Rvpj}pRppXp 

-\-Qo-iRppj3pRuiOLiRpp\p + Qa.iRp,p(3pRvicriRp e \p H~ Q<7 iRpuiOLiRupXpRp^fl^ 
-\-QoLpRppcrpRvpXpRppf3p + Qcr^R^^XpRv^OLfRppf^p + Qa^RppXpRvzcrpRppfip 

-\-Qa-pRp,p0pRi/ i \ i Rp£cxp + Q<7{>R^,^XpRui^iRptoLi + Qai>Rppj3pRu^x^Rp{i<yp 
~\~Q<y.pRppXiRu^^iRpi<yp ^ Q p-pQvpQ piRo-poL^RfipXp H~ Q ppQvpQo-p RpiagRp^Xg 

~\~Q LiiQvpQagRpgap RftpXp H~ Q PiQcr pRviagRppXp Q ppQ pgQ Rvp<rg Rf3p Xp 
~\~Q ngQcrgQ f3p_Rf£PpRapXp H~ QvpQ PiQ /3pRf^£(Tp RapXp H" QvpQaiQ f3pRp.ppgRa.pXp 

~\~Q ppQapQ fiiRp-pvpRoLpXp ^ Q p-pQvpQ [SpRpiotiRapXp ~\~ QppQ p^Q ppRviotpRo-pXp 

~\~Q LtgQagQ fi^RvippRapXp H~ QvpQ PiQ ftp RfJ,gap Rap Xp H~ QvpQagQ f3pRfJ,£PpR(TpXp 

-\-Q ppQapQ ftpRfipvp RapXp ^ Q p-pQvpQ (3pRp£X(>R<jp_atp 4- Q ppQ p^Q (3pRv{>x£R<j£<y.£ 
-VQv^Q PiQ /SpRfi^x^Rcrgap + QppQoiQfipRvtoLpRppXp + Q ppQa^Q ^^Ru^o-^Rp^x^ 
~\-QvgQ<T£Q ftpRngap RppXp QvpQagQ ppRpzo-gRppXp H~ Q&iQagQ pgRpivp RppXp 

~\~Q ^iQa^Q p^R^lXiRpiap ~h QispQagQ f3pRppXiRp£Ct£ Q ppQa^Q pgRvgXiRpio-p 
+ Q p,{>QvpQ Pt>R<yp(3pRa.pXp + Q ppQvpQa zRppfipRapXp + QvpQ piQ(T{>R^^(3pRa.pXp 
~\-Q LtlQvpQ pgRo-pXpRotpflp Q ppQ PiQcrpRup(3pRapXp H~ QppQvpQagRppXpRaifip 

-\-Q ^iQiypQaiR Pi XiRapf3p + QupQ p^QoL^Rpp(3pR(T pXp + Qp-pQpiQcziRvpffpRo-pXp 

-\-Q fj,iQiypQa i Rp i /3^RapXp + QvpQ piQ<7iRfj,p_XpRap0p ~\- Qp-pQ Pi>Q<J{>RvpXpRaL{>(3p 
-^-QvgQcriQagRppXpRppftp Q p.p_Q PiQapRviXpRo-iPi H" QvfiQ pgQagRp,pXpRcrp{3p 

-\-Q LtiQ&iQap RvpftpRppXp H - QvpQ&iQaiRpgpgRpgXg ~\~ Q p-pQ&gQoLgRvpXpRppjip 
-\-Q ppQapQap RfigpgRispXp H - Q piQc-pQapR^gX^Rfg^i H~ QvpQagQ fipRtizX^Rpio-p 

~\~Q ppQapQ fizRiipaiRvpXp H" Q p^QapQ ' f3(>Rpp<J£RvpXp H~ Q&gQagQ fitRp>iPiRvpX{> 
-\-Q ppQapQ piRp,pXpRi^£ap + Q piQapQ fi^Rp.gXiRvicr i QagQaiQ pgRfigXiRviPi 

~\~Q /ifQ(7 gQotpRvpptiRfipXp QvpQ piQ(? iRngaLgRfiiXp H~ QvpQpiQaiRppaiRftpXp 
-VQvtQa tQoLtRpiptRfipXp + QpiQo-pQap Rfj,£V£Rf3pXp + Q ppQvpQ ppRpio-p R ai x£ 
~^~Q pi>Q pi>Q p£ Rv^ap RotpXp upQ peQcriQagRftpXp H~ Q p-pQvpQ piQ&tQ fipRoipXp 

+Q pt>QvpQ piQa^Q pgRapXp + Q p, pQ v pQ <j {>Q a {>Q p^RppXp + Q ppQpiQ&iQapQ pgRispXp 

-\-QviQ piQcrgQapQ (3 i Rp i X i )PXi + RppaiRi/ i f3 i Rppcri + RppapRu i f3 i Rp i a^ + Rp i f3 i Ru^a i Rpiai 

~^~Rpp{3pRviapRpp<7i + RppvpRppo iRoLtpt H~ RppppRvia pRoLppp H~ RpivpRvippRoLppp 

~\~Rppv t > RppagRa ifii H~ RpppiRtypct^RapPi H~ Rppap Rv^pp R<? pftp H~ Rp-i^i RpiPi Ragap 
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~\~RpgpgRvgf3gRa gag H~~ Rp,g{3g Rvgpg Ragag H~ Rpga g Rvgag Rpgfig H~ Rpg Ct£ Rvgag Rpg (3g 

~\~Q p,gQagRvga iRpgpi H~ QvgQagRpgagRpgp^ H~ Qi/gQctgRfig<TgRpp{3p Qa^Qct^R^v^Rpp^^ 

~\~Qp.g Qvg Rpgag Ragj3g H" Q p-gQ PgRfgo-gRagfig H" Q ' p.gQagRvgpgRag(3g + QvgQpgRp,gagRag(3g 

~\~QvgQa gRp.gpgRcx.ii3i Q pgQo-gRp.gvgRa.gf3g H~ Qp.gQvgRpgagRagf3g Q p gQ p gRv go. gRo g(3 g 

~\~Q p.gQa.gRfgpgR(7 gj3g H~ QvgQ pgRpgcx-gRo gf3g H~ QvgQagRp,gpgRag(3g + Q pgQoLgRpgvgRo g(3g 
~\~Q p, gQ v gR p gfi gRa got g ~\~ Q p,gQ pgRfgf3gRcrg<y.g H~~ Qp,gQf3gRvgpgRagag ~\~ QfgQ pgRp,g(3gRo- gag 
~\~QvgQ f3gRpgpgR<ygag ~V Q pgQ {3gRpgvgR<? gag ~\~ Q p,gQ agRvgagRpg(3g H~ Q pgQagRvgfigRpgag 
~\~Qp.gQ(3gRvgo-gRpgag H~~ QvgQa gRpgfigRpgag ~\~ QvgQ f3gRp.g<r gRpgag H~ QagQ (3gRp,gv gRpgag 
~\~Q p,gQagRug(3gRpgcrg ~\~ Q p.gQ j3gRh>g(y.gRpg(T g H~~ QvgQagRp,gj3gRpgag H~~ QvgQ (3gRpgag Rpgag 
~\~QagQ {3gRp.gvg Rpgag H~~ QpgQagRp.gagRvgj3g H~ Q pgQag Rpg<JgRvg(3g ~\~ Q a gQ agRpgpgRvg(3g 
~\~Q pgQagRpgf3gRvgOLg ~\~ Q pgQ figRpgo- gRfgag H~~ QagQ [3gRpgpgRfga.g H~ Q pgQtt.gRpgfigRvga g 
~\~Q pgQ (3gRp,gagRvg<j g H~ QagQ figRpgpgRv ga g H~~ QagQagRp,gf3gRh'gpg H~ QagQ {3gRp,gagR~vgpg 
~\~QagQ j3gRp.ga gRugpg ~\~ Q p.gQh>gQ pgQ agRagj3g Q p-gQvgQ pgQ ag Ragftg H~ Q pgQvgQ pgQ (3gRa gag 
~\~Q p,gQvgQa gQagRpgf3g ~\~ Q p,gQvgQa gQ figRpgag H~ Q p,gQvgQagQ pgRpgag ~\~ Q pgQ pgQa gQ agRfgf3g 
~\~Q p.gQ pgQagQ figRvgag ~\~ Q p,gQ pgQagQ f3gRvga g ~\~ Q p,gQagQagQ ftgRvgpg ~\~ QvgQ pgQa gQa.gRpg(3g 
~\~QvgQ pgQagQ f3gRp.gotg ~\~ QvgQ pgQagQ {3gRpgag ~\~ QvgQagQagQ f3gRpgpg ~\~ Q pgQ a gQ agQ f3gRpgvg 

~\~Q p,g QvgQ pgQag QoLg Q j3g ] (A*3) 

A. 2 List of TSE Q(s) and i?(s) in Maxima Code 

The following are the complete list of i?'s and Q's needed to solve for (J3.18|) or in 
terms of R in Eqns. (EHHl) - (EU?%j) . and (DOl - lDOl) 



R_ab: 

R_ae : 

/**/ 

R_bc: 

R_bt: 

R_bf : 

/**/ 

R_cd: 

R_cf : 

/**/ 

R_de: 

R_dk: 

/**/ 

R_ef : 

R_et: 

/**/ 

R-fg: 
R_fh: 
/**/ 
Q_a: 
Q_f : 



-2*s*d_ab+Y2_ab*s*s*s*2/3; R_ac : 
-2*s*d_ae+Y2_ae*s*s*s*2/3; R_af : 



-2*s*d_bc+Y2_bc*s*s*s*2/3 
-2*s*d_bt+Y2_bt*s*s*s*2/3 
-2*s*d_bf+Y2_bf*s*s*s*2/3 



R_bd: 
R_be: 



-2*s*d_ac+Y2_ac*s*s*s*2/3 ; R_ad : -2*s*d_ad+Y2_ad*s*s*s*2/3 ; 

-2*s*d_af +Y2_af *s*s*s*2/3 ; R_al : -2*s*d_al+Y2_al*s*s*s*2/3 ; 

-2*s*d_bd+Y2_bd*s*s*s*2/3 ; R_bl : -2*s*d_bl+Y2_bl*s*s*s*2/3 ; 
-2*s*d_be+Y2_be*s*s*s*2/3; 



-2*s*d_cd+Y2_cd*s*s*s*2/3; R_ck: 
•2*s*d_cf+Y2_cf *s*s*s*2/3; R_cl: 

-2*s*d_de+Y2_de*s*s*s*2/3; R_df : 
-2*s*d_dk+Y2_dk*s*s*s*2/3; R_dl : 

•2*s*d_ef+Y2_ef *s*s*s*2/3; R_ek: 
-2*s*d_et+Y2_et*s*s*s*2/3; R_eh: 

-2*s*d_fg+Y2_fg*s*s*s*2/3; R_fl: 
-2*s*d_fh+Y2_fh*s*s*s*2/3; R_f t : 

-(°/,i)*s*D_aX; Q_b: +C/.i)*s*D_bX; 
-0/.i)*s*D_fX; 



-2*s*d_ck+Y2_ck*s*s*s*2/3; 
-2*s*d_cl+Y2_cl*s*s*s*2/3 ; 

-2*s*d_df+Y2_df *s*s*s*2/3; 
-2*s*d_dl+Y2_dl*s*s*s*2/3 ; 

-2*s*d_ek+Y2_ek*s*s*s*2/3; 
-2*s*d_eh+Y2_eh*s*s*s*2/3; 

-2*s*d_f 1+Y2_f l*s*s*s*2/3 ; 
-2*s*d_ft+Y2_ft*s*s*s*2/3; 



R_ce : -2*s*d_ce+Y2_ce*s*s*s*2/3 ; 
R_ct : -2*s*d_ct+Y2_ct*s*s*s*2/3 ; 

R_dh : -2*s*d_dh+Y2_dh*s*s*s*2/3 ; 
R_dt : -2*s*d_dt+Y2_dt*s*s*s*2/3 ; 

R_el : -2*s*d_el+Y2_el*s*s*s*2/3 ; 
R_ex : -2*s*d_ex+Y2_ex*s*s*s*2/3 ; 

R_f k : -2*s*d_f k+Y2_f k*s*s*s*2/3 ; 



Q_c: + (°/,i)*s*D_cX; Q_d: + (°/.i)*s*D_dX; Q_e : +(°/,i)*s*D_eX; 
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A. 3 Gtyipvp^ in terms of TSE Q(s) and R(s) in Max- 
ima code 

These are then substituted into (|3.36j) - (j3.38j) .and (|A.l|) - (jA.3|) in Maxima code: 

Gb:+R_bl*p; 
Ga:+R_al*p; 

Gbc:p* p* R_bl* R_ct + R_bc; 
Gab:p* p* R_al* R_bt + R_ab; 
Gbcd: + R_bl* R_ct* R_dk* p* p* p 

+ (R_bc* R_dl +R_bd* R_cl + R_bl* R_cd)* p; 
Gabc: + R_al* R_bt* R_ck* p* p* p 

+ (R_ab* R_cl +R_ac* R_bl + R_al* R_bc)* p; 
Gabcd: + R_al* R_bt* R_ck* R_dh* p* p* p* p 

+ (+ R_ab* R_cl* R_dt + R_ac* R_bl* R_dt + R_al* R_bc* R_dt + R_al* R_bd* R_ct 

+ R_ad* R_bt* R_cl + R_al* R_bt* R_cd)* p* p 
+ R_ab* R_cd + R_ac* R_bd + R_ad* R_bc; 

Gabcde: + R_al* R_bt* R_ck* R_dh* R_ex* p* p* p* p* p 
+ (R_ab* R_cl* R_dt* R_ek + R_ac* R_bl* R_dt* R_ek + R_al* R_bc* R_dt* R_ek 
+ R_al* R_bd* R_ct* R_ek + R_ad* R_bt* R_cl* R_ek + R_al* R_bt* R_cd* R_ek 
+ R_al* R_be* R_ck* R_dt + R_ae* R_bt* R_ck* R_dl + R_al* R_bt* R_ce* R_dk 
+ R_al* R_bt* R_ck* R_de)* p* p* p 

+ (+ R_ab* R_cd* R_el + R_ac* R_bd* R_el + R_ad* R_bc* R_el + R_ab* R_ce* R_dl 

+ R_ac* R_be* R_dl + R_ae* R_bc* R_dl + R_ab* R_cl* R_de + R_ac* R_bl* R_de 

+ R_al* R_bc* R_de + R_ad* R_be* R_cl + R_ae* R_bd* R_cl + R_ad* R_bl* R_ce 

+ R_al* R_bd* R_ce + R_ae* R_bl* R_cd + R_al* R_be* R_cd)* p; 



Gabcdef : + R_al* R_bt* R_ck* R_dh* R_ex* R_f g* p* p* p* p* p* p 



+ (+ 


R_ab* 


R_cl* 


R_dt* 


R_ 


ek* 


R_fh 


+ 


R_ac* 


R_bl* 


R_dt* 


R_ek* 


R_fh 


+ 


R_al* 


R_bc* R. 


.dt* 


R_ 


ek* 


R_ 


fh 


+ 


R_al* 


R_bd* 


R_ct* 


R_ 


ek* 


R_fh 


+ 


R_ad* 


R_bt* 


R_cl* 


R_ek* 


R_fh 


+ 


R_al* 


R_bt* R_ 


.cd* 


R_ 


ek* 


R_ 


fh 


+ 


R_al* 


R_be* 


R_ck* 


R_ 


dt* 


R_fh 


+ 


R_ae* 


R_bt* 


R_ck* 


R_dl* 


R_fh 


+ 


R_al* 


R_bt* R_ 


.ce* 


R_ 


dk* 


R_ 


fh 


+ 


R_al* 


R_bt* 


R_ck* 


R_ 


de* 


R_fh 


+ 


R_al* 


R_bf* 


R_ck* 


R_dh* 


R_et 


+ 


R_af * 


R_bt* R_ 


_ck* 


R_ 


dh* 


R_ 


el 


+ 


R_al* 


R_bt* 


R_cf * 


R_ 


dk* 


R_eh 




















































+ 


R_ 


al* 


R_bt* R_ck* R_df* R_eh 




R_al* 


R_bt* R_ck* R_dh* R_ef)* 


p* 


p* 


p* 


P 


+ (R_ab* 


R_ 


.cd* 


R. 


.el* 


R. 


.ft 


+ 


R. 


_ac* 


R. 


_bd* 


R_ 


.el* 


R. 


.ft 


+ R 


_ad* 


R. 


_bc* 


R_ 


.el* 


R. 


.ft 












+ R. 


_ab* 


R_ 


_ce* 


R. 


_dl* 


R. 


.ft 


+ 


R. 


_ae* 


R. 


_bc* 


R_ 


dl* 


R. 


.ft 


+ R 


_ab* 


R. 


.cl* 


R_ 


.de* 


R. 


.ft 












+ R. 


_ac* 


R_ 


.be* 


R. 


_dl* 


R. 


.ft 


+ 


R. 


_ac* 


R. 


_bl* 


R_ 


.de* 


R. 


.ft 


+ R 


_al* 


R. 


_bc* 


R_ 


.de* 


R. 


.ft 












+ R. 


_ad* 


R_ 


.be* 


R. 


_cl* 


R. 


.ft 


+ 


R. 


_ae* 


R. 


_bd* 


R_ 


.cl* 


R. 


.ft 


+ R 


_ad* 


R. 


.bl* 


R_ 


.ce* 


R. 


.ft 












+ R. 


_al* 


R_ 


_bd* 


R. 


_ce* 


R. 


.ft 


+ 


R. 


_ae* 


R. 


.bl* 


R_ 


.cd* 


R. 


.ft 


+ R 


_al* 


R. 


.be* 


R_ 


.cd* 


R. 


.ft 












+ R. 


_al* 


R_ 


.be* 


R. 


_df* 


R. 


_et 


+ 


R. 


_ab* 


R. 


.cl* 


R_ 


df* 


R. 


_et 


+ R 


_ac* 


R. 


.bl* 


R_ 


.df* 


R_ 


_et 












+ R. 


_ad* 


R_ 


bf* 


R. 


_cl* 


R. 


_et 


+ 


R. 


_al* 


R. 


_bd* 


R_ 


.cf * 


R. 


_et 


+ R 


_al* 


R. 


.bf* 


R. 


.cd* 


R. 


.et 












+ R. 


_ab* 


R_ 


.cf * 


R. 


_dt* 


R. 


.el 


+ 


R. 


_af * 


R. 


.be* 


R_ 


.cl* 


R. 


.dt 


+ R 


_al* 


R. 


.be* 


R. 


.cf * 


R. 


.dt 












+ R. 


_al* 


R_ 


bf* 


R. 


_ce* 


R. 


.dt 


+ 


R. 


_ae* 


R. 


_bf* 


R_ 


.ct* 


R. 


.dl 


+ R 


_ae* 


R. 


_bt* 


R. 


.cf * 


R. 


.dl 












+ R. 


_af* 


R_ 


_bt* 


R. 


_ce* 


R. 


.dl 


+ 


R. 


_al* 


R. 


_be* 


R_ 


.ct* 


R. 


.df 


+ R 


_ae* 


R. 


_bt* 


R. 


.cl* 


R. 


.df 












+ R. 


_al* 


R_ 


.bt* 


R. 


_ce* 


R. 


.df 


+ 


R. 


_al* 


R. 


.bf* 


R_ 


.ct* 


R. 


.de 


+ R 


_af * 


R. 


_bt* 


R. 


.cl* 


R. 


.de 












+ R. 


_al* 


R_ 


.bt* 


R. 


.cf * 


R. 


.de 


+ 


R. 


_ac* 


R. 


_bf* 


R_ 


.dt* 


R. 


.el 


+ R 


_af * 


R. 


_bc* 


R_ 


.dt* 


R_ 


.el 












+ R. 


_af* 


R_ 


.bd* 


R. 


_ct* 


R. 


.el 


+ 


R. 


_ad* 


R. 


_bt* 


R_ 


.cf * 


R. 


.el 


+ R 


_af * 


R. 


.bt* 


R. 


.cd* 


R. 


.el 












+ R. 


_ab* 


R_ 


.cl* 


R. 


_dt* 


R_ 


.ef 


+ 


R. 


_ac* 


R. 


.bl* 


R_ 


.dt* 


R. 


.ef 


+ R 


_al* 


R. 


_bc* 


R. 


.dt* 


R. 


.ef 












+ R. 


_al* 


R_ 


.bd* 


R. 


_ct* 


R_ 


.ef 


+ 


R. 


_ad* 


R. 


_bt* 


R_ 


.cl* 


R. 


.ef 


+ R 


_al* 


R. 


_bt* 


R. 


.cd* 


R. 


.ef)* p* 


P 










+ R_ae* 


R_bf* 


R_cd + 


R. 


_ad* R_bf* : 


R_ce + 


R_ 


_af * 


R. 


_bd* 


R_ 


ce + 


R. 


_af * 


R_ 


.be* 


R. 


.cd 












+ R_ab* 


R_cd* 


R_ef + 


R. 


_ac* R_bd* : 


R_ef + 


R_ 


.ad* 


R. 


_bc* 


R_ 


ef + 


R. 


_ab* 


R_ 


.ce* 


R. 


.df 












+ R_ac* 


R_be* 


R_df + 


R. 


_ae* R_bc* 


R_df + 


R_ 


_ab* 


R. 


_cf * 


R_ 


de + 


R. 


_ac* 


R. 


.bf* 


R. 


.de 












+ R_af* 


R_bc* 


R_de + 


R. 


_ad* R_be* : 


R_cf + 


R_ 


.ae* 


R. 


_bd* 


R_ 


cf ; 

























106 



A. 4 Sixth-order Green function Equation in Max- 
ima Code 

These are substituted into the sixth-order Green function equation: 



del: 

-i*D_bY_ab*Ga + (2*i/3) *D_cY_ab*p*Gbc - ( (1/2) *D_abX+ (3/8) * (D J>eY_ae-D_ebY_ea) ) *Gab 

+ (1/4) *D_dcY_ab*p*Gbcd + ( (i/6) *D_cbaX+ (i/6) * (Y_da*D_cY_db+D_bY_da*Y_dc) ) *Gabc 

+ ( ( 1/9) *D_bY_f a*D_dY_f c+ (1/8) *Y_f a*D_dcY_f b) *Gabcd - ( (i/12) *D_bY_f a*D_edY_f c) *Gabcde 

- ( (1/64) *D_cbY_ j a*D_f eY_ jd) *Gabcdef ; 

expand (del) ; 



A. 5 Textual Output Simplification Algorithm 

To rewrite the exponents for easy text output handling, we implement the following 
substitutions: 



subst (0,s*s*s*s*s*s*s*s*s*s*s*s*s*s*s*s*s*s,y); subst (0,s*s*s*s*s*s*s*s*s*s*s*s*s*s*s*s*s,y o ); 

subst (0,s*s*s*s*s*s*s*s*s*s*s*s*s*s*s*s,y); subst (0,s*s*s*s*s*s*s*s*s*s*s*s*s*s*s,%); 
subst (0 , s*s*s*s*s*s*s*s*s*s*s*s*s*s , %) ; subst (0 , s*s*s*s*s*s*s*s*s*s*s*s*s ,'/,) ; 

subst (0,s*s*s*s*s*s*s*s*s*s*s*s,y,); subst (0 , s*s*s*s*s*s*s*s*s*s*s ,'/,) ; subst (0, s*s*s*s*s*s*s*s*s*s ,%) ; 
subst(0,s*s*s*s*s*s*s*s*s,'/,) ; subst(0,s*s*s*s*s*s*s*s,'/,) ; subst(s7,s*s*s*s*s*s*s,y.) ; 
subst (s6,s*s*s*s*s*s,°/,) ; subst (s5 , s*s*s*s*s ,'/,) ; subst (s4, s*s*s*s ,'/,) ; subst(s3,s*s*s,'/ ) ; 
subst (s2,s*s,'/,) ; subst (si , s ,'/,) ; 

subst (pl8 ,p*p*p*p*p*p*p*p*p*p*p*p*p*p*p*p*p*p ,'/,) ; subst (pl7 ,p*p*p*p*p*p*p*p*p*p*p*p*p*p*p*p*p ,"/,); 
subst (pl6 ,p*p*p*p*p*p*p*p*p*p*p*p*p*p*p*p , '/„) ; subst (pl5 , p*p*p*p*p*p*p*p*p*p*p*p*p*p*p ,'/„); 
subst (pl4 ,p*p*p*p*p*p*p*p*p*p*p*p*p*p ,'/,); subst (pl3 ,p*p*p*p*p*p*p*p*p*p*p*p*p , "/,) ; 
subst(pl2,p*p*p*p*p*p*p*p*p*p*p*p,'/ ) ; subst(pll,p*p*p*p*p*p*p*p*p*p*p,'/,) ; 

subst (plO ,p*p*p*p*p*p*p*p*p*p , °/ ) ; subst (p9 ,p*p*p*p*p*p*p*p*p , °/ ) ; subst (p8,p*p*p*p*p*p*p*p,y o ) ; 
subst (p7,p*p*p*p*p*p*p,y.) ; subst (p6,p*p*p*p*p*p,%) ; subst (p5,p*p*p*p*p,y.) ; subst (p4,p*p*p*p,'/,) ; 
subst (p3, p*p*p, '/,) ; subst (p2, p*p, "/,) ; subst (pi ,p,y,) ; 



Note that one can freely replace the variables and replace with an ^-subscripted 
variable by introducing a variable z. 



dl: +R_al*p_l+Q_a; /*Ga$$$$$$$$$$$$$$$$Ga$$$$$$$$$$$$$$$$Ga*/ 

d2: +R_bt*p_t+Q_b; /*Gb$$$$$$$$$$$$$$$$Gb$$$$$$$$$$$$$$$$Gb*/ 

d3: Diff (dl,p_l) ; /* THEN CHANGE dummy index 1 to b */ 

d4: +R_ab; 

d5: expand(dl*d2) ; 

d6: d4+d5; 

d7: p_l* p_t* R_al* R_bt + p_l* (Q_a* R_bl + Q_b* R_al) 
+ R_ab + Q_a* Q_b; /*Gab$$$$$$$$$$$$$$$$Gab$$$$$$$$$$$$$$$$Gab*/ 
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d8: +R_ck*p_k+q_c; 
d9: expand (d7*d8) ; 

dlO: + R_al* R_bt* R_ck* p_l* p_t* p_k 
+ (+ q_c* R_al* R_bt + Q_a* R_bl* R_ct + Q_b* R_al* R_ct)* p_l* p_t 
+ (R_ab* R_cl + Q_a* Q_b* R_cl + Q_a* Q_c* R_bl + Q_b* Q_c* R_al)* p_l 
+ Q_c* R_ab + Q_a* Q_b* Q_c; 

dll: Dif f (d7,p_l) ; /*THEN CHANGE 1 TO c, also dummy indices to for all product of p's */ 

dl2: p_l* R_ac* R_bl + Q_a* R_bc + Q_b* R_ac; 

dl3: Diff (d7,p_t) ; /*THEN CHANGE t TO c, also dummy indices 1 for all product of p's */ 
dl4: p_l* R_al* R_bc; 
dl5: dl2+dl4; 

dl6: p_l* (R_ac* R_bl + R_al* R_bc) + Q_a* R_bc + Q_b* R_ac; 
dl7 dl0+dl6; 

dl8: + R_al* R_bt* R_ck* p_l* p_t* p_k 
+ (+ Q_c* R_al* R_bt + Q_a* R_bl* R_ct + Q_b* R_al* R_ct)* p_l* p_t 
+ (R_ab* R_cl + Q_a* Q_b* R_cl + Q_a* Q_c* R_bl + Q_b* Q_c* R_al 

+R_ac* R_bl + R_al* R_bc)* p_l + Q_c* R_ab + Q_a* R_bc + Q_b* R_ac 
+ Q_a* Q_b* Q_c; /*Gabc$$$$$$$$$$$$$$$$Gabc$$$$$$$$$$$$$$$$Gabc*/ 
dl9: +R_dh*p_h+Q_d; 
d20: expand(dl9*dl8) ; 

d21: + p_h* p_k* p_l* p_t* R_al* R_bt* R_ck* R_dh 
+ p_h* p_l* p_t* (Q_c* R_al* R_bt* R_dk + Q_d* R_al* R_bt* R_ck + Q_a* R_bl* R_ct* R_dk 
+ Q_b* R_al* R_ct* R_dk) + p_l* p_t* (Q_a* Q_b* R_cl* R_dt + Q_a* Q_c* R_bl* R_dt 
+ q_b* Q_c* R_al* R_dt + Q_a* Q_d* R_bl* R_ct + Q_b* Q_d* R_al* R_ct + Q_c* Q_d* R_al* R_bt 
+ R_ab* R_cl* R_dt + R_ac* R_bl* R_dt + R_al* R_bc* R_dt) + p_l* ( Q_a* Q_b* Q_d* R_cl 
+ Q_a* Q_c* Q_d* R_bl + Q_b* Q_c* Q_d* R_al + Q_a* Q_b* Q_c* R_dl + Q_b* R_ac* R_dl 
+ Q_a* R_bc* R_dl + Q_c* R_ab* R_dl + Q_d* R_ab* R_cl + Q_d* R_ac* R_bl + Q_d* R_al* R_bc) 
+ Q_a* Q_d* R_bc + Q_b* Q_d* R_ac + Q_c* Q_d* R_ab + Q_a* Q_b* Q_c* Q_d; 

d22: Dif f (dl8,p_l) ; /* THEN CHANGE 1 TO d, also dummy indices to It for all product of p's */ 

d23: + p_l* p_t* R_ad* R_bt* R_cl 

+ p_l* (+ Q_a* R_bd*R_cl + Q_b* R_ad* R_cl + Q_c* R_ad* R_bl) 

+ R_ab* R_cd + Q_a* Q_b* R_cd + R_ac* R_bd + Q_a* Q_c* R_bd + R_ad* R_bc + Q_b* Q_c* R_ad; 
d24: Diff (dl8,p_t) ; /* THEN CHANGE t TO d, also dummy indices It for all product of p's */ 
d25: p_l* (+ Q_a* R_bl* R_cd + Q_b* R_al* R_cd + Q_c*R_al* R_bd) + p_t* p_l* R_al* R_bd* R_ct ; 
d26: Diff (dl8,p_k) ; /*THEN CHANGE dummy index k to d 
d27: + p_l* p_t* R_al* R_bt* R_cd; 
d28: d23+d25+d27; 

d29: + p_l* p_t* (R_al* R_bd* R_ct + R_ad* R_bt* R_cl + R_al* R_bt* R_cd) 

+ p_l* (Q_a* R_bd* R_cl + Q_b* R_ad* R_cl + Q_c* R_ad* R_bl + Q_a* R_bl* R_cd 
+ Q_b* R_al*R_cd + Q_c* R_al* R_bd) + R_ab* R_cd + Q_a* Q_b* R_cd + R_ac* R_bd 
+ Q_a* Q_c* R_bd + R_ad* R_bc + Q_b* Q_c*R_ad; 

d30: d21+d29; 

d31: + R_al* R_bt* R_ck* R_dh* p_l* p_t* p_k* p_h 
+ (Q_a* R_bl* R_ct* R_dk + Q_b* R_al* R_ct* R_dk + Q_c* R_al* R_bt* R_dk 
+ Q_d* R_al* R_bt* R_ck)* p_l* p_t* p_k 

+ (+ R_ab* R_cl* R_dt + R_ac* R_bl* R_dt + R_al* R_bc* R_dt + R_al* R_bd* R_ct 

+ R_ad* R_bt* R_cl + R_al* R_bt* R_cd + Q_a* Q_c* R_bl* R_dt + Q_a* Q_b* R_cl* R_dt 
+ Q_b* Q_c* R_al* R_dt + Q_a* Q_d* R_bl* R_ct + Q_b* Q_d* R_al* R_ct 
+ Q_c* Q_d* R_al* R_bt)* p_l* p_t 
+ (+ Q_a* R_bc* R_dl + Q_b* R_ac* R_dl + Q_c* R_ab* R_dl + Q_d* R_al* R_bc + Q_d* R_ab* R_cl 
+ Q_d* R_ac* R_bl + Q_a* R_bd* R_cl + Q_b* R_ad* R_cl + Q_a* R_bl* R_cd + Q_b* R_al* R_cd 
+ Q_c* R_ad* R_bl + Q_c* R_al* R_bd + Q_a* Q_b* Q_c* R_dl + Q_a* Q_b* Q_d* R_cl 
+ Q_a* Q_c* Q_d* R_bl + Q_b* q_c* q_d* R_al)* p_l + R_ab* R_cd + R_ac* R_bd + R_ad* R_bc 
+ q_a* q_b* R_cd + q_a* q_c* R_bd + q_a* Q_d* R_bc + q_b* Q_c* R_ad + q_b* q_d* R_ac 
+ q_c* q_d* R_ab + q_a* q_b* Q_c* q_d; /*Gabcd$$$$$$$$$$$$$$$$Gabcd$$$$$$$$$$$$$$$$Gabcd*/ 
d32: +R_ex*p_x+q_e; 
d33: expand(d31*d32) ; 

d34: + p_h* p_k* p_l* p_t* p_x* R_al* R_bt* R_ck* R_dh* R_ex 
+ p_h* p_k* p_l* p_t* (+ q_e* R_al* R_bt* R_ck* R_dh + q_a* R_bl* R_ct* R_dk* R_eh 
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+ Q_b* R_al* R_ct* R_dk* R_eh + Q_c* R_al* R_bt* R_dk* R_eh + Q_d* R_al* R_bt* R_ck* R_eh) 

+ p_k* p_l* p_t* (+Q_d* Q_e* R_al* R_bt* R_ck + Q_a* Q_e* R_bl* R_ct* R_dk 

+ Q_b* Q_e* R_al* R_ct* R_dk + Q_c* Q_e* R_al* R_bt* R_dk + Q_a* Q_b* R_cl* R_dt* R_ek 

+ Q_a* Q_c* R_bl* R_dt* R_ek + Q_b* Q_c* R_al* R_dt* R_ek + Q_a* Q_d* R_bl* R_ct* R_ek 

+ Q_b* Q_d* R_al* R_ct* R_ek + q_c* Q_d* R_al* R_bt* R_ek + R_ab* R_cl* R_dt* R_ek 

+ R_ac* R_bl* R_dt* R_ek + R_al* R_bc* R_dt* R_ek + R_al* R_bd* R_ct* R_ek 

+ R_ad* R_bt* R_cl* R_ek + R_al* R_bt* R_cd* R_ek) 

+ p_l* p_t* (+Q_a* Q_b* Q_e* R_cl* R_dt + Q_a* Q_c* Q_e* R_bl* R_dt + Q_b* Q_c* Q_d* R_al* R_et 
+ Q_a* Q_b* Q_d* R_cl* R_et + Q_a* Q_b* Q_c* R_dl* R_et + Q_a* Q_c* Q_d* R_bl* R_et 
+ Q_c* Q_d* Q_e* R_al* R_bt + Q_b* Q_d* Q_e* R_al* R_ct + Q_a* Q_d* Q_e* R_bl* R_ct 
+ Q_b* Q_c* Q_e* R_al* R_dt + Q_e* R_ab* R_cl* R_dt + Q_e* R_ac* R_bl* R_dt 

+ Q_a* R_bc* R_dl* R_et + Q_b* R_ac* R_dl* R_et + Q_c* R_ab* R_dl* R_et + Q_a* R_bd* R_cl* R_et 
+ Q_b* R_ad* R_cl* R_et + Q_d* R_ab* R_cl* R_et + Q_a* R_bl* R_cd* R_et + Q_b* R_al* R_cd* R_et 
+ Q_c* R_ad* R_bl* R_et + Q_d* R_ac* R_bl* R_et + Q_c* R_al* R_bd* R_et + Q_d* R_al* R_bc* R_et 
+ Q_e* R_al* R_bd* R_ct + Q_e* R_ad* R_bt* R_cl + Q_e* R_al* R_bt* R_cd + Q_e* R_al* R_bc* R_dt) 
+ p_l* (+ Q_a* Q_b* Q_c* Q_d* R_el + Q_a* Q_b* Q_d* Q_e* R_cl + Q_b* Q_c* Q_d* Q_e* R_al 
+ q_a* Q_c* Q_d* q_e* R_bl + q_a* q_b* q_c* q_e* R_dl + q_a* q_e* R_bd* R_cl 
+ q_b* q_e* R_ad* R_cl + q_d* q_e* R_ab* R_cl + q_a* q_e* R_bl* R_cd + q_b* q_e* R_al* R_cd 
+ q_c* q_e* R_ad* R_bl + q_d* q_e* R_ac* R_bl + q_c* q_e* R_al* R_bd + q_d* q_e* R_al* R_bc 
+ q_a* q_e* R_bc* R_dl + q_b* q_e* R_ac* R_dl + q_c* q_e* R_ab* R_dl + q_b* q_c* R_ad* R_el 
+ q_b* q_d* R_ac* R_el + q_c* q_d* R_ab* R_el + q_a* q_b* R_cd* R_el + q_a* q_c* R_bd* R_el 
+ q_a* q_d* R_bc* R_el + R_ad* R_bc* R_el + R_ab* R_cd* R_el + R_ac* R_bd* R_el) 
+ q_a* q_b* q_e* R_cd + q_a* q_c* q_e* R_bd + q_b* q_c* q_e* R_ad + q_b* q_d* q_e* R_ac 
+ q_c* q_d* q_e* R_ab + q_a* q_d* q_e* R_bc + q_e* R_ab* R_cd + q_e* R_ad* R_bc + q_e* R_ac* R_bd 
+ q_a* q_b* q_c* q_d* q_e; 
d35: Diff (d31,p_l) ;/* THEN CHANGE 1 TO e, also dummy indices to ltk for all product of p's */ 
d36: + p_l* (+ R_ab* R_ce* R_dl + q_a* q_b* R_ce* R_dl + R_ac* R_be* R_dl + q_a* q_c* R_be* R_dl 
+ R_ae* R_bc* R_dl + q_b* q_c* R_ae* R_dl + q_a* q_d* R_be* R_cl + R_ae* R_bd* R_cl 
+ q_b* q_d* R_ae* R_cl + R_ad* R_bl* R_ce + R_ae* R_bl* R_cd + q_c* q_d* R_ae* R_bl) 
+ q_a* R_bc* R_de + q_b* R_ac* R_de + q_c* R_ab* R_de + q_a* q_b* q_c* R_de 
+ p_l* p_t* (q_a* R_be* R_ct* R_dl + q_b* R_ae* R_ct* R_dl + q_c* R_ae* R_bt* R_dl 
+ q_d* R_ae* R_bt* R_cl) + p_l* p_k* p_t* R_ae* R_bt* R_ck* R_dl + q_a* R_bd* R_ce 
+ q_b* R_ad* R_ce + q_d* R_ab* R_ce + q_a* q_b* q_d* R_ce + q_a* R_be* R_cd + q_b* R_ae* R_cd 
+ q_c* R_ad* R_be + q_d* R_ac* R_be + q_a* q_c* q_d* R_be + q_c* R_ae* R_bd + q_d* R_ae* R_bc 
+ q_b* q_c* q_d* R_ae; 
d37:Diff (d31,p_t) ;/* THEN CHANGE t TO e, also ltk for all product of p's */ 

d38: + p_l* (+ R_ab* R_cl* R_de + q_a* q_b* R_cl* R_de + R_ac* R_bl* R_de + q_a* q_c* R_bl* R_de 
+ R_al* R_bc* R_de + q_b* q_c* R_al* R_de + q_a* q_d* R_bl* R_ce + R_al* R_bd* R_ce 
+ q_b* q_d* R_al* R_ce + R_ad* R_be* R_cl + R_al* R_be* R_cd + q_c* q_d* R_al* R_be) 
+ p_t* p_l* (q_a* R_bl* R_ce* R_dt + q_b* R_al* R_ce* R_dt + q_c* R_al* R_be* R_dt 
+ q_d* R_al* R_be* R_ct) + p_t* p_k* p_l* R_al* R_be* R_ck* R_dt; 

d39: Diff (d31,p_k) ; /* THEN CHANGE k TO e, also ltk for all product of p's */ 

d40: + p_l* p_t* (q_a* R_bl* R_ct* R_de + q_b* R_al* R_ct* R_de + q_c* R_al* R_bt* R_de 
+ q_d* R_al* R_bt* R_ce) + p_k* p_l* p_t* R_al* R_bt* R_ce* R_dk; 

d41: Diff (d31,p_h) ;/* THEN CHANGE h TO e, also ltk for all product of p's */ 

d42: + p_k* p_l* p_t* R_al* R_bt* R_ck* R_de; 

d43: d36+d38+d40+d42; 

d44: + p_k* p_l* p_t* (R_al* R_be* R_ck* R_dt + R_ae* R_bt* R_ck* R_dl + R_al* R_bt* R_ce* R_dk 
+ R_al* R_bt* R_ck* R_de) + p_l* p_t* (q_a* R_bl* R_ce* R_dt + q_b* R_al* R_ce* R_dt 
+ q_c* R_al* R_be* R_dt + q_d* R_al* R_be* R_ct + q_a* R_bl* R_ct* R_de + q_b* R_al* R_ct* R_de 
+ q_c* R_al* R_bt* R_de + q_d* R_al* R_bt* R_ce + q_a* R_be* R_ct* R_dl + q_b* R_ae* R_ct* R_dl 
+ q_c* R_ae* R_bt* R_dl + q_d* R_ae* R_bt* R_cl) + p_l* (+ R_ab* R_ce* R_dl + q_a* q_b* R_ce* R_dl 
+ R_ac* R_be* R_dl + q_a* q_c* R_be* R_dl + R_ae* R_bc* R_dl + q_b* q_c* R_ae* R_dl 
+ q_a* q_d* R_be* R_cl + R_ae* R_bd* R_cl + q_b* q_d* R_ae* R_cl + R_ad* R_bl* R_ce 
+ R_ae* R_bl* R_cd + q_c* q_d* R_ae* R_bl + R_ab* R_cl* R_de + q_a* q_b* R_cl* R_de 
+ R_ac* R_bl* R_de + q_a* q_c* R_bl* R_de + R_al* R_bc* R_de + q_b* q_c* R_al* R_de 
+ R_ad* R_be* R_cl + q_a* q_d* R_bl* R_ce + R_al* R_bd* R_ce + q_b* q_d* R_al* R_ce 
+ R_al* R_be* R_cd + q_c* q_d* R_al* R_be) + q_a* R_bc* R_de + q_b* R_ac* R_de + q_c* R_ab* R_de 
+ q_a* q_b* q_c* R_de + q_a* R_bd* R_ce + q_b* R_ad* R_ce + q_d* R_ab* R_ce + q_a* q_b* q_d* R_ce 
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+ Q_a* R_be* R_cd + Q_b* R_ae* R_cd + Q_c* R_ad* R_be + Q_d* R_ac* R_be + Q_a* Q_c* Q_d* R_be 
+ Q_c* R_ae* R_bd + Q_d* R_ae* R_bc + Q_b* Q_c* Q_d* R_ae; 
d45: d34+d44; 

d46: + R_al* R_bt* R_ck* R_dh* R_ex* p_l* p_t* p_k* p_h* p_x + (+ Q_a* R_bl* R_ct* R_dk* R_eh 
+ Q_b* R_al* R_ct* R_dk* R_eh + Q_c* R_al* R_bt* R_dk* R_eh + Q_d* R_al* R_bt* R_ck* R_eh 
+ Q_e* R_al* R_bt* R_ck* R_dh)* p_l* p_t* p_k* p_h 
+ (R_ab* R_cl* R_dt* R_ek + R_ac* R_bl* R_dt* R_ek + R_al* R_bc* R_dt* R_ek 
+ R_al* R_bd* R_ct* R_ek + R_ad* R_bt* R_cl* R_ek + R_al* R_bt* R_cd* R_ek 
+ R_al* R_be* R_ck* R_dt + R_ae* R_bt* R_ck* R_dl + R_al* R_bt* R_ce* R_dk 
+ R_al* R_bt* R_ck* R_de + Q_a* Q_b* R_cl* R_dt* R_ek + Q_a* Q_c* R_bl* R_dt* R_ek 
+ Q_b* Q_c* R_al* R_dt* R_ek + Q_a* Q_d* R_bl* R_ct* R_ek + Q_b* Q_d* R_al* R_ct* R_ek 
+ Q_c* Q_d* R_al* R_bt* R_ek + Q_a* Q_e* R_bl* R_ct* R_dk + Q_b* Q_e* R_al* R_ct* R_dk 
+ Q_c* Q_e* R_al* R_bt* R_dk + Q_d* Q_e* R_al* R_bt* R_ck)* p_l* p_t* p_k 
+ ( Q_a* R_bc* R_dl* R_et + Q_b* R_ac* R_dl* R_et + Q_c* R_ab* R_dl* R_et 

+ Q_a* R_bd* R_cl* R_et + Q_b* R_ad* R_cl* R_et + Q_d* R_ab* R_cl* R_et + Q_a* R_bl* R_cd* R_et 
+ Q_b* R_al* R_cd* R_et + Q_c* R_ad* R_bl* R_et + Q_d* R_ac* R_bl* R_et + Q_c* R_al* R_bd* R_et 
+ Q_d* R_al* R_bc* R_et + Q_e* R_ab* R_cl* R_dt + Q_e* R_ac* R_bl* R_dt + Q_e* R_al* R_bc* R_dt 
+ Q_e* R_al* R_bd* R_ct + Q_e* R_ad* R_bt* R_cl + Q_e* R_al* R_bt* R_cd + Q_a* R_bl* R_ce* R_dt 
+ Q_b* R_al* R_ce* R_dt + Q_c* R_al* R_be* R_dt + Q_a* R_be* R_ct* R_dl + Q_b* R_ae* R_ct* R_dl 
+ Q_c* R_ae* R_bt* R_dl + Q_a* R_bl* R_ct* R_de + Q_b* R_al* R_ct* R_de + Q_c* R_al* R_bt* R_de 
+ Q_d* R_al* R_be* R_ct + Q_d* R_ae* R_bt* R_cl + Q_d* R_al* R_bt* R_ce 
+ Q_a* Q_b* Q_c* R_dl* R_et + Q_a* Q_b* Q_d* R_cl* R_et + Q_a* Q_c* Q_d* R_bl* R_et 
+ Q_b* Q_c* Q_d* R_al* R_et + Q_a* Q_b* Q_e* R_cl* R_dt + Q_a* Q_c* Q_e* R_bl* R_dt 
+ Q_b* q_c* Q_e* R_al* R_dt + Q_a* Q_d* Q_e* R_bl* R_ct + Q_b* Q_d* Q_e* R_al* R_ct 
+ Q_c* Q_d* Q_e* R_al* R_bt)* p_l* p_t + (+ R_ab* R_cd* R_el + R_ac* R_bd* R_el 
+ R_ad* R_bc* R_el + Q_a* Q_b* R_cd* R_el + Q_a* Q_c* R_bd* R_el + Q_a* Q_d* R_bc* R_el 
+ Q_b* Q_c* R_ad* R_el + Q_b* Q_d* R_ac* R_el + Q_c* Q_d* R_ab* R_el + Q_a* Q_e* R_bc* R_dl 
+ Q_b* Q_e* R_ac* R_dl + Q_c* Q_e* R_ab* R_dl + Q_a* Q_e* R_bd* R_cl + Q_b* C)_e* R_ad* R_cl 
+ Q_d* Q_e* R_ab* R_cl + Q_a* Q_e* R_bl* R_cd + Q_b* Q_e* R_al* R_cd + Q_c* Q_e* R_ad* R_bl 
+ Q_d* Q_e* R_ac* R_bl + Q_c* Q_e* R_al* R_bd + Q_d* Q_e* R_al* R_bc + R_ab* R_ce* R_dl 
+ R_ac* R_be* R_dl + R_ae* R_bc* R_dl + R_ab* R_cl* R_de + R_ac* R_bl* R_de + R_al* R_bc* R_de 
+ R_ad* R_be* R_cl + R_ae* R_bd* R_cl + R_ad* R_bl* R_ce + R_al* R_bd* R_ce + R_ae* R_bl* R_cd 
+ R_al* R_be* R_cd + Q_a* Q_d* R_be* R_cl + Q_a* Q_c* R_bl* R_de + Q_a* Q_b* R_cl* R_de 
+ Q_a* Q_b* R_ce* R_dl + Q_a* Q_c* R_be* R_dl + Q_b* Q_c* R_ae* R_dl + Q_b* Q_c* R_al* R_de 
+ Q_b* Q_d* R_ae* R_cl + Q_a* Q_d* R_bl* R_ce + Q_b* Q_d* R_al* R_ce + Q_c* Q_d* R_ae* R_bl 
+ Q_c* Q_d* R_al* R_be + Q_a* Q_b* Q_c* Q_d* R_el + Q_a* Q_b* Q_c* Q_e* R_dl 
+ Q_a* Q_b* Q_d* Q_e* R_cl + Q_a* Q_c* Q_d* Q_e* R_bl + Q_b* Q_c* Q_d* Q_e* R_al)* p_l 
+ Q_a* R_bc* R_de + Q_b* R_ac* R_de + Q_c* R_ab* R_de + Q_a* R_bd* R_ce + Q_b* R_ad* R_ce 
+ Q_d* R_ab* R_ce + Q_a* R_be* R_cd + Q_b* R_ae* R_cd + Q_e* R_ab* R_cd + Q_c* R_ad* R_be 
+ Q_d* R_ac* R_be + Q_c* R_ae* R_bd + Q_e* R_ac* R_bd + Q_d* R_ae* R_bc + Q_e* R_ad* R_bc 
+ Q_a* Q_b* Q_c* R_de + Q_a* Q_b* Q_d* R_ce + Q_a* Q_b* Q_e* R_cd + Q_a* Q_c* Q_d* R_be 
+ Q_a* Q_c* Q_e* R_bd + Q_a* q_d* q_e* R_bc + Q_b* q_c* q_d* R_ae + q_b* q_c* q_e* R_ad 
+ q_b* q_d* q_e* R_ac + q_c* q_d* Q_e* R_ab 

+ q_a* q_b* q_c* q_d* q_e; /*Gabcde$$$$$$$$$$$$$$$$Gabcde$$$$$$$$$$$$$$$$Gabcde*/ 
d47: +R_fg*p_g+q_f ; 
d48: expand(d46*d47) ; 

d49: + p_g* p_h* p_k* p_l* p_t* p_x* R_al* R_bt* R_ck* R_dh* R_ex* R_fg 
+ p_g* p_h* p_k* p_l* p_t* (q_a* R_bl* R_ct* R_dk* R_eh* R_fx + q_b* R_al* R_ct* R_dk* R_eh* R_fx 
+ q_c* R_al* R_bt* R_dk* R_eh* R_fx + q_d* R_al* R_bt* R_ck* R_eh* R_fx 
+ q_e* R_al* R_bt* R_ck* R_dh* R_fx + q_f* R_al* R_bt* R_ck* R_dh* R_ex) 

+ p_h* p_k* p_l* p_t* (q_e* q_f* R_al* R_bt* R_ck* R_dh + q_d* q_e* R_al* R_bt* R_ck* R_fh 

+ q_b* q_c* R_al* R_dt* R_ek* R_fh + q_a* q_d* R_bl* R_ct* R_ek* R_fh 

+ q_a* q_b* R_cl* R_dt* R_ek* R_fh + q_a* q_c* R_bl* R_dt* R_ek* R_fh 

+ q_c* q_d* R_al* R_bt* R_ek* R_fh + q_b* q_d* R_al* R_ct* R_ek* R_fh 

+ q_a* q_e* R_bl* R_ct* R_dk* R_fh + q_b* q_e* R_al* R_ct* R_dk* R_fh 

+ q_c* q_e* R_al* R_bt* R_dk* R_fh + q_a* q_f* R_bl* R_ct* R_dk* R_eh 

+ q_b* q_f* R_al* R_ct* R_dk* R_eh + Q_c* q_f* R_al* R_bt* R_dk* R_eh 

+ q_d* q_f* R_al* R_bt* R_ck* R_eh + R_al* R_bt* R_ck* R_de* R_fh 

+ R_al* R_bt* R_ce* R_dk* R_fh + R_al* R_bd* R_ct* R_ek* R_fh + R_ad* R_bt* R_cl* R_ek* R_fh 
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+ R_al* R_bt* R_cd* R_ek* R_fh + R_ab* R_cl* R_dt* R_ek* R_fh + R_ac* R_bl* R_dt* R_ek* R_fh 
+ R_al* R_bc* R_dt* R_ek* R_fh + R_al* R_be* R_ck* R_dt* R_fh + R_ae* R_bt* R_ck* R_dl* R_fh) 
+ p_k* p_l* p_t* (Q_d* q_e* q_f* R_al* R_bt* R_ck + Q_a* Q_b* Q_f* R_cl* R_dt* R_ek 
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R_ck* 


R.dl 


+ Q_ 


.f* 


R_al* 


R_bt* 


R_ 


_ce* 


R. 


_dk 


+ q_f* 


R_ 


.ab* 


R_ 


.cl* 


R_ 


dt* 


R_ 


.ek 


+ 


Q_f * 


R_ac* 


R_bl* 


R_dt* 


R_ek 


+ Q_ 


_f* 


R_al* 


R_bc* 


R_ 


.dt* 


R. 


_ek 


+ q_f* 


R_ 


al* 


R_ 


.bd* 


R_ 


.ct* 


R_ 


.ek 


+ 


Q_f * 


R_ad* 


R_bt* 


R_cl* 


R_ek 


+ Q_ 


.f* 


R_al* 


R_bt* 


R_ 


_cd* 


R. 


_ek 


+ q_f* 


R_ 


al* 


R_ 


.be* 


R_ 


ck* 


R_ 


dt 


+ 


q_d* 


R_al* 


R_be* 


R_ct* 


R.fk 


+ Q_ 


.e* 


R_al* 


R_bd* 


R_ 


.ct* 


R. 


_fk 


+ q_d* 


R_ 


ae* 


R_ 


.bt* 


R_ 


.cl* 


R_ 


.fk 


+ 


Q_e* 


R_ad* 


R_bt* 


R_cl* 


R.fk 


+ Q_ 


.c* 


R_al* 


R_bt* 


R_ 


.de* 


R. 


_fk 


+ q_a* 


R_ 


be* 


R_ 


dl* 


R_ 


.et* 


R_ 


fk 


+ 


q_b* 


R_ac* 


R_dl* 


R_et* 


R.fk 


+ Q_ 


_c* 


R_ab* 


R_dl* 


R_ 


.et* 


R. 


_fk 


+ q_a* 


R_ 


bd* 


R_ 


.cl* 


R_ 


.et* 


R_ 


.fk 


+ 


q_b* 


R_ad* 


R_cl* 


R_et* 


R.fk 


+ Q_ 


_d* 


R_ab* 


R_cl* 


R_ 


.et* 


R. 


_fk 


+ q_a* 


R_ 


bl* 


R_ 


.cd* 


R_ 


et* 


R_ 


.fk 


+ 


q_b* 


R_al* 


R_cd* 


R_et* 


R.fk 


+ Q_ 


.c* 


R_ad* 


R_bl* 


R_ 


.et* 


R. 


_fk 


+ q_d* 


R_ 


ac* 


R_ 


bl* 


R_ 


et* 


R_ 


.fk 


+ 


q_c* 


R_al* 


R_bd* 


R_et* 


R.fk 


+ Q_ 


d* 


R_al* 


R_bc* 


R_ 


.et* 


R. 


_fk 


+ q_e* 


R_ 


ab* 


R_ 


.cl* 


R_ 


dt* 


R_ 


.fk 


+ 


q_a* 


R_bl* 


R_ce* 


R_dt* 


R.fk 


+ Q_ 


.b* 


R_al* 


R_ce* 


R_ 


.dt* 


R. 


_fk 


+ q_e* 


R_ 


ac* 


R_ 


bl* 


R_ 


dt* 


R_ 


.fk 


+ 


Q_c* 


R_al* 


R_be* 


R_dt* 


R.fk 


+ Q_ 


.e* 


R_al* 


R_bc* 


R_ 


.dt* 


R. 


_fk 


+ q_a* 


R_ 


be* 


R_ 


.ct* 


R_ 


dl* 


R_ 


.fk 


+ 


q_b* 


R_ae* 


R_ct* 


R_dl* 


R.fk 


+ Q_ 


.c* 


R_ae* 


R_bt* 


R_ 


.dl* 


R. 


_fk 


+ q_a* 


R_ 


bl* 


R_ 


.ct* 


R_ 


de* 


R_ 


.fk 


+ 


q_b* 


R_al* 


R_ct* 


R_de* 


R.fk 


+ Q_ 


d* 


R_al* 


R_bt* 


R_ 


.ce* 


R. 


_fk 


+ q_e* 


R_ 


al* 


R_ 


bt* 


R_ 


cd* 


R_ 


fk 


+ 


q_f * 


R_al* 


R_bt* 


R_ck* 


R.de) 


+ P-g* P-i* 


(q_a* 


q_ 


_c* 


q_d* 


q_e* R_bl* 


■ R_ft 













+ q_b* q_c* q_d* q_e* R_al* R_ft + q_a* q_b* q_d* q_e* R_cl* R_ft 

+ q_a* q_b* q_c* q_e* R_dl* R_ft + q_a* q_b* Q_c* q_d* R_el* R_ft 

+ q_a* q_b* q_c* q_f* R_dl* R_et + q_a* q_b* q_d* q_f* R_cl* R_et 

+ q_a* q_c* q_d* q_f* R_bl* R_et + q_b* q_c* q_d* q_f* R_al* R_et 

+ q_a* q_b* q_e* q_f* R_cl* R_dt + q_a* q_c* q_e* q_f* R_bl* R_dt 

+ q_b* q_c* q_e* q_f* R_al* R_dt + q_a* q_d* q_e* q_f* R_bl* R_ct 

+ q_b* q_d* q_e* q_f* R_al* R_ct + q_c* q_d* q_e* q_f* R_al* R_bt 



+ 


q_a* 


q. 


_f * 


R_ 


.be* 


R_ 


dl* 


R_ 


.et 


+ 


q 


_b* 


q_f* 


R_ 


.ac* 


R_ 


dl* 


R_ 


.et 


+ 


q 


_c* 


q 


_f* 


R_ 


ab* 


R_ 


dl* 


R_ 


et 


+ 


q_a* 


q. 


_f * 


R_ 


.bd* 


R_ 


.cl* 


R_ 


.et 


+ 


q. 


_b* 


q_f* 


R_ 


.ad* 


R_ 


.cl* 


R_ 


.et 


+ 


q 


_d* 


q 


_f* 


R_ 


.ab* 


R_ 


.cl* 


R_ 


et 


+ 


q_a* 


q. 


_f * 


R_ 


bl* 


R_ 


.cd* 


R_ 


.et 


+ 


q 


_b* 


q_f* 


R_ 


.al* 


R_ 


.cd* 


R_ 


et 


+ 


q 


_c* 


q 


_f* 


R_ 


ad* 


R_ 


bl* 


R_ 


et 


+ 


q_d* 


q. 


_f * 


R_ 


.ac* 


R_ 


bl* 


R_ 


.et 


+ 


Q. 


_c* 


q_f* 


R_ 


.al* 


R_ 


bd* 


R_ 


et 


+ 


q 


_d* 


Q 


_f* 


R_ 


.al* 


R_ 


be* 


R_ 


et 


+ 


q_c* 


q. 


_d* 


R_ 


.al* 


R_ 


.be* 


R_ 


.ft 


+ 


Q. 


_a* 


q_d* 


R_ 


bl* 


R_ 


.ce* 


R_ 


ft 


+ 


q 


_b* 


q 


_d* 


R_ 


.al* 


R_ 


.ce* 


R_ 


ft 


+ 


q_a* 


q. 


_e* 


R_ 


bl* 


R_ 


.cd* 


R_ 


ft 


+ 


q. 


_b* 


q.e* 


R_ 


.al* 


R_ 


.cd* 


R_ 


.ft 


+ 


q 


_c* 


q 


_d* 


R_ 


.ae* 


R_ 


bl* 


R_ 


ft 


+ 


q_c* 


q. 


_e* 


R_ 


.ad* 


R_ 


bl* 


R_ 


ft 


+ 


q. 


_d* 


q.e* 


R_ 


.ac* 


R_ 


bl* 


R_ 


.ft 


+ 


q 


_a* 


Q 


_b* 


R_ 


.cd* 


R_ 


.el* 


R_ 


ft 


+ 


q_a* 


q. 


_c* 


R_ 


.bd* 


R_ 


.el* 


R_ 


ft 


+ 


q. 


_a* 


q_d* 


R_ 


.be* 


R_ 


el* 


R_ 


.ft 


+ 


q 


_b* 


q 


_c* 


R_ 


.ad* 


R_ 


.el* 


R_ 


ft 


+ 


q_b* 


q. 


_d* 


R_ 


.ac* 


R_ 


.el* 


R_ 


ft 


+ 


q. 


_c* 


q_d* 


R_ 


.ab* 


R_ 


el* 


R_ 


.ft 


+ 


q 


_a* 


q_b* 


R_ 


.ce* 


R_ 


dl* 


R_ 


ft 


+ 


q_a* 


q. 


_c* 


R_ 


.be* 


R_ 


dl* 


R_ 


.ft 


+ 


q 


_a* 


q_e* 


R_ 


.be* 


R_ 


dl* 


R_ 


.ft 


+ 


q 


_b* 


q 


_c* 


R_ 


ae* 


R_ 


dl* 


R_ 


ft 


+ 


q_b* 


q. 


_e* 


R_ 


.ac* 


R_ 


dl* 


R_ 


.ft 


+ 


q. 


_c* 


q_e* 


R_ 


.ab* 


R_ 


dl* 


R_ 


.ft 


+ 


q 


_a* 


q 


_d* 


R_ 


be* 


R_ 


.cl* 


R_ 


.ft 


+ 


q_a* 


q. 


_e* 


R_ 


bd* 


R_ 


.cl* 


R_ 


.ft 


+ 


q. 


_b* 


q_d* 


R_ 


.ae* 


R_ 


.cl* 


R_ 


.ft 


+ 


q 


_b* 


q 


_e* 


R_ 


ad* 


R_ 


.cl* 


R_ 


ft 


+ 


q_d* 


q. 


_e* 


R_ 


.ab* 


R_ 


.cl* 


R_ 


ft 


+ 


q. 


_b* 


q_c* 


R_ 


al* 


R_ 


.de* 


R_ 


.ft 


+ 


q 


_a* 


q 


_b* 


R_ 


.cl* 


R_ 


de* 


R_ 


ft 


+ 


q_a* 


q. 


_c* 


R_ 


bl* 


R_ 


.de* 


R_ 


ft 


+ 


q. 


_c* 


q_e* 


R_ 


al* 


R_ 


bd* 


R_ 


.ft 


+ 


q 


_d* 


q 


_e* 


R_ 


al* 


R_ 


be* 


R_ 


ft 


+ 


q_e* 


q. 


_f * 


R_ 


.ab* 


R_ 


.cl* 


R_ 


dt 


+ 


q. 


_a* 


q_f* 


R_ 


bl* 


R_ 


.ce* 


R_ 


dt 


+ 


q 


_b* 


q 


_f* 


R_ 


al* 


R_ 


.ce* 


R_ 


dt 


+ 


q_e* 


q. 


_f * 


R_ 


.ac* 


R_ 


bl* 


R_ 


dt 


+ 


q. 


_c* 


q_f* 


R_ 


.al* 


R_ 


be* 


R_ 


dt 


+ 


q 


_e* 


q 


_f* 


R_ 


al* 


R_ 


be* 


R_ 


dt 


+ 


q_a* 


q. 


_f * 


R_ 


be* 


R_ 


.ct* 


R_ 


dl 


+ 


q. 


_b* 


q_f* 


R_ 


.ae* 


R_ 


.ct* 


R_ 


dl 


+ 


q 


_c* 


q 


_f* 


R_ 


.ae* 


R_ 


bt* 


R_dl 


+ 


q_c* 


q. 


_f * 


R_ 


.al* 


R_ 


bt* 


R_ 


de 


+ 


q 


_a* 


q_f* 


R_ 


bl* 


R_ 


.ct* 


R_ 


de 


+ 


q 


_b* 


q 


_f* 


R_ 


al* 


R_ 


.ct* 


R_ 


de 


+ 


q.d* 


q. 


_f * 


R_ 


.al* 


R_ 


.be* 


R_ 


.ct 


+ 


q. 


_e* 


q_f* 


R_ 


.al* 


R_ 


.bd* 


R_ 


.ct 


+ 


q 


_d* 


q 


_f* 


R_ 


ae* 


R_ 


bt* 


R_ 


.cl 


+ 


q_e* 


q. 


_f * 


R_ 


.ad* 


R_ 


bt* 


R_ 


.cl 


+ 


q. 


_d* 


q_f* 


R_ 


.al* 


R_ 


bt* 


R_ 


.ce 


+ 


q 


_e* 


q 


_f* 


R_ 


al* 


R_ 


bt* 


R_ 


.cd 



+ R_ab* R_cd* R_el* R_ft + R_ac* R_bd* R_el* R_ft + R_ad* R_bc* R_el* R_ft 

+ R_ab* R_ce* R_dl* R_ft + R_ac* R_be* R_dl* R_ft + R_ae* R_bc* R_dl* R_ft 

+ R_ab* R_cl* R_de* R_ft + R_ae* R_bd* R_cl* R_ft + R_ad* R_be* R_cl* R_ft 

+ R_ac* R_bl* R_de* R_ft + R_al* R_bc* R_de* R_ft + R_ae* R_bl* R_cd* R_ft 

+ R_al* R_be* R_cd* R_ft + R_ad* R_bl* R_ce* R_ft + R_al* R_bd* R_ce* R_ft) 

+ p_i* (q_a* q_c* q_d* q_e* q_f* R_bi + q_b* Q_c* q_d* q_e* q_f* R_ai 



111 



+ 


Q_a* 


q. 


_b* 


q_d* 


Q. 


_e* q_f* R_cl 


+ q_a* q_b* q_c* q. 


_d* q. 


_f * 


R_el 












+ 


Q_a* 


q. 


_b* 


q_c* 


Q. 


_e* q_f* R_dl 


+ q_a* q_b* i 


3_c* q. 


_d* q. 


_e* 


R_fl 












+ 


Q_a* 


q. 


_b* 


q_c* 


R_ 


_de* 


R_fl 


+ 


q. 


.a* 


q_c* 


q_d* 


R_be* 


R_fl 


+ 


q_a* 


q 


_b* 


q_e* 


R_cd* 


R_ 


.fl 


+ 


Q_a* 


Q. 


_b* 


q_d* 


R. 


.ce* 


R_fl 


+ 


q. 


.a* 


q_c* 


q_e* 


R_bd* 


R_fl 


+ 


Q_a* 


q. 


_d* 


q_e* 


R_bc* 


R_ 


.fl 


+ 


Q_b* 


q. 


.c* 


q_d* 


R. 


_ae* 


R_fl 


+ 


q. 


_b* 


q_c* 


q_e* 


R_ad* 


R_fl 


+ 


q_b* 


q. 


_d* 


q_e* 


R_ac* 


R_ 


.fl 


+ 


Q_c* 


q. 


.d* 


q_e* 


R. 


_ab* 


R_fl 


+ 


q. 


.a* 


q_b* 


q_f* 


R_cd* 


R_el 


+ 


q_a* 


q 


_c* 


q_f* 


R_bd* 


R. 


.el 


+ 


Q_a* 


q. 


d* 


q_f* 


R. 


.be* 


R_el 


+ 


q. 


_b* 


q_c* 


q_f* 


R_ad* 


R_el 


+ 


q_b* 


q 


_d* 


q_f* 


R_ac* 


R_ 


.el 


+ 


q_c* 


q. 


d* 


q_f* 


R. 


.ab* 


R_el 


+ 


q. 


.a* 


q_b* 


q_f* 


R_ce* 


R_dl 


+ 


q_a* 


q 


_c* 


q_f* 


R_be* 


R_ 


.dl 


+ 


q_a* 


Q. 


.e* 


q_f* 


R. 


.be* 


R_dl 


+ 


q. 


_b* 


q_c* 


q_f* 


R_ae* 


R_dl 


+ 


q_b* 


q 


_e* 


q_f* 


R_ac* 


R_ 


.dl 


+ 


q_c* 


q. 


.e* 


q_f* 


R. 


.ab* 


R_dl 


+ 


q. 


.a* 


q_b* 


q_f* 


R_cl* 


R_de 


+ 


q_b* 


q 


_c* 


q_f* 


R_al* 


R_ 


de 


+ 


q_a* 


q. 


_c* 


q_f* 


R. 


.bl* 


R_de 


+ 


q. 


.a* 


q_d* 


q_f* 


R_be* 


R_cl 


+ 


q_b* 


q 


_d* 


q_f* 


R_al* 


R_ 


.ce 


+ 


q_a* 


q. 


_d* 


q_f* 


R. 


.bl* 


R_ce 


+ 


q. 


.a* 


q_e* 


q_f* 


R_bd* 


R_cl 


+ 


q_b* 


q. 


_d* 


q_f* 


R_ae* 


R_ 


.cl 


+ 


q_b* 


q. 


_e* 


q_f* 


R. 


.ad* 


R_cl 


+ 


q. 


d* 


q_e* 


q_f* 


R_ab* 


R_cl 


+ 


q_a* 


q 


_e* 


q_f* 


R_bl* 


R_ 


.cd 


+ 


q_b* 


q. 


.e* 


q_f* 


R. 


.al* 


R_cd 


+ 


q. 


_c* 


q_d* 


q_f* 


R_ae* 


R_bl 


+ 


q_c* 


q 


_e* 


q_f* 


R_ad* 


R_ 


bl 


+ 


q_d* 


q. 


.e* 


q_f* 


R. 


.ac* 


R_bl 


+ 


q. 


_c* 


q_d* 


q_f* 


R_al* 


R_be 


+ 


q_c* 


q 


_e* 


q_f* 


R_al* 


R_ 


.bd 


+ 


q_d* 


q. 


.e* 


q_f* 


R. 


.al* 


R_bc 


+ 


q. 


_f* 


R_al* R_bc* R_de + q. 


_f* 


R_ac* 


R_bl* R. 


_de 







+ 


q. 


_f * 


R_ 


.ab* 


R. 


_cl* 


R_ 


de 


+ 


Q. 


_f* 


R. 


.ac* 


R. 


.be* 


R. 


.dl 


+ 


q. 


_f * 


R. 


.ab* 


R. 


.ce* 


R. 


.dl 


+ 


q. 


_f * 


R. 


.ae* 


R. 


.be* 


R_dl 


+ 


q. 


_a* 


R_ 


bd* 


R. 


ce* 


R_ 


.fl 


+ 


q. 


_b* 


R. 


.ad* 


R. 


.ce* 


R. 


.fl 


+ 


q. 


_d* 


R_ 


_ab* 


R. 


_ce* 


R. 


.fl 


+ 


q. 


_a* 


R. 


.be* 


R. 


.cd* 


R_fl 


+ 


q. 


_b* 


R_ 


.ae* 


R. 


.cd* 


R_ 


.fl 


+ 


q. 


_e* 


R. 


.ab* 


R. 


.cd* 


R. 


.fl 


+ 


q. 


_c* 


R_ 


_ad* 


R. 


.be* 


R. 


.fl 


+ 


q. 


_d* 


R. 


.ac* 


R. 


.be* 


R_fl 


+ 


q. 


_c* 


R_ 


.ae* 


R. 


.bd* 


R_ 


.fl 


+ 


q. 


_e* 


R. 


.ac* 


R. 


.bd* 


R. 


.fl 


+ 


q. 


_a* 


R_ 


_bc* 


R. 


_de* 


R. 


.fl 


+ 


q. 


_b* 


R. 


.ac* 


R. 


.de* 


R_fl 


+ 


q. 


_c* 


R_ 


.ab* 


R. 


_de* 


R_ 


.fl 


+ 


q. 


_d* 


R_ 


.ae* 


R. 


.be* 


R. 


.fl 


+ 


q. 


_e* 


R_ 


_ad* 


R_ 


_bc* 


R. 


.fl 


+ 


q. 


_f* 


R. 


.ab* 


R. 


.cd* 


R_el 


+ 


q. 


_f* 


R_ 


.ac* 


R. 


_bd* 


R_ 


.el 


+ 


q. 


_f* 


R_ 


.ad* 


R. 


.be* 


R. 


.el 


+ 


q. 


_f * 


R. 


.ad* 


R. 


bl* 


R. 


.ce 


+ 


Q. 


_f * 


R. 


.al* 


R. 


.bd* 


R_ce 


+ 


q. 


_f* 


R_ 


.ad* 


R. 


.be* 


R_ 


.cl 


+ 


q. 


_f* 


R_ 


.ae* 


R. 


.bd* 


R. 


.cl 


+ 


q. 


_f * 


R_ 


_ae* 


R. 


_bl* 


R. 


.cd 


+ 


q. 


_f * 


R. 


.al* 


R. 


.be* 


R_cd) 



+ q_a* q_b* q_d* q_f* R_ce + q_a* q_c* q_d* q_f* R_be + q_a* q_b* q_e* q_f* R_cd 

+ q_a* q_c* q_e* q_f* R_bd + q_a* q_d* q_e* q_f* R_bc + q_b* q_c* q_d* q_f* R_ae 

+ q_b* q_c* q_e* q_f* R_ad + q_b* q_d* q_e* q_f* R_ac + q_c* q_d* q_e* q_f* R_ab 

+ q_a* q_b* q_c* q_f* R_de + q_a* q_f* R_bc* R_de + q_b* q_f* R_ac* R_de + q_c* q_f* R_ab* R_de 

+ q_a* q_f* R_be* R_cd + q_a* q_f* R_bd* R_ce + q_b* q_f* R_ad* R_ce + q_d* q_f* R_ab* R_ce 

+ q_b* q_f* R_ae* R_cd + q_e* q_f* R_ab* R_cd + q_c* q_f* R_ad* R_be + q_d* q_f* R_ac* R_be 

+ q_d* q_f* R_ae* R_bc + q_e* q_f* R_ad* R_bc + q_c* q_f* R_ae* R_bd + q_e* q_f* R_ac* R_bd 

+ q_a* q_b* q_c* q_d* q_e* q_f; 

d50: Diff (d46,p_l) ;/* THEN CHANGE 1 TO f, also dummy indices to ltkh for all product of p's */ 
d51: + p_h* p_k* p_t* p_l* R_af* R_bt* R_ck* R_dh* R_el 
+ p_l* p_k* p_t* (+ q_a* R_bf* R_ct* R_dk* R_el + q_b* R_af* R_ct* R_dk* R_el 

+ q_c* R_af* R_bt* R_dk* R_el + q_d* R_af* R_bt* R_ck* R_el + q_e* R_af* R_bt* R_ck* R_dl) 
+ p_l* p_t* (R_ab* R_cf* R_dt* R_el + q_a* q_b* R_cf* R_dt* R_el + R_ac* R_bf* R_dt* R_el 
+ q_a* q_c* R_bf* R_dt* R_el + R_af* R_bc* R_dt* R_el + q_b* q_c* R_af* R_dt* R_el 
+ q_a* q_d* R_bf* R_ct* R_el + R_af* R_bd* R_ct* R_el + q_b* q_d* R_af* R_ct* R_el 
+ R_ad* R_bt* R_cf* R_el + R_af* R_bt* R_cd* R_el + q_c* q_d* R_af* R_bt* R_el 
+ R_af* R_be* R_cl* R_dt + R_ae* R_bt* R_cl* R_df + q_a* q_e* R_bf* R_ct* R_dl 
+ q_b* q_e* R_af* R_ct* R_dl + R_af* R_bt* R_ce* R_dl + q_c* q_e* R_af* R_bt* R_dl 
+ R_af* R_bt* R_cl* R_de + q_d* q_e* R_af* R_bt* R_cl) + p_l* (q_a* R_bc* R_df* R_el 
+ q_b* R_ac* R_df* R_el + q_c* R_ab* R_df* R_el + q_a* q_b* q_c* R_df* R_el 
+ q_a* R_bd* R_cf* R_el + q_b* R_ad* R_cf* R_el + q_d* R_ab* R_cf* R_el 
+ q_a* q_b* q_d* R_cf* R_el + q_a* R_bf* R_cd* R_el + q_b* R_af* R_cd* R_el 
+ q_c* R_ad* R_bf* R_el + q_d* R_ac* R_bf* R_el + q_a* q_c* q_d* R_bf* R_el 
+ q_c* R_af* R_bd* R_el + q_d* R_af* R_bc* R_el + q_b* q_c* q_d* R_af* R_el 
+ q_e* R_ab* R_cf* R_dl + q_a* q_b* q_e* R_cf* R_dl + q_a* R_bf* R_ce* R_dl 
+ q_b* R_af* R_ce* R_dl + q_e* R_ac* R_bf* R_dl + q_a* q_c* q_e* R_bf* R_dl 
+ q_c* R_af* R_be* R_dl + q_e* R_af* R_bc* R_dl + q_b* q_c* q_e* R_af* R_dl 
+ q_a* R_be* R_cl* R_df + q_b* R_ae* R_cl* R_df + q_c* R_ae* R_bl* R_df 
+ q_a* R_bf* R_cl* R_de + q_b* R_af* R_cl* R_de + q_c* R_af* R_bl* R_de 
+ q_a* q_d* q_e* R_bf* R_cl + q_d* R_af* R_be* R_cl + q_e* R_af* R_bd* R_cl 
+ q_b* q.d* q_e* R_af* R_cl + q_d* R_ae* R_bl* R_cf + q_e* R_ad* R_bl* R_cf 
+ q_d* R_af* R_bl* R_ce + q_e* R_af* R_bl* R_cd + q_c* q_d* q_e* R_af* R_bl) 
+ R_ab* R_ce* R_df + q_a* q_b* R_ce* R_df + R_ac* R_be* R_df + q_a* q_c* R_be* R_df 
+ R_ae* R_bc* R_df + q_a* q_e* R_bc* R_df + q_b* q_c* R_ae* R_df + q_b* q_e* R_ac* R_df 
+ q_c* q_e* R_ab* R_df + q_a* q_b* q_c* q_e* R_df + R_ab* R_cf* R_de + q_a* q_b* R_cf* R_de 
+ R_ac* R_bf* R_de + q_a* q_c* R_bf* R_de + R_af* R_bc* R_de + q_b* q_c* R_af* R_de 
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+ R_ad* R_be* R_cf + Q_a* Q_d* R_be* R_cf + R_ae* R_bd* R_cf + Q_a* Q_e* R_bd* R_cf 
+ Q_b* Q_d* R_ae* R_cf + Q_b* Q_e* R_ad* R_cf + Q_d* Q_e* R_ab* R_cf + Q_a* Q_b* Q_d* Q_e* R_cf 
+ R_ad* R_bf* R_ce + Q_a* Q_d* R_bf* R_ce + R_af* R_bd* R_ce + Q_b* Q_d* R_af* R_ce 
+ R_ae* R_bf* R_cd + Q_a* Q_e* R_bf* R_cd + R_af* R_be* R_cd + Q_b* Q_e* R_af* R_cd 
+ Q_c* Q_d* R_ae* R_bf + Q_c* Q_e* R_ad* R_bf + Q_d* Q_e* R_ac* R_bf + Q_a* Q_c* Q_d* Q_e* R_bf 
+ Q_c* Q_d* R_af* R_be + Q_c* Q_e* R_af* R_bd + Q_d* Q_e* R_af* R_bc + Q_b* Q_c* Q_d* Q_e* R_af 
+ R_ab* R_cd* R_ef + Q_a* Q_b* R_cd* R_ef + R_ac* R_bd* R_ef + Q_a* Q_c* R_bd* R_ef 
+ R_ad* R_bc* R_ef + Q_a* Q_d* R_bc* R_ef + Q_b* Q_c* R_ad* R_ef + Q_b* Q_d* R_ac* R_ef 
+ Q_c* Q_d* R_ab* R_ef + Q_a* Q_b* Q_c* Q_d* R_ef; 
d52: Diff (d46,p_t) ;/* THEN CHANGE t TO f, also dummy indices to ltkh for all product of p's */ 
d53: + p_h* p_k* p_l* p_t* R_al* R_bf* R_ck* R_dh* R_et + p_l* (Q_a* R_bc* R_dl* R_ef 
+ Q_b* R_ac* R_dl* R_ef + Q_c* R_ab* R_dl* R_ef + Q_a* Q_b* Q_c* R_dl* R_ef 
+ Q_a* R_bd* R_cl* R_ef + Q_b* R_ad* R_cl* R_ef + Q_d* R_ab* R_cl* R_ef 
+ Q_a* Q_b* Q_d* R_cl* R_ef + Q_a* R_bl* R_cd* R_ef + Q_b* R_al* R_cd* R_ef 
+ Q_c* R_ad* R_bl* R_ef + Q_d* R_ac* R_bl* R_ef + Q_a* Q_c* Q_d* R_bl* R_ef 
+ Q_c* R_al* R_bd* R_ef + Q_d* R_al* R_bc* R_ef + Q_b* Q_c* Q_d* R_al* R_ef 
+ Q_e* R_ab* R_cl* R_df + Q_a* Q_b* Q_e* R_cl* R_df + Q_a* R_bl* R_ce* R_df 
+ Q_b* R_al* R_ce* R_df + Q_e* R_ac* R_bl* R_df + Q_a* Q_c* Q_e* R_bl* R_df 
+ Q_c* R_al* R_be* R_df + Q_e* R_al* R_bc* R_df + Q_b* Q_c* Q_e* R_al* R_df 
+ Q_a* R_be* R_cf* R_dl + Q_b* R_ae* R_cf* R_dl + Q_c* R_ae* R_bf* R_dl 
+ Q_a* R_bl* R_cf* R_de + Q_b* R_al* R_cf* R_de + q_c* R_al* R_bf* R_de 
+ q_a* q_d* Q_e* R_bl* R_cf + q_d* R_al* R_be* R_cf + q_e* R_al* R_bd* R_cf 
+ q_b* q_d* Q_e* R_al* R_cf + q_d* R_ae* R_bf* R_cl + q_e* R_ad* R_bf* R_cl 
+ q_d* R_al* R_bf* R_ce + Q_e* R_al* R_bf* R_cd + q_c* q_d* Q_e* R_al* R_bf) 
+ p_t* p_l* (R_ab* R_cl* R_df* R_et + Q_a* q_b* R_cl* R_df* R_et + R_ac* R_bl* R_df* R_et 
+ q_a* q_c* R_bl* R_df* R_et + R_al* R_bc* R_df* R_et + q_b* q_c* R_al* R_df* R_et 
+ q_a* q_d* R_bl* R_cf* R_et + R_al* R_bd* R_cf* R_et + q_b* q_d* R_al* R_cf* R_et 
+ R_ad* R_bf* R_cl* R_et + R_al* R_bf* R_cd* R_et + q_c* q_d* R_al* R_bf* R_et 
+ R_al* R_be* R_ct* R_df + R_ae* R_bf* R_ct* R_dl + q_a* q_e* R_bl* R_cf* R_dt 
+ q_b* q_e* R_al* R_cf* R_dt + R_al* R_bf* R_ce* R_dt + q_c* q_e* R_al* R_bf* R_dt 
+ R_al* R_bf* R_ct* R_de + q_d* q_e* R_al* R_bf* R_ct) 

+ p_t* p_k* p_l* (+ Q_a* R_bl* R_cf* R_dk* R_et + Q_b* R_al* R_cf* R_dk* R_et 
+ q_c* R_al* R_bf* R_dk* R_et + q_d* R_al* R_bf* R_ck* R_et 
+ q_e* R_al* R_bf * R_ck* R_dt) ; 

d54: Dif f (d46,p_k) ; /* THEN CHANGE k TO f, also dummy indices to ltkh for all product of p's */ 

d55: + p_k* p_l* p_t* p_h* R_al* R_bt* R_cf* R_dk* R_eh + p_l* p_t* (R_ab* R_cl* R_dt* R_ef 
+ q_a* q_b* R_cl* R_dt* R_ef + R_ac* R_bl* R_dt* R_ef + q_a* q_c* R_bl* R_dt* R_ef 
+ R_al* R_bc* R_dt* R_ef + q_b* q_c* R_al* R_dt* R_ef + q_a* q_d* R_bl* R_ct* R_ef 
+ R_al* R_bd* R_ct* R_ef + q_b* q_d* R_al* R_ct* R_ef + R_ad* R_bt* R_cl* R_ef 
+ R_al* R_bt* R_cd* R_ef + q_c* q_d* R_al* R_bt* R_ef + R_al* R_be* R_cf* R_dt 
+ R_ae* R_bt* R_cf* R_dl + q_a* q_e* R_bl* R_ct* R_df + q_b* q_e* R_al* R_ct* R_df 
+ R_al* R_bt* R_ce* R_df + q_c* q_e* R_al* R_bt* R_df + R_al* R_bt* R_cf* R_de 
+ q_d* q_e* R_al* R_bt* R_cf) + p_k* p_l* p_t* (+ q_a* R_bl* R_ct* R_df* R_ek 
+ q_b* R_al* R_ct* R_df* R_ek + q_c* R_al* R_bt* R_df* R_ek + q_d* R_al* R_bt* R_cf* R_ek 
+ q_e* R_al* R_bt* R_cf * R_dk) ; 

d56: Dif f (d46,p_h) ; /* THEN CHANGE h TO f, also dummy indices to ltkh for all product of p's */ 

d57: + p_k* p_l* p_t* (+ q_a* R_bl* R_ct* R_dk* R_ef + q_b* R_al* R_ct* R_dk* R_ef 
+ q_c* R_al* R_bt* R_dk* R_ef + q_d* R_al* R_bt* R_ck* R_ef + q_e* R_al* R_bt* R_ck* R_df) 
+ p_k* p_l* p_t* p_h* R_al* R_bt* R_ck* R_df* R_eh; 

d58: Diff (d46,p_x) ;/* THEN CHANGE x TO f, also ltkh for all product of p's */ 

d59: + p_h* p_k* p_l* p_t* R_al* R_bt* R_ck* R_dh* R_ef; 

d60: d51+d53+d55+d57+d59; 

d61: + p_h* p_k* p_l* p_t* ( R_al* R_bf* R_ck* R_dh* R_et + R_af* R_bt* R_ck* R_dh* R_el 
+ R_al* R_bt* R_cf* R_dk* R_eh + R_al* R_bt* R_ck* R_df* R_eh + R_al* R_bt* R_ck* R_dh* R_ef) 
+ p_k* p_l* p_t* (+ Q_a* R_bl* R_cf* R_dk* R_et + q_b* R_al* R_cf* R_dk* R_et 
+ q_c* R_al* R_bf* R_dk* R_et + q_d* R_al* R_bf* R_ck* R_et + q_e* R_al* R_bf* R_ck* R_dt 
+ q_a* R_bf* R_ct* R_dk* R_el + q_b* R_af* R_ct* R_dk* R_el + q_c* R_af* R_bt* R_dk* R_el 
+ q_d* R_af* R_bt* R_ck* R_el + q_e* R_af* R_bt* R_ck* R_dl + q_a* R_bl* R_ct* R_df* R_ek 
+ q_b* R_al* R_ct* R_df* R_ek + q_c* R_al* R_bt* R_df* R_ek + q_d* R_al* R_bt* R_cf* R_ek 
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+ Q_e* R_al* R_bt* R_cf* R_dk + Q_a* R_bl* R_ct* R_dk* R_ef + Q_b* R_al* R_ct* R_dk* R_ef 

+ Q_c* R_al* R_bt* R_dk* R_ef + Q_d* R_al* R_bt* R_ck* R_ef + Q_e* R_al* R_bt* R_ck* R_df) 

+ p_l* p_t* (R_ab* R_cl* R_df* R_et + Q_a* Q_b* R_cl* R_df* R_et + R_ac* R_bl* R_df* R_et 

+ Q_a* Q_c* R_bl* R_df* R_et + R_al* R_bc* R_df* R_et + Q_b* Q_c* R_al* R_df* R_et 

+ R_ad* R_bf* R_cl* R_et + Q_a* Q_d* R_bl* R_cf* R_et + R_al* R_bd* R_cf* R_et 

+ q_b* Q_d* R_al* R_cf* R_et + R_al* R_bf* R_cd* R_et + Q_c* Q_d* R_al* R_bf* R_et 

+ Q_a* Q_e* R_bl* R_cf* R_dt + Q_b* q_e* R_al* R_cf* R_dt + R_al* R_bf* R_ce* R_dt 

+ q_c* q_e* R_al* R_bf* R_dt + R_ae* R_bf* R_ct* R_dl + R_al* R_be* R_ct* R_df 

+ R_al* R_bf* R_ct* R_de + q_d* q_e* R_al* R_bf* R_ct + R_ab* R_cf* R_dt* R_el 

+ q_a* q_b* R_cf* R_dt* R_el + R_ac* R_bf* R_dt* R_el + q_a* q_c* R_bf* R_dt* R_el 

+ R_af* R_bc* R_dt* R_el + q_b* q_c* R_af* R_dt* R_el + q_a* q_d* R_bf* R_ct* R_el 

+ R_af* R_bd* R_ct* R_el + q_b* q_d* R_af* R_ct* R_el + R_ad* R_bt* R_cf* R_el 

+ R_af* R_bt* R_cd* R_el + q_c* q_d* R_af* R_bt* R_el + R_af* R_be* R_cl* R_dt 

+ q_a* q_e* R_bf* R_ct* R_dl + Q_b* q_e* R_af* R_ct* R_dl + R_af* R_bt* R_ce* R_dl 

+ q_c* q_e* R_af* R_bt* R_dl + R_ae* R_bt* R_cl* R_df + R_af* R_bt* R_cl* R_de 

+ q_d* q_e* R_af* R_bt* R_cl + R_ab* R_cl* R_dt* R_ef + q_a* q_b* R_cl* R_dt* R_ef 

+ R_ac* R_bl* R_dt* R_ef + q_a* q_c* R_bl* R_dt* R_ef + R_al* R_bc* R_dt* R_ef 

+ q_b* q_c* R_al* R_dt* R_ef + Q_a* q_d* R_bl* R_ct* R_ef + R_al* R_bd* R_ct* R_ef 

+ q_b* q_d* R_al* R_ct* R_ef + R_ad* R_bt* R_cl* R_ef + R_al* R_bt* R_cd* R_ef 

+ q_c* q_d* R_al* R_bt* R_ef + R_al* R_be* R_cf* R_dt + R_ae* R_bt* R_cf* R_dl 

+ q_a* q_e* R_bl* R_ct* R_df + Q_b* q_e* R_al* R_ct* R_df + R_al* R_bt* R_ce* R_df 

+ q_c* q_e* R_al* R_bt* R_df + R_al* R_bt* R_cf* R_de + q_d* q_e* R_al* R_bt* R_cf) 

+ p_l* (Q_a* R_bc* R_df* R_el + q_b* R_ac* R_df* R_el + Q_c* R_ab* R_df* R_el 

+ q_a* q_b* Q_c* R_df* R_el + q_a* R_bd* R_cf* R_el + q_b* R_ad* R_cf* R_el 

+ q_d* R_ab* R_cf* R_el + Q_a* Q_b* q_d* R_cf* R_el + q_a* R_bf* R_cd* R_el 

+ q_b* R_af* R_cd* R_el + Q_c* R_ad* R_bf* R_el + q_d* R_ac* R_bf* R_el 

+ q_a* q_c* Q_d* R_bf* R_el + q_c* R_af* R_bd* R_el + q_d* R_af* R_bc* R_el 

+ q_b* q_c* Q_d* R_af* R_el + q_e* R_ab* R_cf* R_dl + q_a* q_b* q_e* R_cf* R_dl 

+ q_a* R_bf* R_ce* R_dl + q_b* R_af* R_ce* R_dl + Q_e* R_ac* R_bf* R_dl 

+ q_a* q_c* q_e* R_bf* R_dl + q_c* R_af* R_be* R_dl + q_e* R_af* R_bc* R_dl 

+ q_b* q_c* q_e* R_af* R_dl + q_a* R_be* R_cl* R_df + q_b* R_ae* R_cl* R_df 

+ q_c* R_ae* R_bl* R_df + q_a* R_bf* R_cl* R_de + q_b* R_af* R_cl* R_de 

+ q_c* R_af* R_bl* R_de + q_a* q_d* q_e* R_bf* R_cl + q_d* R_af* R_be* R_cl 

+ q_e* R_af* R_bd* R_cl + q_b* q_d* q_e* R_af* R_cl + q_d* R_ae* R_bl* R_cf 

+ q_e* R_ad* R_bl* R_cf + q_d* R_af* R_bl* R_ce + q_e* R_af* R_bl* R_cd 

+ q_c* q_d* q_e* R_af* R_bl + q_a* R_bc* R_dl* R_ef + q_b* R_ac* R_dl* R_ef 

+ q_c* R_ab* R_dl* R_ef + q_a* q_b* q_c* R_dl* R_ef + q_a* R_bd* R_cl* R_ef 

+ q_b* R_ad* R_cl* R_ef + q_d* R_ab* R_cl* R_ef + q_a* q_b* q_d* R_cl* R_ef 

+ q_a* R_bl* R_cd* R_ef + q_b* R_al* R_cd* R_ef + q_c* R_ad* R_bl* R_ef 

+ q_d* R_ac* R_bl* R_ef + q_a* q_c* q_d* R_bl* R_ef + q_c* R_al* R_bd* R_ef 

+ q_d* R_al* R_bc* R_ef + q_b* q_c* q_d* R_al* R_ef + q_a* R_be* R_cf* R_dl 

+ q_b* R_ae* R_cf* R_dl + q_c* R_ae* R_bf* R_dl + q_e* R_ab* R_cl* R_df 

+ q_a* q_b* q_e* R_cl* R_df + q_a* R_bl* R_ce* R_df + q_b* R_al* R_ce* R_df 

+ q_e* R_ac* R_bl* R_df + q_a* q_c* q_e* R_bl* R_df + q_c* R_al* R_be* R_df 

+ q_e* R_al* R_bc* R_df + q_b* q_c* q_e* R_al* R_df + q_a* R_bl* R_cf* R_de 

+ q_b* R_al* R_cf* R_de + q_c* R_al* R_bf* R_de + q_d* R_ae* R_bf* R_cl 

+ q_e* R_ad* R_bf* R_cl + q_a* q_d* q_e* R_bl* R_cf + q_d* R_al* R_be* R_cf 

+ q_e* R_al* R_bd* R_cf + q_b* q_d* q_e* R_al* R_cf + q_d* R_al* R_bf* R_ce 

+ q_e* R_al* R_bf* R_cd + q_c* q_d* q_e* R_al* R_bf) + R_ab* R_cd* R_ef 

+ q_a* q_b* R_cd* R_ef + R_ac* R_bd* R_ef + q_a* q_c* R_bd* R_ef + R_ad* R_bc* R_ef 

+ q_a* q_d* R_bc* R_ef + q_b* q_c* R_ad* R_ef + q_b* q_d* R_ac* R_ef 

+ q_c* q_d* R_ab* R_ef + q_a* q_b* q_c* q_d* R_ef + R_ab* R_ce* R_df 

+ q_a* q_b* R_ce* R_df + R_ac* R_be* R_df + q_a* q_c* R_be* R_df + R_ae* R_bc* R_df 

+ q_a* q_e* R_bc* R_df + q_b* q_c* R_ae* R_df + q_b* q_e* R_ac* R_df 

+ q_c* q_e* R_ab* R_df + q_a* q_b* q_c* q_e* R_df + R_ab* R_cf* R_de 

+ q_a* q_b* R_cf* R_de + R_ac* R_bf* R_de + q_a* q_c* R_bf* R_de + R_af* R_bc* R_de 

+ q_b* q_c* R_af* R_de + R_ad* R_be* R_cf + q_a* q_d* R_be* R_cf 

+ R_ae* R_bd* R_cf + q_a* q_e* R_bd* R_cf + q_b* q_d* R_ae* R_cf + q_b* q_e* R_ad* R_cf 
+ q_d* q_e* R_ab* R_cf + q_a* q_b* q_d* q_e* R_cf + R_ad* R_bf* R_ce 
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+ Q_a* Q_d* R_bf* R_ce + R_af* R_bd* R_ce + Q_b* Q_d* R_af* R_ce + R_ae* R_bf* R_cd 
+ Q_a* Q_e* R_bf* R_cd + R_af* R_be* R_cd + q_b* q_e* R_af* R_cd + Q_c* q_d* R_ae* R_bf 
+ q_c* q_e* R_ad* R_bf + Q_d* q_e* R_ac* R_bf + q_a* q_c* q_d* q_e* R_bf 
+ q_c* q_d* R_af* R_be + Q_c* q_e* R_af* R_bd + q_d* q_e* R_af* R_bc 
+ q_b* q_c* Q_d* Q_e* R_af; 
d62: d49+d61; 

d63: /* factor out product of p's*/ 
+ R_al* R_bt* R_ck* R_dh* R_ex* R_fg* p_l* p_t* p_k* p_h* p_x* p_g 
+ (q_a* R_bl* R_ct* R_dk* R_eh* R_fx + q_b* R_al* R_ct* R_dk* R_eh* R_fx 

+ q_c* R_al* R_bt* R_dk* R_eh* R_fx + q_d* R_al* R_bt* R_ck* R_eh* R_fx 

+ q_e* R_al* R_bt* R_ck* R_dh* R_fx 

+ q_f* R_al* R_bt* R_ck* R_dh* R_ex)* p_l* p_t* p_k* p_h* p_x 
+ (+ q_a* q_b* R_cl* R_dt* R_ek* R_fh + q_a* q_c* R_bl* R_dt* R_ek* R_fh 
+ q_b* q_c* R_al* R_dt* R_ek* R_fh + q_a* q_d* R_bl* R_ct* R_ek* R_fh 
+ q_b* q_d* R_al* R_ct* R_ek* R_fh + q_c* q_d* R_al* R_bt* R_ek* R_fh 
+ q_a* q_e* R_bl* R_ct* R_dk* R_fh + q_b* q_e* R_al* R_ct* R_dk* R_fh 
+ q_c* q_e* R_al* R_bt* R_dk* R_fh + q_d* q_e* R_al* R_bt* R_ck* R_fh 
+ q_a* q_f* R_bl* R_ct* R_dk* R_eh + q_b* q_f* R_al* R_ct* R_dk* R_eh 
+ q_c* q_f* R_al* R_bt* R_dk* R_eh + q_d* q_f* R_al* R_bt* R_ck* R_eh 
+ q_e* q_f* R_al* R_bt* R_ck* R_dh + R_ab* R_cl* R_dt* R_ek* R_fh 
+ R_ac* R_bl* R_dt* R_ek* R_fh + R_al* R_bc* R_dt* R_ek* R_fh 
+ R_al* R_bd* R_ct* R_ek* R_fh + R_ad* R_bt* R_cl* R_ek* R_fh 
+ R_al* R_bt* R_cd* R_ek* R_fh + R_al* R_be* R_ck* R_dt* R_fh 
+ R_ae* R_bt* R_ck* R_dl* R_fh + R_al* R_bt* R_ce* R_dk* R_fh 
+ R_al* R_bt* R_ck* R_de* R_fh + R_al* R_bf* R_ck* R_dh* R_et 
+ R_af* R_bt* R_ck* R_dh* R_el + R_al* R_bt* R_cf* R_dk* R_eh 

+ R_al* R_bt* R_ck* R_df* R_eh + R_al* R_bt* R_ck* R_dh* R_ef)* p_l* p_t* p_k* p_h 
+ (+ q_a* q_b* q_c* R_dl* R_et* R_fk + q_a* Q_b* q_d* R_cl* R_et* R_fk 
+ q_a* q_b* q_e* R_cl* R_dt* R_fk + q_a* q_c* q_d* R_bl* R_et* R_fk 
+ q_b* q_c* q_d* R_al* R_et* R_fk + q_a* q_c* q_e* R_bl* R_dt* R_fk 
+ q_b* q_c* q_e* R_al* R_dt* R_fk + q_a* q_d* q_e* R_bl* R_ct* R_fk 
+ q_b* q_d* q_e* R_al* R_ct* R_fk + q_c* q_d* q_e* R_al* R_bt* R_fk 
+ q_a* q_b* q_f* R_cl* R_dt* R_ek + q_a* q_c* q_f* R_bl* R_dt* R_ek 
+ q_b* q_c* q_f* R_al* R_dt* R_ek + q_a* q_d* q_f* R_bl* R_ct* R_ek 
+ q_b* q_d* q_f* R_al* R_ct* R_ek + q_c* q_d* q_f* R_al* R_bt* R_ek 
+ q_a* q_e* q_f* R_bl* R_ct* R_dk + q_b* q_e* q_f* R_al* R_ct* R_dk 
+ q_c* q_e* q_f* R_al* R_bt* R_dk + q_d* q_e* q_f* R_al* R_bt* R_ck 
+ q_a* R_bc* R_dl* R_et* R_fk + q_b* R_ac* R_dl* R_et* R_fk 
+ q_c* R_ab* R_dl* R_et* R_fk + q_a* R_bd* R_cl* R_et* R_fk 
+ q_b* R_ad* R_cl* R_et* R_fk + q_d* R_ab* R_cl* R_et* R_fk 
+ q_a* R_bl* R_cd* R_et* R_fk + q_b* R_al* R_cd* R_et* R_fk 
+ q_c* R_ad* R_bl* R_et* R_fk + q_d* R_ac* R_bl* R_et* R_fk 
+ q_c* R_al* R_bd* R_et* R_fk + q_d* R_al* R_bc* R_et* R_fk 
+ q_e* R_ab* R_cl* R_dt* R_fk + q_a* R_bl* R_ce* R_dt* R_fk 
+ q_b* R_al* R_ce* R_dt* R_fk + q_e* R_ac* R_bl* R_dt* R_fk 
+ q_c* R_al* R_be* R_dt* R_fk + q_e* R_al* R_bc* R_dt* R_fk 
+ q_a* R_be* R_ct* R_dl* R_fk + q_b* R_ae* R_ct* R_dl* R_fk 
+ q_c* R_ae* R_bt* R_dl* R_fk + q_a* R_bl* R_ct* R_de* R_fk 
+ q_b* R_al* R_ct* R_de* R_fk + q_c* R_al* R_bt* R_de* R_fk 
+ q_d* R_al* R_be* R_ct* R_fk + q_e* R_al* R_bd* R_ct* R_fk 
+ q_d* R_ae* R_bt* R_cl* R_fk + q_e* R_ad* R_bt* R_cl* R_fk 
+ q_d* R_al* R_bt* R_ce* R_fk + q_e* R_al* R_bt* R_cd* R_fk 
+ q_f* R_ab* R_cl* R_dt* R_ek + q_f* R_ac* R_bl* R_dt* R_ek 
+ q_f* R_al* R_bc* R_dt* R_ek + q_f* R_al* R_bd* R_ct* R_ek 
+ q_f* R_ad* R_bt* R_cl* R_ek + q_f* R_al* R_bt* R_cd* R_ek 
+ q_f* R_al* R_be* R_ck* R_dt + q_f* R_ae* R_bt* R_ck* R_dl 
+ q_f* R_al* R_bt* R_ce* R_dk + q_f* R_al* R_bt* R_ck* R_de 
+ q_a* R_bl* R_cf* R_dk* R_et + q_b* R_al* R_cf* R_dk* R_et 
+ q_c* R_al* R_bf* R_dk* R_et + q_d* R_al* R_bf* R_ck* R_et 
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+ Q_a* R_bf* R_ct* R_dk* R_el 
+ Q_c* R_af* R_bt* R_dk* R_el 
+ q_a* R_bl* R_ct* R_df* R_ek 
+ q_c* R_al* R_bt* R_df* R_ek 
+ q_a* R_bl* R_ct* R_dk* R_ef 
+ q_c* R_al* R_bt* R_dk* R_ef 
+ q_e* R_al* R_bf* R_ck* R_dt 
+ q_e* R_al* R_bt* R_cf* R_dk 
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+ 


q_c* 


q_d* 


R. 


.al* 


R_ 


.bt* 


R. 


.ef 


b* q_e* 


R_al* 


R_cf * 


R. 


.dt 


+ 


q_c* 


q_e* 


R. 


.al* 


R. 


.bf * 


R. 


.dt 


b* q_e* 


R_af * 


R_ct* 


R. 


.dl 


+ 


q_c* 


q_e* 


R_ 


.af * 


R. 


.bt* 


R. 


.dl 


b* q_e* 


R_al* 


R_ct* 


R. 


.df 


+ 


q_c* 


q_e* 


R_ 


.al* 


R_ 


.bt* 


R. 


.df 


.d* q_e* 


R_af * 


R_bt* 


R. 


.cl 


+ 


q_d* 


q_e* 


R. 


.al* 


R. 


.bt* 


R. 


.cf 


+ Q_a* q_b* q. 


_c* q_e* 


R_dl* 


R_ft 
















+ q_a* q_c* q. 


_d* q_e* 


R_bl* 


R_ft 
















+ Q_a* q_b* q. 


_c* q_f* 


R_dl* 


R_et 
















+ Q_a* q_c* Q. 


_d* q_f* 


R_bl* 


R_et 
















+ q_a* q_b* q. 


_e* Q_f* 


R_cl* 


R_dt 
















+ Q_b* q_c* Q. 


_e* q_: 


f* 


R_al* 


R_dt 
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+ 


Q_a* 


Q_ 


d* 


q_e* q_ 


f* R_bl* 


R_ct + q 


_b* 


Q_ 


d* 


q_e* 1 


3_f* R_al* 


R_ct 










+ 


Q_c* 


Q_ 


.d* 


q_e* q_ 


f* R_al* 


R_bt)* p_ 


1* 


P-t 


+ 


(q_a* 


R_bc* R 


_de* R_fl 










+ 


Q_b* 


R_ 


.ac* 


R_de* 


R_fl 


+ Q 


_c* R_ab* 


R_ 


de* 


R_ 


fl + 


q_a* 


R_ 


bd* 


R. 


_ce* R_fl 










+ 


CLb* 


R_ 


.ad* 


R_ce* 


R_fl 


+ Q 


_d* R_ab* 


R_ 


ce* 


R_ 


.fl + 


q_a* 


R_ 


be* 


R. 


_cd* R_fl 










+ 


Q_b* 


R_ 


.ae* 


R_cd* 


R_fl 


+ Q 


_e* R_ab* 


R_ 


cd* 


R_ 


.fl + 


q_c* 


R_ 


ad* 


R. 


_be* R_fl 










+ 


Q_d* 


R_ 


.ac* 


R_be* 


R_fl 


+ Q 


_c* R_ae* 


R_ 


bd* 


R_ 


.fl + 


q_e* 


R_ 


ac* 


R. 


_bd* R_fl 










+ 


Q_d* 


R_ 


.ae* 


R_bc* 


R_fl 


+ Q 


_e* R_ad* 


R_ 


be* 


R_ 


fl + 


q_f* 


R_ 


ab* 


R. 


_cd* R_el 










+ 


Q_f* 


R_ 


.ac* 


R_bd* 


R_el 


+ Q 


_f* R_ad* 


R_ 


be* 


R_ 


el + 


q_f* 


R_ 


ab* 


R. 


_ce* R_dl 










+ 


q.f* 


R_ 


.ac* 


R_be* 


R_dl 


+ Q 


_f* R_ae* 


R_ 


be* 


R_ 


dl + 


Q.f* 


R_ 


ab* 


R. 


_cl* R_de 










+ 


Q_f* 


R_ 


al* 


R_bc* 


R_de 


+ Q 


_f* R_ad* 


R_ 


be* 


R_ 


cl + 


q_f* 


R_ 


ac* 


R. 


_bl* R_de 










+ 


Q_f* 


R_ 


.ae* 


R_bd* 


R_cl 


+ q_f* R_ad* 


R_ 


bl* 


R_ 


.ce + 


q_f* 


R_ 


al* 


R_bd* R_ce 










+ 


Q_f* 


R_ 


.ae* 


R_bl* 


R_cd 


+ q 


_f* R_al* 


R_ 


be* 


R_ 


.cd + 


q_a* 


R_ 


be* 


R. 


_df* R_el 










+ 


Q-b* 


R_ 


.ac* 


R_df* 


R_el 


+ q 


_c* R_ab* 


R_ 


df * 


R_ 


el + 


q_a* 


R_ 


bd* 


R. 


_cf* R_el 










+ 


Q_b* 


R_ 


.ad* 


R_cf * 


R_el 


+ q 


_d* R_ab* 


R_ 


cf * 


R_ 


el + 


q_a* 


R_ 


bf* 


R. 


_cd* R_el 










+ 


Q_b* 


R_ 


.af * 


R_cd* 


R_el 


+ q 


_c* R_ad* 


R_ 


bf * 


R_ 


el + 


q_d* 


R_ 


ac* 


R. 


_bf* R_el 










+ 


Q_c* 


R_ 


.af * 


R_bd* 


R_el 


+ q 


_d* R_af* 


R_ 


be* 


R_ 


el + 


q_a* 


R_ 


be* 


R. 


_dl* R_ef 










+ 


Q_b* 


R_ 


.ac* 


R_dl* 


R_ef 


+ q 


_c* R_ab* 


R_ 


dl* 


R_ 


ef + 


q_a* 


R_ 


bd* 


R. 


_cl* R_ef 










+ 


q_b* 


R_ 


.ad* 


R_cl* 


R_ef 


+ q 


_d* R_ab* 


R_ 


cl* 


R_ 


ef + 


q_a* 


R_ 


bl* 


R. 


_cd* R_ef 










+ 


q_b* 


R_ 


.al* 


R_cd* 


R_ef 


+ q 


_c* R_ad* 


R_ 


bl* 


R_ 


ef + 


q_d* 


R_ 


ac* 


R. 


_bl* R_ef 










+ 


q_c* 


R_ 


.al* 


R_bd* 


R_ef 


+ q 


_d* R_al* 


R_ 


be* 


R_ 


ef + 


q_a* 


R_ 


be* 


R. 


_cf* R_dl 










+ 


q_b* 


R_ 


.ae* 


R_cf * 


R_dl 


+ q 


_e* R_ab* 


R_ 


cf * 


R_ 


dl + 


q_a* 


R_ 


bf* 


R. 


_ce* R_dl 










+ 


q_b* 


R_ 


.af * 


R_ce* 


R_dl 


+ q 


_c* R_ae* 


R_ 


bf * 


R_ 


dl + 


q_e* 


R_ 


ac* 


R. 


_bf* R_dl 










+ 


q_c* 


R_ 


.af * 


R_be* 


R_dl 


+ q 


_e* R_af* 


R_ 


be* 


R_ 


dl + 


q_a* 


R_ 


be* 


R. 


_cl* R_df 










+ 


q_b* 


R_ 


.ae* 


R_cl* 


R_df 


+ Q 


_e* R_ab* 


R_ 


cl* 


R_ 


df + 


q_a* 


R_ 


bl* 


R. 


_ce* R_df 










+ 


QJ>* 


R_ 


al* 


R_ce* 


R_df 


+ q 


_c* R_ae* 


R_ 


bl* 


R_ 


df + 


q_e* 


R_ 


ac* 


R. 


_bl* R_df 










+ 


q_c* 


R_ 


al* 


R_be* 


R_df 


+ q 


_e* R_al* 


R_ 


be* 


R_ 


df + 


q_a* 


R_ 


bf* 


R. 


_cl* R_de 










+ 


q_b* 


R_ 


.af * 


R_cl* 


R_de 


+ q 


_a* R_bl* 


R_ 


cf * 


R_ 


de + 


q.b* 


R_ 


al* 


R. 


_cf* R_de 










+ 


q_c* 


R_ 


.af * 


R_bl* 


R_de 


+ q 


_c* R_al* 


R_ 


bf * 


R_ 


de + 


q_d* 


R_ 


ae* 


R. 


_bf* R_cl 










+ 


q_e* 


R_ 


.ad* 


R.bf* 


R_cl 


+ Q 


_d* R_af* 


R_ 


be* 


R_ 


cl + 


q_e* 


R_ 


af * 


R. 


_bd* R_cl 










+ 


q_d* 


R_ 


.ae* 


R_bl* 


R_cf 


+ Q 


_e* R_ad* 


R_ 


bl* 


R_ 


cf + 


q_d* 


R_ 


al* 


R. 


_be* R_cf 










+ 


q_e* 


R_ 


al* 


R_bd* 


R_cf 


+ Q 


_d* R_af* 


R_ 


bl* 


R_ 


.ce + 


q_d* 


R_ 


al* 


R. 


_bf* R_ce 










+ 


q_e* 


R_ 


.af * 


R.bl* 


R_cd 


+ Q 


_e* R_al* 


R_ 


bf * 


R_ 


.cd + 


q_a* 


Q_ 


b* 


q_c* R_de* R_ 


.fl 






+ 


q_a* 


Q_ 


b* 


q_d* R_ 


.ce* R_ 


fl 


+ Q_a* q 


_b* 


Q_ 


e* 


R_cd* 


R_fl 


+ 


Q_ 


a* 


q_c* q_d* 


R_ 


be* 


R_ 


fl 


+ 


q_a* 


Q_ 


.c* 


q_e* R_ 


bd* R_ 


fl 


+ Q_a* q 


_d* 


Q_ 


f* 


R_bc* 


R_el 


+ 


Q_ 


b* 


q_c* q_f* 


R_ 


ad* 


R_ 


el 


+ 


q_b* 


Q_ 


.d* 


q_f* R_ 


.ac* R_ 


el 


+ q_c* q 


_d* 


Q_ 


f* 


R_ab* 


R_el 


+ 


Q_ 


a* 


q_b* q_f* 


R_ 


ce* 


R_ 


dl 


+ 


q_a* 


Q_ 


.c* 


q_f* R_ 


be* R_ 


dl 


+ q_a* q 


_e* 


Q_ 


f * 


R_bc* 


R_dl 


+ 


Q_ 


b* 


q_c* q_f* 


R_ 


ae* 


R_ 


dl 


+ 


q_b* 


Q_ 


.e* 


q_f* R_ 


.ac* R_ 


dl 


+ q_c* q 


_e* 


Q_ 


f * 


R_ab* 


R_dl 


+ 


Q_ 


a* 


q_b* q_f* 


R_ 


cl* 


R_ 


de 


+ 


q_a* 


Q_ 


.c* 


q_f* R_ 


.bl* R_ 


de 


+ q_b* q 


_c* 


Q_ 


f * 


R_al* 


R_de 


+ 


Q_ 


a* 


q_d* q_f* 


R_ 


be* 


R_ 


.cl 


+ 


q_a* 


Q_ 


.e* 


q_f* R_ 


bd* R_ 


cl 


+ q_b* q 


_d* 


Q_ 


f* 


R_ae* 


R_cl 


+ 


Q_ 


b* 


q_e* q_f* 


R_ 


ad* 


R_ 


.cl 


+ 


q_d* 


Q. 


.e* 


q_f* r_ 


.ab* R_ 


cl 


+ q_a* q 


_d* 


Q_ 


f* 


R_bl* 


R_ce 


+ 


Q_ 


b* 


q_d* q_f* 


R_ 


al* 


R_ 


.ce 


+ 


q_a* 


Q. 


.e* 


q_f* R_ 


bl* R_ 


cd 


+ Q_a* q_b* 


Q_ 


c* 


R_df* 


R_el 


+ 


Q_ 


a* 


q_b* q_d* 


R_ 


cf * 


R_ 


el 


+ 


q_b* 


Q_ 


.c* 


q_d* R_ 


af* R_ 


el 


+ q_a* q 


_b* 


Q_ 


c* 


R_dl* 


R_ef 


+ 


Q_ 


a* 


q_c* q_d* 


R_ 


bf * 


R_ 


el 


+ 


q_a* 


Q. 


b* 


q_d* R_ 


.cl* R_ 


ef 


+ Q_a* q 


_b* 


Q_ 


e* 


R.cl* 


R_df 


+ 


Q_ 


b* 


q_c* q_e* 


R_ 


af * 


R_ 


dl 


+ 


q_a* 


Q_ 


.c* 


q_e* R_ 


bf* R_ 


dl 


+ q_a* q 


_b* 


Q_ 


e* 


R_cf* 


R_dl 


+ 


Q_ 


b* 


q_c* q_d* 


R_ 


al* 


R_ 


ef 


+ 


q_a* 


Q_ 


.c* 


q_d* r_ 


bl* R_ 


ef 


+ q_b* q 


_d* 


Q_ 


e* 


R_al* 


R_cf 


+ 


Q_ 


a* 


q_c* q.e* 


R_ 


bl* 


R_ 


df 


+ 


q_b* 


Q_ 


c* 


q_e* R_ 


.al* R_ 


df 


+ Q_a* q 


_d* 


Q_ 


e* 


R_bf* 


R_cl 


+ 


Q_ 


b* 


q_d* q_e* 


R_ 


af * 


R_ 


.cl 


+ 


q_a* 


Q_ 


d* 


q_e* R_ 


bl* R_ 


cf 


+ q_c* q 


_d* 


Q_ 


e* 


R_af * 


R_bl 


+ 


Q. 


c* 


q_d* q_e* 


R_ 


al* 


R_ 


bf 


+ 


q.b* 


Q_ 


e* 


q_f* R_ 


.al* R_ 


cd 


+ q_c* q 


_d* 


Q_ 


f* 


R_ae* 


R_bl 


+ 


Q_ 


c* 


q_e* q.f* 


R_ 


ad* 


R_ 


bl 


+ 


q_d* 


Q_ 


e* 


q_f* R_ 


.ac* R_ 


bl 


+ q_c* q 


_d* 


Q_ 


f* 


R_al* 


R_be 


+ 


Q_ 


c* 


q_e* q_f* 


R_ 


al* 


R_ 


bd 


+ 


q_d* 


Q_ 


e* 


q_f* R_ 


.al* R_ 


be 


+ Q_a* q 


_d* 


Q_ 


e* 


R_bc* 


R_fl 


+ 


q_b* 


q_c* q_d* 


R_ 


ae* 


R_ 


.fl 


+ 


q_b* 


Q_ 


.c* 


q_e* R_ 


.ad* R_ 


fl 


+ q_b* q 


_d* 


Q_ 


e* 


R_ac* 


R_fl 


+ 


Q_ 


c* 


q_d* q_e* 


R_ 


ab* 


R_ 


.fl 


+ 


q_a* 


Q_ 


b* 


q_f* R_ 


_cd* R_ 


el 


+ Q_a* q 


_c* 


Q_ 


f* 


R_bd* 


R_el 


+ 


Q. 


a* 


q_b* Q_c* 


Q_ 


d* C 


)_e* R. 


+ 


q_a* 


Q_ 


b* 


q_c* q_ 


.d* q_f* R 


_el + q_ 


a* 


q_b* q_c* q. 


_e* q. 


_f* 


R_ 


dl 












+ 


q_a* 


Q_ 


b* 


q_d* q_ 


e* q_f* R 


_ci + q_ 


a* 


q_c* q_d* q. 


.e* q. 


_f* 


R_ 


bl 












+ 


q_b* 


Q_ 


.c* 


q_d* q_ 


,e* q_f* R 


_al)* p_l 


+ 


R_ae* 


R_bf* 


R_cd 


+ 


R_ad* 


R_bf* R_ce 








+ R_af* 


R_ 


.bd* 


R_ce + R_af* 


: R_' 


be* R_cd 


+ R 


_ab* R_cd* R_ef + R 


,_ac* R_bd* R_ef 










+ R_ad* 


R_ 


be* 


R_ef + R_ab* 


: R_ 


ce* R_df 


+ R 


,_ac* R_be* R_df • 


<- R 


,_ae* R_bc* R_df 










+ R_ab* 


R_ 


.cf * 


R_de + R_ac* 


: R_' 


bf* R_de 


+ R 


,_af* R_bc* R_de • 


<- R 


_ad* R_be* R_cf 










+ R_ae* 


R_ 


bd* 


R_cf + Q_a* 


q_e* R_bd* R. 


_cf 


+ 


Q_b* q_d* R_ae* 


R_cf + q_b* q_e* R_ad* R_cf 
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+ Q_d* Q_e* R_ab* R_cf + Q_a* Q_b* R_cd* R_ef + Q_a* Q_c* R_bd* R_ef 

+ Q_a* Q_d* R_bc* R_ef + Q_b* Q_c* R_ad* R_ef + Q_b* Q_d* R_ac* R_ef 

+ Q_c* Q_d* R_ab* R_ef + Q_a* Q_b* R_ce* R_df + Q_a* Q_c* R_be* R_df 

+ Q_a* Q_e* R_bc* R_df + Q_b* Q_c* R_ae* R_df + Q_b* Q_e* R_ac* R_df 

+ Q_c* Q_e* R_ab* R_df + Q_a* Q_b* R_cf* R_de + Q_a* Q_c* R_bf* R_de 

+ Q_a* Q_f* R_bc* R_de + Q_b* q_c* R_af* R_de + q_b* q_f* R_ac* R_de 

+ q_c* q_f* R_ab* R_de + Q_a* q_d* R_be* R_cf + q_a* Q_d* R_bf* R_ce 

+ q_a* q_f* R_bd* R_ce + Q_b* q_d* R_af* R_ce + q_b* q_f* R_ad* R_ce 

+ q_d* q_f* R_ab* R_ce + Q_a* q_e* R_bf* R_cd + q_a* q_f* R_be* R_cd 

+ q_b* q_e* R_af* R_cd + Q_b* q_f* R_ae* R_cd + q_e* q_f* R_ab* R_cd 

+ q_c* q_d* R_ae* R_bf + Q_c* q_e* R_ad* R_bf + q_d* Q_e* R_ac* R_bf 

+ q_c* q_d* R_af* R_be + Q_c* q_f* R_ad* R_be + q_d* q_f* R_ac* R_be 

+ q_c* q_e* R_af* R_bd + Q_c* q_f* R_ae* R_bd + q_e* q_f* R_ac* R_bd 

+ q_d* q_e* R_af* R_bc + Q_d* q_f* R_ae* R_bc + q_e* q_f* R_ad* R_bc 

+ q_a* q_b* Q_c* Q_d* R_ef + Q_a* Q_b* q_c* q_e* R_df + q_a* q_b* q_c* Q_f* R_de 

+ q_a* q_b* Q_d* Q_e* R_cf + Q_a* Q_b* q_d* q_f* R_ce + q_a* q_b* q_e* Q_f* R_cd 

+ q_a* q_c* Q_d* Q_e* R_bf + Q_a* Q_c* q_d* q_f* R_be + q_a* q_c* q_e* Q_f* R_bd 

+ q_a* q_d* Q_e* Q_f* R_bc + Q_b* Q_c* q_d* q_e* R_af + q_b* q_c* q_d* Q_f* R_ae 

+ q_b* q_c* Q_e* Q_f* R_ad + Q_b* Q_d* Q_e* Q_f* R_ac + q_c* q_d* q_e* Q_f* R_ab 

+ Q_a* q_b* Q_c* q_d* q_e* q_f; /*Gabcdef $$$$$$$$$$$$$$$$Gabcdef $$$$$$$$$$$$$$$$Gabcdef */ 
/*EOF*/ 
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Appendix B 



Maxima Code of Partial 
Derivatives of Gq{p) 

B.l System of Index Replacements 

In this chapter, we temporarily make the following replacements in the indices to 
facilitate us in implementing our algorithm with a Maxima 1 symbolic software. 

{fie, u £ , p e , a t , at e , fy} — > {az, bz, cz, dz, ez, f z} 
{\ e , n, m, r) e , g e } -> {lz, tz, kz, hz, xz, gz} 

and 

— > sz. 

In the following illustration, we depict how the ensuing integrations (with respect 
to the matrix potential X and momentum p integrations found in (j3.13|) and proper- 
time s integration found in (|3.4|) will be compressed as we formulate instructions for 

Maxima to be implemented in a Linux enviroment. 
1 This is formerly called Macsyma. 
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We identify the following partial momentum-space differentiations expressed in 
Maxima environment: 



_ dG (p) r°° 
Ga = — = / dsi-R^xPxje 



-Q_a - R_al * pJ; (B.l] 



where 



e = -xs + -trYV - • (-2s + ~y V ) • /, < b.2 ) 



_ dG (p) [™ 

Gb = — = / ds(-R UT p T )e 

OVv Jo 



dp p 

= -R_bt*p_t;. (B.3) 

Differentiating (|B.1J) with respect to 

&^Gq{p) f°° 
Gab=— — - — = / ds(-Rfj, v + R^ T R v xp T P\)e~ e 

Op^iOPv JO 

=-R_ab + pj * p_t * R_al * R_bt; (B.4) 

For convenience, pJ * p_t were compressed further into p * p. Its indices were 
easily rebooked by looking at the sub indices (1 and 1) of R_al * R_bt. 

B.2 Maxima Instruction for Go/^p... 

We present below the equivalent expressions of (pPE]l - (pPSjl . and in Max- 

ima environment. The integration 

oo 

e 



G Q {p) = ds e 
Jo 
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with respect to the proper-time variable s is suppressed in the transcription. 



/*first order partial momentum-space derivative of G_0(p)*/ 

Gb:+R_bl*p+t)_b; 

Ga:+R_al*p+Q_a; 

/*second order partial momentum-space derivative of G_0(p)*/ 
Gbc:p* p* R_bl* R_ct + p* (Q_b* R_cl + Q_c* R_bl) + R_bc + Q_b* Q_c; 
Gab:p* p* R_al* R_bt + p* (Q_a* R_bl + Q_b* R_al) + R_ab + Q_a* Q_b; 
/*third order partial momentum-space derivative of G_0(p)*/ 
Gbcd: + R_bl* R_ct* R_dk* p* p* p 
+ (+ Q_d* R_bl* R_ct + Q_b* R_cl* R_dt + Q_c* R_bl* R_dt)* p* p 
+ (R_bc* R_dl + Q_b* Q_c* R_dl + Q_b* Q_d* R_cl + Q_c* Q_d* R_bl 

+R_bd* R_cl + R_bl* R_cd)* p 
+ Q_d* R_bc + Q_b* R_cd + Q_c* R_bd + Q_b* Q_c* Q_d; 
Gabc: + R_al* R_bt* R_ck* p* p* p 
+ (+ Q_c* R_al* R_bt + Q_a* R_bl* R_ct + Q_b* R_al* R_ct)* p* p 
+ (R_ab* R_cl 

+ Q_a* Q_b* R_cl + Q_a* Q_c* R_bl + Q_b* Q_c* R_al 
+R_ac* R_bl + R_al* R_bc)* p 
+ Q_c* R_ab + Q_a* R_bc + Q_b* R_ac + Q_a* Q_b* Q_c; 
/*fourth order partial momentum-space derivative of G_0(p)*/ 
Gabcd: + R_al* R_bt* R_ck* R_dh* p* p* p* p 
+ (Q_a* R_bl* R_ct* R_dk + Q_b* R_al* R_ct* R_dk 

+ Q_c* R_al* R_bt* R_dk + Q_d* R_al* R_bt* R_ck)* p* p* p 
+ (+ R_ab* R_cl* R_dt + R_ac* R_bl* R_dt 
+ R_al* R_bc* R_dt + R_al* R_bd* R_ct 
+ R_ad* R_bt* R_cl + R_al* R_bt* R_cd 
+ Q_a* Q_c* R_bl* R_dt + Q_a* Q_b* R_cl* R_dt 
+ Q_b* Q_c* R_al* R_dt + Q_a* Q_d* R_bl* R_ct 
+ Q_b* Q_d* R_al* R_ct + Q_c* Q_d* R_al* R_bt)* p* p 
+ (+ Q_a* R_bc* R_dl + Q_b* R_ac* R_dl + Q_c* R_ab* R_dl 
+ Q_d* R_al* R_bc + Q_d* R_ab* R_cl + Q_d* R_ac* R_bl 
+ Q_a* R_bd* R_cl + Q_b* R_ad* R_cl + Q_a* R_bl* R_cd 
+ Q_b* R_al* R_cd + Q_c* R_ad* R_bl + Q_c* R_al* R_bd 
+ Q_a* Q_b* Q_c* R_dl + Q_a* q_b* q_d* R_cl + Q_a* q_c* q_d* R_bl 
+ q_b* q_c* q_d* R_al)* p 
+ R_ab* R_cd + R_ac* R_bd + R_ad* R_bc + q_a* q_b* R_cd 
+ q_a* q_c* R_bd + q_a* q_d* R_bc + q_b* q_c* R_ad + q_b* q_d* R_ac 
+ q_c* q_d* R_ab + q_a* q_b* q_c* q_d; 
/*fifth order partial momentum-space derivative of G_0(p)*/ 
Gabcde: + R_al* R_bt* R_ck* R_dh* R_ex* p* p* p* p* p 
+ (+ q_a* R_bl* R_ct* R_dk* R_eh + q_b* R_al* R_ct* R_dk* R_eh 
+ q_c* R_al* R_bt* R_dk* R_eh + q_d* R_al* R_bt* R_ck* R_eh 
+ q_e* R_al* R_bt* R_ck* R_dh)* p* p* p* p 
+ (R_ab* R_cl* R_dt* R_ek + R_ac* R_bl* R_dt* R_ek 
+ R_al* R_bc* R_dt* R_ek + R_al* R_bd* R_ct* R_ek 
+ R_ad* R_bt* R_cl* R_ek + R_al* R_bt* R_cd* R_ek 
+ R_al* R_be* R_ck* R_dt + R_ae* R_bt* R_ck* R_dl 
+ R_al* R_bt* R_ce* R_dk + R_al* R_bt* R_ck* R_de 
+ q_a* q_b* R_cl* R_dt* R_ek + q_a* q_c* R_bl* R_dt* R_ek 
+ q_b* q_c* R_al* R_dt* R_ek + q_a* q_d* R_bl* R_ct* R_ek 
+ q_b* q_d* R_al* R_ct* R_ek + q_c* q_d* R_al* R_bt* R_ek 
+ q_a* q_e* R_bl* R_ct* R_dk + q_b* q_e* R_al* R_ct* R_dk 
+ q_c* q_e* R_al* R_bt* R_dk + q_d* q_e* R_al* R_bt* R_ck)* p* p* p 
+ ( q_a* R_bc* R_dl* R_et + q_b* R_ac* R_dl* R_et 
+ q_c* R_ab* R_dl* R_et + q_a* R_bd* R_cl* R_et 
+ q_b* R_ad* R_cl* R_et + q_d* R_ab* R_cl* R_et 
+ q_a* R_bl* R_cd* R_et + q_b* R_al* R_cd* R_et 
+ q_c* R_ad* R_bl* R_et + q_d* R_ac* R_bl* R_et 
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+ q_a* q_d* R_be* R_cl + q_a* q_c* R_bl* R_de + q_a* q_b* R_cl* R_de 
+ q_a* q_b* R_ce* R_dl + q_a* q_c* R_be* R_dl + q_b* q_c* R_ae* R_dl 
+ q_b* q_c* R_al* R_de + q_b* q_d* R_ae* R_cl + q_a* q_d* R_bl* R_ce 
+ q_b* q_d* R_al* R_ce + q_c* q_d* R_ae* R_bl + q_c* q_d* R_al* R_be 
+ q_a* q_b* q_c* q_d* R_el + q_a* q_b* q_c* q_e* R_dl + q_a* Q_b* q_d* q_e* R_cl 
+ q_a* q_c* q_d* q_e* R_bl + q_b* q_c* q_d* q_e* R_al)* p + q_a* R_bc* R_de 
+ q_b* R_ac* R_de + q_c* R_ab* R_de + q_a* R_bd* R_ce + q_b* R_ad* R_ce 
+ q_d* R_ab* R_ce + q_a* R_be* R_cd + q_b* R_ae* R_cd + q_e* R_ab* R_cd 
+ q_c* R_ad* R_be + q_d* R_ac* R_be + q_c* R_ae* R_bd + q_e* R_ac* R_bd 
+ q_d* R_ae* R_bc + q_e* R_ad* R_bc + q_a* q_b* q_c* R_de + q_a* q_b* q_d* R_ce 
+ q_a* q_b* q_e* R_cd + q_a* q_c* q_d* R_be + Q_a* q_c* q_e* R_bd + q_a* q_d* q_e* R_bc 
+ q_b* q_c* q_d* R_ae + q_b* q_c* q_e* R_ad + q_b* q_d* q_e* R_ac + q_c* q_d* q_e* R_ab 
+ q_a* q_b* q_c* q_d* q_e; 
/*sixth order partial momentum-space derivative of G_0(p)*/ 
Gabcdef : + R_al* R_bt* R_ck* R_dh* R_ex* R_f g* p* p* p* p* p* p 
+ (q_a* R_bl* R_ct* R_dk* R_eh* R_fx + q_b* R_al* R_ct* R_dk* R_eh* R_fx 
+ q_c* R_al* R_bt* R_dk* R_eh* R_fx + q_d* R_al* R_bt* R_ck* R_eh* R_fx 

+ q_e* R_al* R_bt* R_ck* R_dh* R_fx + q_f* R_al* R_bt* R_ck* R_dh* R_ex)* p* p* p* p* p 
+ (+ q_a* q_b* R_cl* R_dt* R_ek* R_fh + q_a* q_c* R_bl* R_dt* R_ek* R_fh 
+ q_b* q_c* R_al* R_dt* R_ek* R_fh + q_a* q_d* R_bl* R_ct* R_ek* R_fh 
+ q_b* q_d* R_al* R_ct* R_ek* R_fh + q_c* q_d* R_al* R_bt* R_ek* R_fh 
+ q_a* q_e* R_bl* R_ct* R_dk* R_fh + q_b* q_e* R_al* R_ct* R_dk* R_fh 
+ q_c* q_e* R_al* R_bt* R_dk* R_fh + q_d* q_e* R_al* R_bt* R_ck* R_fh 
+ q_a* q_f* R_bl* R_ct* R_dk* R_eh + q_b* q_f* R_al* R_ct* R_dk* R_eh 
+ q_c* q_f* R_al* R_bt* R_dk* R_eh + q_d* q_f* R_al* R_bt* R_ck* R_eh 
+ q_e* q_f* R_al* R_bt* R_ck* R_dh + R_ab* R_cl* R_dt* R_ek* R_fh 
+ R_ac* R_bl* R_dt* R_ek* R_fh + R_al* R_bc* R_dt* R_ek* R_fh 
+ R_al* R_bd* R_ct* R_ek* R_fh + R_ad* R_bt* R_cl* R_ek* R_fh 
+ R_al* R_bt* R_cd* R_ek* R_fh + R_al* R_be* R_ck* R_dt* R_fh 
+ R_ae* R_bt* R_ck* R_dl* R_fh + R_al* R_bt* R_ce* R_dk* R_fh 
+ R_al* R_bt* R_ck* R_de* R_fh + R_al* R_bf* R_ck* R_dh* R_et 
+ R_af* R_bt* R_ck* R_dh* R_el + R_al* R_bt* R_cf* R_dk* R_eh 
+ R_al* R_bt* R_ck* R_df* R_eh + R_al* R_bt* R_ck* R_dh* R_ef)* p* p* p* p 
+ (+ q_a* q_b* q_c* R_dl* R_et* R_fk + q_a* q_b* q_d* R_cl* R_et* R_fk 
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R_ 


ae* 


R_ 


.bf * 


R_ 


dl 


+ 


q_e* 


R_ac* 


R_bf* 


R_dl 


+ q 


_c* 


R_af * 


R_ 


be* 


R_ 


dl + 


q_e* 


R_ 


af * 


R_ 


.be* 


R_ 


dl 


+ 


q.a* 


R_be* 


R_cl* 


R_df 


+ q 


_b* 


R_ae* 


R_ 


cl* 


R_ 


df + 


q_e* 


R_ 


ab* 


R. 


.cl* 


R_ 


df 


+ 


Q.a* 


R_bl* 


R_ce* 


R_df 


+ Q 


_b* 


R_al* 


R_ 


ce* 


R_ 


df + 


q_c* 


R_ 


ae* 


R_ 


bl* 


R_ 


df 


+ 


q_e* 


R_ac* 


R.bl* 


R_df 


+ Q 


_c* 


R_al* 


R_ 


be* 


R_ 


df + 


q_e* 


R_ 


al* 


R. 


.be* 


R_ 


df 


+ 


q_a* 


R_bf* 


R_cl* 


R_de 


+ Q 


_b* 


R_af * 


R_ 


cl* 


R_ 


de + 


q_a* 


R_ 


bl* 


R_ 


.cf * 


R_ 


de 


+ 


q_b* 


R_al* 


R_cf * 


R_de 


+ Q 


_c* 


R_af * 


R_ 


bl* 


R_ 


de + 


q_c* 


R_ 


al* 


R_ 


bf* 


R_ 


de 


+ 


q_d* 


R_ae* 


R_bf * 


R_cl 


+ q 


_e* 


R_ad* 


R_ 


bf * 


R_ 


cl + 


q_d* 


R_ 


af * 


R_ 


.be* 


R_ 


cl 


+ 


q_e* 


R_af * 


R_bd* 


R_cl 


+ Q 


_d* 


R_ae* 


R_ 


bl* 


R_ 


cf + 


q_e* 


R_ 


ad* 


R. 


bl* 


R_ 


.cf 


+ 


q_d* 


R_al* 


R_be* 


R_cf 


+ Q 


_e* 


R_al* 


R_ 


bd* 


R_ 


.cf + 


q_d* 


R_ 


af * 


R. 


bl* 


R_ 


ce 


+ 


q_d* 


R_al* 


R_bf * 


R_ce 


+ Q 


_e* 


R_af * 


R_ 


bl* 


R_ 


.cd + 


q_e* 


R_ 


al* 


R. 


bf* 


R_ 


.cd 


+ 


q_a* 


Q_b* 


q_c* 


R_ 


.de* 


R_fl 


+ 


q_a* 


Q 


_b* 


Q_ 


d* 


R_ce* 


R_fl 














+ 


q_a* 


Q_b* 


q_e* 


R_ 


.cd* 


R_fl 


+ 


q_a* 


Q 


_c* 


Q_ 


d* 


R_be* 


R_fl 














+ 


q_a* 


Q_c* 


q_e* 


R_ 


.bd* 


R_fl 


+ 


q_a* 


Q 


_d* 


Q_ 


f* 


R_bc* 


R_el 














+ 


q_b* 


Q_c* 


q_f * 


R_ 


.ad* 


R_el 


+ 


q_b* 


Q 


_d* 


Q_ 


f* 


R_ac* 


R_el 














+ 


q_c* 


q_d* 


q_f * 


R_ 


.ab* 


R_el 


+ 


q_a* 


Q 


_b* 


Q_ 


f* 


R_ce* 


R_dl 














+ 


Q.a* 


q_c* 


q_f * 


R_ 


be* 


R_dl 


+ 


q_a* 


Q 


_e* 


Q_ 


f* 


R_bc* 


R_dl 














+ 


q_b* 


q_c* 


q_f * 


R_ 


.ae* 


R_dl 


+ 


q_b* 


Q 


_e* 


Q_ 


f* 


R_ac* 


R_dl 














+ 


q_c* 


Q_e* 


q_f * 


R_ 


.ab* 


R_dl 


+ 


q_a* 


Q 


_b* 


Q_ 


f* 


R_cl* 


R_de 














+ 


q.a* 


q_c* 


q_f * 


R_ 


.bl* 


R_de 


+ 


q_b* 


Q 


_c* 


Q_ 


f* 


R_al* 


R_de 














+ 


q_a* 


q_d* 


q_f * 


R_ 


be* 


R_cl 


+ 


q_a* 


Q 


_e* 


Q_ 


f* 


R_bd* 


R_cl 














+ 


q_b* 


q_d* 


q_f * 


R_ 


.ae* 


R_cl 


+ 


q_b* 


Q 


_e* 


Q_ 


f* 


R_ad* 


R_cl 














+ 


q_d* 


q_e* 


q_f * 


R_ 


.ab* 


R_cl 


+ 


q_a* 


Q 


_d* 


Q_ 


f* 


R_bl* 


R_ce 














+ 


q.b* 


q_d* 


q_f * 


R_ 


.al* 


R_ce 


+ 


Q_a* 


Q 


_e* 


Q_ 


f* 


R_bl* 


R_cd 














+ 


q_a* 


q_b* 


q_c* 


R_ 


df* 


R_el 


+ 


Q_a* 


Q 


_b* 


Q_ 


d* 


R_cf * 


R_el 














+ 


q_b* 


q_c* 


q_d* 


R_ 


.af * 


R_el 


+ 


q_a* 


Q 


_b* 


Q_ 


c* 


R_dl* 


R_ef 














+ 


q_a* 


q_c* 


q_d* 


R_ 


.bf* 


R_el 


+ 


q_a* 


Q 


_b* 


Q_ 


d* 


R_cl* 


R_ef 














+ 


q_a* 


Q_b* 


Q_e* 


R_ 


.cl* 


R_df 


+ 


q_b* 


Q 


_c* 


Q_ 


e* 


R_af * 


R_dl 














+ 


q_a* 


Q_c* 


q_e* 


R_ 


bf* 


R_dl 


+ 


q_a* 


Q 


_b* 


Q_ 


e* 


R_cf * 


R_dl 














+ 


q_b* 


q_c* 


q_d* 


R_ 


.al* 


R_ef 


+ 


q_a* 


Q 


_c* 


Q_ 


d* 


R_bl* 


R_ef 














+ 


q_b* 


q_d* 


q_e* 


R_ 


.al* 


R_cf 


+ 


q_a* 


Q 


_c* 


Q_ 


e* 


R_bl* 


R_df 














+ 


q_b* 


q_c* 


q_e* 


R_ 


.al* 


R_df 


+ 


q_a* 


Q 


_d* 


Q_ 


e* 


R_bf* 


R_cl 














+ 


q_b* 


q_d* 


q_e* 


R_ 


.af * 


R_cl 


+ 


Q_a* 


Q 


_d* 


Q_ 


e* 


R_bl* 


R_cf 














+ 


q_c* 


Q_d* 


q_e* 


R_ 


.af * 


R_bl 


+ 


q_c* 


Q 


_d* 


Q_ 


e* 


R_al* 


R_bf 














+ 


q_b* 


Q_e* 


q_f * 


R_ 


.al* 


R_cd 


+ 


q_c* 


Q 


_d* 


Q_ 


f* 


R_ae* 


R_bl 














+ 


q_c* 


q_e* 


q_f * 


R_ 


.ad* 


R_bl 


+ 


q_d* 


Q 


_e* 


Q_ 


f* 


R_ac* 


R_bl 














+ 


q_c* 


q_d* 


q_f * 


R_ 


.al* 


R_be 


+ 


q_c* 


Q 


_e* 


Q_ 


f* 


R_al* 


R_bd 














+ 


q.d* 


q_e* 


q_f * 


R_ 


.al* 


R_bc 


+ 


q_a* 


Q 


_d* 


Q_ 


e* 


R_bc* 


R_fl 














+ 


q_b* 


Q_c* 


q_d* 


R_ 


.ae* 


R_fl 


+ 


q_b* 


Q 


_c* 


Q_ 


e* 


R_ad* 


R_fl 














+ 


q.b* 


q_d* 


q_e* 


R_ 


.ac* 


R_fl 


+ 


q_c* 


Q 


_d* 


Q_ 


e* 


R_ab* 


R_fl 














+ 


q_a* 


q_b* 


q_f * 


R_ 


.cd* 


R_el 


+ 


q_a* 


Q 


_c* 


Q_ 


f* 


R_bd* 


R_el 














+ 


q_a* 


Q_b* 


Q_c* 


q_d* q 


_e* R 


_fl 


+ Q 


i_ 


a* 


q_b* C 


l-c* q. 


_d* q. 


_f* 


R_< 


el 








+ 


q_a* 


Q_b* 


q_c* 




e* Q 


_f* R 


_dl 


+ Q 


L 


a* 


Q_b* C 


I.d* q. 


_e* q. 


_f* 


R_ 


cl 








+ 


q_a* 


q_c* 


q_d* 


Q_ 


e* Q 


_f* R 


_bl 


+ q_b* 


q_c* q_d* q. 


_e* q. 


_f* 


R_al)* p 






+ R_ae* 


R_bf* 


R_cd + R_ad* R_ 


bf* 


R_ce 


+ R 


_af* R_bd* R_ce 














+ R_af* 


R_be* 


R.cd + R_ab* R_ 


cd* 


R_ef 




+ R 


_ac* R_bd* R_ef 














+ R_ad* 


R_bc* 


R_ei 


: + R_ab* R_ 


ce* 


R_df 




+ R 


_ac* R_be* R_df 














+ R_ae* 


R_bc* 


R_di 


: + R_ab* R_ 


cf * 


R_de 


+ R 


_ac* R_bf* R_de 














+ R_af* 


R_bc* 


R_de + R_ad* R_ 


be* 


R_cf 




+ R 


_ae* R_bd* R_cf 















+ q_a* Q_e* R_bd* R_cf + q_b* q_d* R_ae* R_cf + q_b* q_e* R_ad* R_cf 
+ q_d* Q_e* R_ab* R_cf + q_a* Q_b* R_cd* R_ef + q_a* q_c* R_bd* R_ef 
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+ 


Q. 


.a* 


Q_d* 


R_ 


.be* 


R_ef 


+ Q. 


_b* 


q_c* 


R_ad* 


R_ef 


+ 


q_b* 


Q 


_d* 


R_ 


.ac* 


R_ 


.ef 


+ 


Q. 


_c* 


Q_d* 


R_ 


.ab* 


R_ef 


+ Q. 


_a* 


q_b* 


R_ce 


;* 


R_df 


+ 


q_a* 


Q 


_c* 


R_ 


be* 


R_ 


df 


+ 


Q. 


_a* 


Q_e* 


R_ 


.be* 


R_df 


+ Q. 


_b* 


q_c* 


R_ae* 


R_df 


+ 


q_b* 


q 


_e* 


R_ 


ac* 


R_ 


df 


+ 


Q. 


_c* 


Q_e* 


R_ 


.ab* 


R_df 


+ Q. 


_a* 


q_b* 


R_cf* 


R_de 


+ 


q_a* 


q 


_c* 


R_ 


bf* 


R_ 


de 


+ 


Q. 


_a* 


Q_f * 


R_ 


.be* 


R_de 


+ Q. 


_b* 


q_c* 


R_af * 


R_de 


+ 


q.b* 


q 


_f* 


R_ 


.ac* 


R_ 


de 


+ 


Q. 


_c* 


Q_f * 


R_ 


.ab* 


R_de 


+ Q. 


_a* 


q_d* 


R_be* 


R_cf 


+ 


q_a* 


q 


_d* 


R_ 


bf* 


R_ 


ce 


+ 


Q. 


_a* 


Q_f * 


R_ 


.bd* 


R_ce 


+ Q. 


_b* 


q_d* 


R_af * 


R_ce 


+ 


q.b* 


q 


_f* 


R_ 


ad* 


R_ 


ce 


+ 


Q. 


_d* 


Q_f * 


R_ 


.ab* 


R_ce 


+ Q. 


_a* 


q_e* 


R_bf* 


R_cd 


+ 


q_a* 


q 


_f* 


R_ 


be* 


R_ 


.cd 


+ 


Q. 


_b* 


Q_e* 


R_ 


af * 


R_cd 


+ Q. 


_b* 


q_f * 


R_ae* 


R_cd 


+ 


q_e* 


q 


_f* 


R_ 


ab* 


R_ 


.cd 


+ 


Q. 


_c* 


q_d* 


R_ 


.ae* 


R_bf 


+ Q. 


_c* 


q_e* 


R_ad* 


R_bf 


+ 


q_d* 


q 


_e* 


R_ 


ac* 


R_ 


bf 


+ 


Q. 


_c* 


q_d* 


R_ 


.af * 


R_be 


+ Q. 


_c* 


q_f * 


R_ad* 


R_be 


+ 


q_d* 


q 


_f* 


R_ 


.ac* 


R_ 


be 


+ 


Q. 


_c* 


Q_e* 


R_ 


af* 


R_bd 


+ Q. 


_c* 


q_f * 


R_ae* 


R_bd 


+ 


q_e* 


q 


_f* 


R_ 


.ac* 


R_ 


bd 


+ 


Q. 


_d* 


Q_e* 


R_ 


.af * 


R_bc 


+ Q. 


_d* 


q_f * 


R_ae* 


R_bc 


+ 


q_e* 


q 


_f* 


R_ 


ad* 


R_ 


be 


+ 


Q. 


_a* 


q_b* 


Q_ 


c* 


q_d* 


R_ef 


+ 


q_a* 


q_b* 


Q. 


_c* q. 


_e* 


R_df 














+ 


Q. 


_a* 


q_b* 


Q_ 


c* 


q_f* 


R_de 


+ 


q_a* 


q_b* 


Q. 


_d* q. 


_e* 


R_cf 














+ 


Q. 


_a* 


q_b* 


Q. 


.d* 


q_f* 


R_ce 


+ 


q_a* 


q_b* 


q. 


_e* q. 


_f * 


R_cd 












+ 


Q. 


_a* 


q_c* 


Q_ 


A* 


q_e* 


R_bf 


+ 


q_a* 


q_c* 


Q. 


_d* q. 


_f * 


R_be 












+ 


Q. 


_a* 


q_c* 


Q_ 


e* 


q_f* 


R_bd 


+ 


q_a* 


q_d* 


Q. 


.e* q. 


_f * 


R_bc 












+ 


Q. 


_b* 


q_c* 


Q. 


.d* 


q_e* 


R_af 


+ 


q_b* 


q_c* 


Q. 


_d* q. 


_f * 


R_ae 












+ 


Q. 


_b* 


q_c* 


Q_ 


e* 


q_f* 


R_ad 


+ 


q_b* 


q_d* 


Q. 


.e* q. 


_f * 


R_ac 












+ 


Q. 


_c* 


q_d* 


Q_ 


e* 


q_f* 


R_ab 


+ 


q_a* 


q_b* 


Q. 


.c* q. 


_d* 


q_e* 




Q_f 











B.3 Mass- Dimensional Basis in Maxima code 

thr : +(2*i/3) *D_aY_la*pl*sl+(8*i/3) *D_kY_lt*p3*s2 ; 

for: 
+ s*D_aaX 

+ p2*s2*(- 2*D_ltX + D_taY_la + D_atY_la + D_aaY_lt + (3/2) * (D_atY_al - D_taY_la)) 
- 2*p4*s3*D_hkY_lt; 

fiv: 

+(2*i/3)*pl*s2* (D_laaX + D_alaX + D_aalX + 2*D_bY_ab*Y_al + 2*(D_lY_ab + D_bY_al) *Y_ab) 
-(4*i/3)*p3*s3* (D_ktlX + D_tY_al*Y_ak + D_kY_at*Y_al) ; 

six: 

+(l/2)*s2*Y_ab*(D_ccY_ab + D_cbY_ac + D_bcY_ac) 
+(4/9)*s2*(D.bY_ab*D_cY_ac + D_cY_ab*D_cY_ab + D_cY_ab*D_bY_ac) 
+ (4/3) * P 2*s3*D_aX* (D_tY_la+D_aY_lt ) +D_aX*D_bY_ab 

- p2*s3*((D_tlY_ab + D_tbY_al + D_blY_at) *Y_ab + (D_tbY_ab + D_btY_ab + D_bbY_at) *Y_al) 
-(8/9)*p2*s3*(2*(D_bY_ab*D_tY_al + D_bY_al*D_tY_ab) + D_lY_ab*D_tY_ab + D_bY_al*D_bY_at) 
+ 2*p4*s4*D_hkY_at*Y_al +(16/9)*p4*s4*D_tY_al*D_hY_ak; 

svn: 

+(2*i/3)*pl*s3*(D_bY_ab*(D_lcY_ac + D_clY_ac + D_ccY_al) 

+ D_cY_ab*(D_lcY_ab + D_clY_ab + D_lbY_ac + D_cbY_al + D_blY_ac + D_bcY_al) 

+ D_lY_ab*(D_ccY_ab + D_cbY_ac + D_bcY_ac) 

+ D_bY_al*(D_ccY_ab + D_cbY_ac + D_bcY_ac) 

- D_bY_ab*Y2_al + (2/3) *D_cY_ab*Y2_bc) 
+i*pl*s3*D_aX* (D_alX+D_laX) 

-(i/2)*pl*s3*D_aX*(D_bbY_la+D_abY_lb+D_baY_lb) 

+ (3*i/4) *pl*s3*D_aX* ( (D_lbY_ab+D_abY_lb) - (D_blY_ba+D_baY_bl) ) 

-(4*i/3)*p3*s4* 

(D_bY_ab*D_ktY_al + D_lY_ab*D_ktY_ab + D_bY_al* (D.ktY.ab + D_kbY_at + D_btY_ak) 
+ D_tY_ab*(D_kbY_al + D_blY_ak) + D_tY_al* (D_kbY_ab + D_bkY_ab + D_bbY_ak) ) 
-(8*i/9)*p3*s4*(D_bY_al*Y2_bt + D_tY_ab*Y2_bl) 
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+i*p3*s4*D_aX*(D_ktY_la+D_aX*D_kaY_lt+D_akY_lt) 
+ (8*i/3) *p5*s5*D_tY_al*D_xhY_ak ; 



eit : 

-(l/3)*s3*D_abX*Y2_ab 
+(l/4)*s3*Y2_ab*(D_cbY_ca - D_bcY_ac) 
+(l/8)*s3*(D_cbY_ab*(D_ddY_ac + D_dcY_ad + D_cdY_ad) 

+ D_bcY_ab*(D_ddY_ac + D_dcY_ad + D_cdY_ad) 

+ D_ccY_ab*(D_ddY_ab + D_dbY_ad + D_bdY_ad) 

+ D_dcY_ab*((D_dcY_ab + D_cdY_ab) 

+ (D_dbY_ac + D_bdY_ac) + (D_cbY_ad + D_bcY_ad))) 
+ ( 1/3) *s3*D_aX* (D_bbaX+D_abbX+D_babX) 

+ (1/3) *s3*D_aX* (2*D_cY_bc*Y_ba+2* (D_cY_ba+D_aY_bc) *Y_bc) 
+ (2/3) *p2*s4* (D_laX*Y2_at+D_atX*Y2_al) 

+(l/2)*p2*s4 *((D_baY_la - D_abY_al) *Y2_bt + (D_tbY_ab - D_btY_ba) *Y2_al) 
-(!/3)*p2*s4*((D_baY_la + D_abY_la + D_aaY_lb) *Y2_bt 





+ 


(D_baY_lt + D_btY_la + D_tbY_la) *Y2_ab) 


(l/4)*p2*s4* 






(+(D_alY_bt 


+ 


D_tlY_ba)*D_ccY_ba 


+(D_ccY_ba 


+ 


D_caY_bc)*D_taY_bl 


+(D_lcY_ba 


+ 


D_clY_ba)*D_taY_bc 


+(D_ctY_ba 


+ 


D_ctY_ba)*D_caY_bl 


+(D_lcY_ba 


+ 


D_caY_bl)*D_acY_bt 


+(D_alY_bc 


+ 


D_acY_bl)*D_ctY_ba 


+(D_tcY_bl 


+ 


D_ctY_bl)*D_aaY_bc 


+(D_caY_ba 


+ 


D_acY_ba + D_caY_ba) *D_tcY_bl 


+(D_ccY_ba 


+ 


D_caY_bc + D_acY_bc)*D_ltY_ba 


+(D_tcY_bc 


+ 


D_ctY_bc + D_ccY_bt)*D_aaY_bl 


+(D_caY_bl 


+ 


D_alY_bc + D_caY_bl)*D_tcY_ba 


+(D_taY_bc 


+ 


D_caY_bt + D_atY_bc)*D_caY_bl 


+(D_lcY_ba 


+ 


D_clY_ba)*(D_tcY_ba + D_ctY_ba) 


+(D_caY_ba 


+ 


D_acY_ba)*(D_tlY_bc + D_ctY_bl + D_clY_bt) 


+(D_laY_ba 


+ 


D_alY_ba)*(D_tcY_bc + D_ctY_bc + D_ccY_bt)) 



- (2/3) *p2*s4*D_aX* ( (D_tlaX+D_talX+D_atlX) +2*D_tY_bl*Y_ba 

+ (D_lY_ba+D_aY_bl) *Y_bt+ (D_tY_ba+D_aY_bt) *Y_bl) 
+(2/3)*p4*s5* 

(D_akY_lt*Y2_ah + D_haY_lt*Y2_ak + D_hkY_la*Y2_at) 
+(l/2)*p4*s5* 

((D_haY_bl + D_aeY_bh) *D_ktY_ba 
+ (D_haY_bt + D_f tY_ah) *D_kaY_bl 
+ (D_haY_bk + D_ahY_bk) *D_atY_bl 
+ (D_taY_bl + D_atY_bl + D_ltY_ba) *D_hkY_ba 
+ (D_laY_ba + D_alY_ba + D_aaY_bl) *D_hkY_bt 
+ (D_aaY_bh + D_ahY_ba + D_haY_ba) *D_ktY_bl) 
- p6*s6*D_ktY_al*D_gxY_ah; 

nin: 

- (2*1/9) *pl*s4*((D_abbX + D_babX + D_bbaX + 2*D_cY_bc*Y_ba 
+ (2*D_aY_bc + 2*D_cY_ba) *Y_bc) *Y2_al 
+ (D_balX + D_blaX + D_lbaX + (D_bY_cl + D_lY_cb) *Y_ca 
+ (D_aY_cl + D_lY_ca)*Y_cb + 2*D_bY_ca*Y_cl) *Y2_ab) 

- (2*1/3) *pl*s4*D_aX*D_bX*D_bY_la 

+ (1/2) *pl*s4*D_aX* ( (D_ccY_bl+D_clY_bc+D_lcY_bc) *Y_ba 

+ ( (D_laY_bc+D_alY_bc) + (D_lcY_ba+D_clY_ba) + (D_caY_bl+D_acY_bl) ) *Y_bc 

+(D_ccY_ba+D_caY_bc+D_acY_bc)*Y_bl) 

+(4*i/9) *pl*s4*D.aX* (2* (D_lY_ba+D_aY_bl) *D_cY_bc 

+2* (D_cY_ba+D_aY_bc) *D_cY_bl+2* (D_cY_ba+D_aY_bc) *D_lY_bc) 

+(4*i/9)*p3*s5*((D_atlX + D_tY_bl*Y_ba + D_aY_bt*Y_bl) *Y2_ak 
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+ (D_kalX + D_aY_bl*Y_bk + D_kY_ba*Y_bl) *Y2_at 
+ (D_ktaX + D_tY_ba*Y_bk + D_kY_bt*Y_ba) *Y2_al) 
-i*p3*s5*D_aX* (D_ktY_bl*Y_ba+ (D_ktY_ba+D_kaY_bt+D_akY_bt ) * Y_bl ) 
- (8*i/9) *p3*s5*D_aX* ( (D_lY_ba+D_aY_bl) *D_kY_bt+D_tY_bl* (D_kY_ba+D_aY_bk) ) ; 

ten: 

-(l/6)*s4*((D_dcY_ab + D_dbY_ac + D_bdY_ac)*Y2_cd 

+ (D_dcY_ac + D_cdY_ac + D_ccY_ad) *Y2_bd) *Y_ab 
-(4/27)*s4*(2*D_dY_cd*D_bY_ca + (D_aY_cd + D_dY_ca)*D_bY_cd 

+ (D_aY_cd+D_dY_ca) *D_dY_cb) *Y2_ab 
+ ( 1/2) *s4*D_aX*D_bX* (D_abX+ (3/4) * (D_bcY_ac+D_cbY_ac ) 
+ (1/3) *s4*D_aX* ( (D_cY_ba+D_aY_bc) * (D_cdY_bd+D_dcY_bd+D_ddY_bc) 
+D_cY_bc*(D_ddY_ba+D_daY_bd+D_adY_bd) 

+D_cY_bd* ( (D_caY_bd+D_acY_bd) + (D_cdY_ba+D_dcY_ba)+ (D_adY_bc+D_daY_bc) ) ) 
+(l/3)*p2*s5*(((D_clY_ab + D_cbY_al + D_blY_ac) *Y2_ct 

+ (D_tcY_ab + D_tbY_ac + D_bcY_at) *Y2_cl 

+ (D_tcY_ac + D_ctY_ac + D_ccY_at) *Y2_bl 

+ (D_tcY_al + D_clY_at + D_tlY_ac) *Y2_bc) *Y_ab 

+ ((D_cbY_ab + D_bcY_ab + D_bbY_ac) *Y2_ct 

+(D_bcY_at + D_btY_ac + D_tbY_ac) *Y2_cb) *Y_al) 
+(8/27)*p2*s5*((2*D_bY_cb*D_aY_cl + D_aY_cb*D_lY_cb 

+ 2*(D_bY_ca + D_aY_cb) *D_bY_cl) *Y2_at 

+(2*D_bY_cb*D_tY_ca + D_bY_ca*D_bY_ct 
+ (D_aY_cb + 2*D_bY_ca)*D_tY_cb)*Y2_al 

+(2*D_bY_ca*D_tY_cl + D_tY_ca*D_bY_cl 

+ D_lY_ca*D_tY_cb + D_aY_cl* (D_bY_ct + D_tY_cb) ) *Y2_ab) 
+(l/2)*p2*s5*D_aX*D_bX*(D_tbY_la+D_btY_la+*D_baY_lt) 
- (2/3) *p2*s5*D_aX* ( (D_lY_ba+D_aY_bl) * (D_ccY_bt+D_ctY_bc+D_tcY_bc) 
+ (D_cY_ba+D_aY_bc) * (D_clY_bt+D_tcY_bl+D_tlY_bc) 
+ (D_lY_bc+D_cY_bl) * (D_taY_bc+D_atY_bc+D_tcY_ba) 
+D_cY_bc*(D_tlY_ba+D_taY_bl+D_atY_bl) 
+D_cY_bl*(D_caY_bt+D_acY_bt+D_ctY_ba) 
+D_tY_bc*(D_acY_bl+D_clY_ba+D_caY_bl) 
+D_tY_bl* (D_ccY_ba+D_caY_bc+D_acY_bc) ) 

-(2/3)*p4*s6*((D_bkY_at*Y2_bh + D_hbY_at*Y2_bk + D_hkY_ab*Y2_bt) *Y_al 

+ D_hkY_at*Y2_bl*Y_ab) 
- (16/27) *p4*s6*(D_tY_bl (D_aY_bk*Y2_ah + D_hY_ba*Y2_ak) 

+(D_aY_bl*Y2_at + D_tY_ba*Y2_al) *D_hY_bk) 
+ (4/3) *p4*s6*D_aX* (D_lY_f a*D_hkY_f t+D_aY_bl*D_hkY_bt 
+D_tY_bl* (D_hkY_ba+D_haY_bk+D_ahY_bk) ) ; 
twl: 

-(l/24)*s5*((D_deY_be + D_edY_be) *D_caY_bd 

+ (D_deY_be + D_edY_be) *D_cdY_ba + (D_deY_be + D_edY_be)*D_dcY_ba 
+ (D_aeY_be + D_eaY_be) *D_cdY_bd 
+ (D_aeY_be + D_eaY_be) * (D_dcY_bd + D_ddY_bc) 
+ 2*D_caY_be*D_ddY_be + (D_caY_be + D_caY_be) *D_edY_bd 
+ (D_aeY_bd + D_eaY_bd) * (D_ceY_bd + D_ecY_bd) 
+ (D_aeY_bd + D_eaY_bd) * (D_cdY_be + D_dcY_be) 
+ (D_aeY_bd + D_eaY_bd) * (D_edY.bc + D.deY.bc) 

+ (D_ceY_ba + D_ecY_ba) * ( (D_ddY_be + D_edY_bd)+(D_ddY_be + D_deY_bd)) 

+ (D_ceY_be + D_ecY_be) *D_ddY_ba + D_eeY_bc*D_ddY_ba 

+ (D_edY_ba + D_deY_ba) * (D_ceY_bd + D_ecY_bd + D_edY_bc) 

+ (D_edY_ba + D_deY_ba) + (D_edY_ba + D_deY_ba) ) *Y2_ac 
+ (1/4) *s5*D_aX*D_cX* ( (D_ddY_bc+D_dcY_bd+D_cdY_bd) Y_ba 

+ (D_caY_bd+D_cdY_ba+D_dcY_ba) *Y_bd) 
+ (2/9) *s5*D_aX*D_cX* (2*D_cY_ba*D_dY_bd 
+ (D_dY_ba+D_aY_bd) *D_dY_bc+ (D_dY_ba+D_aY_bd) *D_cY_bd) 
-(l/9)*s5*D_aX*Y2_bc(D_cbaX+D_cabX+D_acbX) 
+(!/9)*p2*s6*((D_cbY_la + D_bcY_la) *Y2_ab*Y2_ct 
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+(- 2*D_abX + (l/6)*(D_cbY_ca - D_bcY_ac) ) *Y2_al*Y2_bt) 
2)*p2*s6*( 

D_cdY_bd + D_dcY_bd + D_ddY_bc) * (D_alY_bc+D_laY_bc) 
D_cdY_bd + D_dcY_bd + D_ddY_bc) * (D_acY_bl+D_caY_bl) 
D_ddY_bc + D_dcY_bd + D_cdY_bd) * (D_acY_bl+D_clY_ba) 
D_adY_bc + D_daY_bd + D_ddY_ba) * (D_lcY_bc+D_clY_bc) 
D_adY_bc + D_daY_bc + D_acY_bd) * (D_dlY_bc+D_ldY_bc) 
D_adY_bd + D_daY_bd + D_ddY_ba)* D_ccY_bl 
D_acY_bd + D_caY_bd)* D_dlY_bc + D_cdY_ba* D_ldY_bc 
D_adY_bc + D_caY_bd)* D_dcY_bl 

2*(D_acY_bd +D_caY_bd) + D_caY_bd + (D_cdY_ba+D_dcY_ba) 

+ 2* D_daY_bc+D_adY_bc)*D_cdY_bl)* Y2_at 

(D_cdY_bd + D_dcY_bd + D_ddY_bc)*(D_taY_bc+D_atY_bc) 

D_cdY_bd + D_dcY_bd + D_ddY_bc) * (D_tcY_ba+D_ctY_ba) 

D_dcY_bd + D_ddY_bc + D_cdY_bd) * (D_tcY_ba+D_caY_bt) 

D.adY_bd + D_daY_bd + D_ddY_ba) * (D_tcY_bc+D_ctY_bc) 

D_adY_bd + D_daY_bd + D_ddY_ba) *D_ccY_bt 

D.acY_bd + D_cdY_ba + D_dcY_ba) *D_dcY_bt 

D_adY_bc+D_daY_bc + 2*D_caY_bd+D_acY_bd 

+ 2*D_dcY_ba+D_cdY_ba)*(D_tdY_bc+D_dtY_bc))* Y2_al 



+ ( 


;D_cdY_bl 


+ 


D_dlY_bc)*D_taY_bd +(D_dcY_bl + D_clY_bd) *D_tdY_ba 


+ 


(D_ldY_bd 


+ 


D_dlY_bd 


+ D_ddY_bl)*D_caY_bt 




+ 


;D_adY_bd 


+ 


D_daY_bd 


+ 


D_ddY_ba)*D_tcY_bl 




+ 


;D_adY_bd 


+ 


D_daY_bd 


+ 


D_ddY_ba)*D_clY_bt 




+ 


^D_adY_bd 


+ 


D_daY_bd 


+ 


D_ddY_ba)*D_tlY_bc 




+ 


;D_laY_bd 


+ 


D_daY_bl 


+ 


D_adY_bl)*D_ctY_bd 




+ 


;D_caY_bd 


+ 


D_cdY_ba 


+ 


D_dcY_ba)*D_ltY_bd 




+ 


;D_cdY_bd 


+ 


D_dcY_bd 


+ 


D_ddY_bc)*D_ltY_ba 




+ 


(D_laY_bd 


+ 


D_adY_bl 


+ 


D_daY_bl)* D_dcY_bt 




+ 


(D_adY_bl 


+ 


D_daY_bl 


+ 


D_ldY_ba)*D_cdY_bt 




+ 


;D_adY_bl 


+ 


D_daY_bl 


+ 


D_ldY_ba)*D_dtY_bc 




+ 


CD_caY_bd 


+ 


D_cdY_ba 


+ 


D_dcY_ba)*D_dtY_bl 




+ 


;D_dcY_ba 


+ 


D_cdY_ba 


+ 


D_caY_bd)*D_tlY_bd 




+ 


;D_lcY_ba 


+ 


D_clY_ba 


+ 


D_caY_bl)*D_tdY_bd 




+ 


;D_lcY_ba 


+ 


D_clY_ba 


+ 


D_caY_bl)*D_dtY_bd 




+ 


;D_lcY_ba 


+ 


D_clY_ba 


+ 


D_caY_bl) *D_ddY_bt 




+ 


;D_ldY_bd 


+ 


D_dlY_bd 


+ 


D_ddY_bl) * (D_ctY_ba+D_tcY_ba) 




+ 


CD.cdY.bd 


+ 


D_dcY_bd 


+ 


D_ddY_bc) * (D_atY_bl+D_taY_bl) 




+ 


;D_dcY_ba 


+ 


D_cdY_ba 


+ 


D_cdY_ba + D_caY_bd) *D_dlY_bt 




+ 


;D_cdY_bl 


+ 


D_dlY_bc 


+ 


D_dcY_bl + D_clY_bd)*D_dtY_ba 




+ 


;D_clY_bd 


+ 


D_cdY_bl 


+ 


D_dcY_bl + D_dlY_bc)*D_atY_bd 




+ 


;D_alY_bd 


+ 


D_laY_bd 


+ 


D_daY_bl + D_adY_bl + D_dlY_ba + D_ 


.ldY_ba)*D_tcY_bd 


+ 


;D_alY_bd 


+ 


D_daY_bl 


+ 


D_laY_bd + D_adY_bl + D_dlY_ba + D. 


.ldY_ba)*D_tdY_bc 


+ 


;D_caY_bd 


+ 


D_caY_bd 


+ 


D_cdY_ba + D_dcY_ba + D_dcY_ba + D. 


.cdY_ba) *D_tdY_bl) *Y2_ 



-(1/2) * P 2*s6*D_aX*D_cX* ( (D_tlY_bc+D_tcY_bl+D_ctY_bl) *Y_ba 

+(D_tcY_ba+D_ctY_ba+D_caY_bt)*Y_bl) 

- (4/9) * P 2*s6*D_aX*D_cX* ( (D_cY_ba+D_aY_bc) *D_tY_bl 

+D_lY_ba* (D_tY_bc+D_cY_bt)+D_aY_bl* (D_tY_bc+D_cY_bt) ) 

+ (2/9) * P 2*s6*D_aX* ( (D_tbaX+D_atbX+D_tabX) *Y2_bl+ (D_blaX+D_ablX+D_balX) *Y2_bt ) 
-(2/9)* p4*s7*(D_baY_lt*Y2_ak*Y2_bh + D_bkY_la*Y2_at*Y2_bh + D_hbY_la*Y2_at*Y2.bk) 
-(l/6)*p4*s7* 

((D_kcY_bl*(D_atY_bh + D_haY_bt) + D_hkY_ba* (D_tcY_bl + D_ltY_bc) 

+ D_ktY_bc* (D_alY_bh + D_haY_bl) + D_ktY_bl* (D_acY_bh + D_ahY_bc + D_haY_bc) 

+ D_ctY_bl* (D_ahY_bk + D_haY_bk + D_hkY_ba) 

+ D_hkY_bt*(D_alY_bc + D_acY_bl + D_laY_bc) ) *Y2_ca 

+(D_hkY_ba*(D_taY_bc + D_atY_bc) + D_kaY_bc* (D_haY_bt + D_atY_bh) 

+ D_atY_bc* (D_haY_bk + D_ahY_bk) + D_ktY_ba* (D_haY_bc + D_acY_bh + D_ctY_ba) 

+ D_hkY_bt*(D_caY_ba + D_acY_ba + D_aaY_bc) 

+ D_ktY_bc* (D_haY_ba + D_dhY_bd + D_aaY_bh) ) *Y2_cl 
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+(D_hkY_ba*(D. 


.lcY_ba 


+ 


D_caY_bl) 


+ D_kcY_ba* (D_haY_ 


bl 


+ 


D. 


_alY_ 


.bh) 






+ D_kaY_bl*(D. 


_haY_bc 


+ 


D_acY_bh) 


+ D_hkY_bc* (D_laY_ 


ba 


+ 


D. 


_alY_ 


_ba + 


D_ 


_aaY_bl) 


+ D_acY_bl*(D. 


.hkY_ba 


+ 


D_haY_bk 


+ D_ahY_bk) 
















+ D_kcY_bl*(D. 


.haY_ba 


+ 


D_dhY_bd 


+ D_aaY_bh) ) *Y2_ct 
















+(D_hcY_ba*(D. 


_ltY_ba 


+ 


D_taY_bl) 


+ D_ctY_ba*(D_haY_ 


bl 


+ 


D. 


_aeY_ 


_bh) 






+ D_caY_bl*(D_ 


_haY_bt 


+ 


D_atY_bh) 


+ D_hcY_bt*(D_laY_ 


ba 


+ 


D. 


.alY. 


_ba + 


D. 


.aaY_bl) 


+ D_atY_bl*(D_ 


_haY_bc 


+ 


D_ahY_bc 


+ D_heY_ba) 
















+ D_ctY_bl*(D_ 


_haY_ba 


+ 


D_ahY_ba 


+ D_aaY_bh))*Y2_ck 
















+(D_ckY_ba*(D. 


.ltY_ba 


+ 


D_taY_bl) 


+ D_ktY_ba*(D_caY_ 


bl 


+ 


D. 


.alY. 


.be) 






+ D_kaY_bl*(D. 


_caY_bt 


+ 


D_atY_bc) 


+ D_ckY_bt*(D_aaY_ 


bl 


+ 


D. 


.laY. 


_ba + 


D. 


.alY_ba) 


+ D_atY_bl*(D_ 


_ckY_ba 


+ 


D_caY_bk 


+ D_acY_bk) 
















+ D_ktY_bl*(D. 


_cdY_bd 


+ 


D_dcY_bd 


+ D_aaY_bc))*Y2_ch) 















+(l/3)*p6*s8 (D_ktY_al*(D_bxY_ah*Y2_bg + Y2_bh*D_gxY_ab) 

+ D_gxY_ah*(D_btY_al*Y2_bk + D_kbY_al*Y2_bt + D_ktY_ab*Y2_bl + D_ktY_al*Y2_bx) ) ; 
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Appendix C 

Momentum Integration in 
D-dimensions 

In the calculation of the one-loop effective Lagrangian prescribed by 1 

= £ = -^Tr fdxf d D p G £ , (C.2) 

up to £-th order corrections, there is an ensuing X integration, momentum p in- 
tegration, and £-th fold proper-time integrations 2 . In this chapter, we present the 
technique of handling (Gaussian) momentum p integrals in D-dimensions needed in 
the quasilocal background method. 

In our derivation, we present (without proof) the identity 

J d D p e-^ R - p = (27r) D / 2 (det R)- 1 ' 2 (C.3) 

1 Here, 

fOO poo 

G = dse +& ^= ds e Hrn 2 +X)s+P(s)+Q(s)- P +± P -R(syp (C1) 

Jo Jo 

is expressed in terms of exact trancedental functions P(s), Q(s), and R(s). 
2 See Appendix D on how to handle £-th fold proper time integrals 
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and 

d 



-(deti?) = R^(detR), (C.4) 



dRxr 

for any symmetric non-singular matrix R. 

We present first on how to handle integrals involving odd-powers of p. Since 
these kind of integrals vanish, a theorem can be stated (without proof) that the 
momentum-space derivative of such integrals also vanish. Without ambiguity in the 
order of differentiation and integration, the technique in handling integrals involving 
even-powers is derived from this theorem. 

C.l Odd-powers of p Integrals 

The integrals involving odd-powers of p vanish: 

J d D p p x e-^ R - p = (C.5) 

J d D p p x p T p K e-^ R - p = (C.6) 

J d D p pxprp&npt e-^ R v = (C.7) 

J d D p p x p T p K p vP(i p Q p» = o (C.8) 

We show odd-powers of p that may be relevant in the calculation of higher mass- 
dimensional effective Lagrangians up from 4 up to 8 mass- dimensions. They are the 
integrals that involves p, p 3 , up to p 7 . 
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C.2 Even-powers of p Integrals 

Integrals involving even powers of p are obtained by differentiating (jC.3|) with respect 

to R\ T 



dR x 
and using (jC4j) 



9 -Jd D p e-fr** = ~(2tt^ 2 



OR 



d 

(det R) 



Xt 



(detR)~ 3/2 (C.9) 



J d D p p x p T e ~y- R - p = (27r) D/2 R^(detR)- 1/2 . (C.IO) 



Integrals involving higher even powers of p can be obtained by assuming the 
identity 3 [ZSj 

We use this identity to alternatively obtain (jC.lOJ) . Having done so for the case of 
integral involving p 2 , we generate similar identities to evaluate integrals involving 
p 4 , p 6 , and p 8 using ()C.6|) . ()C.7|) . and (|C.8|) . respectively. That is, we partially 
differentiate each integrand of the odd-power-in-p integrals ( fjCL6jl . (|C.7J) . and ()C.8|) ) 
once with respect to momentum-space: 

/ d °P J" (p&tP* = (C.12) 

/ d D p (pxPrP.P v Pt e-^ R - p ) = (C.13) 

dp u 

Using p 2 -integral identity integrals involving p 4 is evaluated. Similarly, p 4 -integrals 

will simplify integrals involving p e . Similarly, p 6 for p 8 as it will be shown in the 
3 Note this identity can be seen from (|C.5J| . 
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J d D p (p\p T p K Pr,PzP e P<} e z p - R,p ) = 0. (C.14) 



following subsections of this chapter. We limit our derivation of integrals involving 
even-powers from 2 up to 8 only as they will be relevant in our calculation of one- 
loop effective Lagrangian and collecting only products of invariants whose total mass- 
dimensions is eight or less. 

C.3 p 2 -integral Identity 

From (jC.llj) . we have 

Jd D p (-R XkPkPt +5 Xr )e-^ R - p = 0. (C.15) 
Simplifying in the following manner: 

Rx,J d D p p K p T e~^ R -P = 5 Xt J d D p e-y- R -*> = 5 Ar (2vr) D / 2 (det R)' 1 ' 2 

J d D p PkPt e~¥*-v = 8 XT R- x l(2K) D l\detR)-^ = R-^) D, \^ RT^ . 
Using ()C.3|) and since R TK is symmetric, 

j d D p p K p T e -fr R - p = (2vr) D / 2 J R- T 1 (det J R)- 1/2 . (C.16) 
Renaming a dummy index k —>■ A: 

J d D p p x p T e -\v R -P = (2vr) D / 2 J R^ r 1 (det J R)- 1 / 2 . (C.17) 

This is exactly (fTHoj) . 

C.4 p 4 - integral Identity. 

From gnZ^ 

J d D p (5 Xri p T p K + p x 5 TV p K + p x p T 5 KV - R V £PzP X PtPk) e~2 p ' R ' p = 
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Simplifying in the following manner: 
Rrg J d D p p^pxPtPk e~2 pRp 

= J d D p (Sx^PtPk + P\8 tv Pk + P\Pt5 kv ) e~^ p ' R ' p . 
J d D p P£P\p T p K e -2 p R p 

= J d D p (R~18 Xv PtP k + R~Ip\$t V Pk + R~Ip\Pt$k V ) e~^ p ' R ' p . 
J d D p P^PxPtPk, e"^ p ' R ' p 

= J d D p (Rgprp K + R-^PxP, + R^PxPr) e~\ p R p . 

Repeated use of jQHOj) or (fTTTHj) . 

/ d D p ptPxPrP. e~> Rp = (2n) D / 2 (r^R^ + R^R^ + R^R^) (det R)' 1 ' 2 

Changing dummy indices {£, A, r, k} — ► {A, r, k, £} and £ — ► r], 

J d D p pxp T p KPv e-fr R * = (2n) D / 2 {R- 1 x R-^ + K£k£ + R^R^) (det Ry 1 ' 2 . 

(C. 

This is the identity needed to simplify (Gaussian) integrals involving p 4 . 

C.5 p 6 -integral Identity 

From (IC~T3l) 

J d D p (5pxPtPkP v Pz + Px5qtP k P v Pz + PxP T S gK P v P^ 

+PXPrPJg V P^ + PxPrPnP^ei -R ( t&P'&PxPtPkPt,PZ e~2 pRp ^ =0 
Simplifying in the following manner: 

Rffd j dPp PtfPxPrPKPrjPt e~^ P ' R ' P = J d°p (SgXPrPnPriP^+PxSeTPKPnPC 
+PXPt^qkP V P£_ + PXPrPJgriPt + PXPtPkP^q^) e~\ p Rp . 
J d °P P^PXPrPnPriPi e~^ pRp = Jd D p (ll^ 6 gXPrPnPriPt + RgJpX& ' grP^P-qPt 
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+R g #P\Pr5(> K Pr 1 PZ + R'^PXPrPJgriP^ + R^PXPtPkP^ 'g^j e~2 pRp . 

J d D p p k PxPtPkP v P( e~^ p ' R " p = J d D p (r^PtPkPtiP^ + R t#P\PkPtiPz 

+R^lP\PrPr,Pi +R^P\PtPkP£ + R^PXPrPnPri) e^ P ' R " P . 



Repeated use of (jC.18|) 

J d D p p, d p x p T p K p v Pt e- l 2 p R - p = (2tt) d / 2 

X R\& (R^tRkti + Rtt/Rk^ + RtkRtiI 

+R~l \ R7\Rz}, + R7„RZt + R\lRl 



+ r J [ r (\ r tv + R\?,RtI + R \T R v i 



+ R V # ( R Z\Rtk + R \k R tI + R\t R kI 



(det R) 



-1/2 



R t &R^\Rkv 



+ R & ( R n \ lR TK + RxkRtv + R \t R J, 

By distributive property of multiplication and addition, 
J d D p p» Px p T p K p,Pt e-& R -P = (2n) D / 2 

X R\ft R £ T R KT) + R \l R Tr) R K£ + R \0 R TK R r)l 

+ R tV R \v R kI + R T^RxK R vi + R^l R iX R rv + R K# R \ V R Tt 
+R k& R \r R rt + ^ ^ri + ^ #A/c R t^ + ^ ^Ar 

+R^R~ X 1 R~* + RjjR^R~* + RJ^R^R^ (det i?)~ 1/2 . 

Changing dummy indices A, r, k, 77, £} — > {A, r, 77, £, and 1? — > g, 

J d D p PxPrPnP v PiP e e-hP- R -P = (2vr) D / 2 

R 7x R qk R ^1 + R t\ R kI R vq + R r\ R Ki R Jg 
+ R K\ R eT R vl + R k\ R tI R vq + R K\ R Tv R £e 
+ R v\ R gr R k£ + -^A ^«f? + ^A K" K 



-R^ -R Kr; + R rr] R KQ + -R^ -R TK R vg 
+ R g\ R iT R KV + R q\ R t^ R kI + R g\ R TK R rt 



(det i?) 



-1/2 



(C.19) 
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C.6 £> 8 -integral Identity 

From (lUTIJ) 

J d D p (5x u} p T p K Pr l P^P e Pi) + P\6 TU} p K p v PZP e P'& 

+P\PT$KLuP v Pt;PgP$ + P\PtPk& V uPZPqP$ 
+PxPrPKPv S ^PgP'& + PxPtPkP v P^q^P'& 

+P\PtPkPt)PSPq&0u> - RuePePrPuPrtPtPsPti) e~^ P ' R " P = 

Transposing and simplifying in the following manner: 

J d D p PePxPrPKPrjP(PgP^e~^ p ' R ' p = J d D p (r~1 Sx^PrP^PvP^P > S P$ 

+RZeP\$Tu,PKPriPzP e PD + RZlPXPrSKuPrtPtPaPd 
+ RZePXPrPK5rjo J P^P(,P'& + RZIpXPtPkP^&PqPV 

+RZhxPrP K p v P^ guJ p i ) + R^PxPtPkPvP^PqS^) e~& Rp 



+ RrePXPnP V P^P g Pi) + RnePXPTPvPtPePti 

+R^PXPtPkP^PqP'& + R^}p\PtPk,P, 1 PqP'& 

+RgeP\PrPKPnP(;Pti + I^PXPtPkP^Pq) e~^ P ' Rp 

Repeated use of (jC.19j) 

d°p PeP\PrPKPr,PiiPgPi}e~i pRp = (2tt) D/2 

( R Xe RktR^R^ + R kt R V8 R I# + R KT R tf R ^& + R ^ R #K R Ze 

+ R 7]T R KQ R £& + R "nT R K,l R g& + R £T R $K R Ve R $T R K Q R T]& 

+R^ T R K ^Rp$ + R^R^R^ + Rg^R^R^ + R^R^R^ 

+R$ T RqkR^ + Rfir R k£, R tiq + R&r Rkt/R^q 

+ R te [ R kX R &v R ^ + R kX R vq R £& + R KX R rt R Q$ + R v\ R #K R (;e 

JrR r t X R K,l R ^ + R tiX R k,1 R J> + R (,X lR "&K R VQ + R £,X R Ke R rfd 
+ R ix R Kv R gti + R gX R $K R rt + R q\ R kI R v# + R q\ R kti R (:# 
+R$X R QK R ri€ + R &X R k£ R ve R dX R KV R €e 
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R . 

+R 
+R 



,}R k },R c 



+ R \e R $T R eK R r)l + R Xe R "&T R kI R VS ~*~ R \e R -&T R k^ R £q 
+ R re R K\ R ve R ^ + R re R KX R vl R ed + R Te R riX R $k R ^q 
+ R re R rj\ R k£ R ^ + R re R J\ R ^k R V8 + R re R J\ R k B R ^& 
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Changing dummy indices {e, A, r, k, r], £, g, } — > {A, r, k, rj, £, g, e} and e — > a;, 
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+ R K\ R i)T R Zv R tg + R K\ R #t R ve R & + R K\ R $T R rt R ^> + K\ R UT R #i R ig 

+ R K\ R Jr R ril R £{) + R K\ R u>T R r)l R gd + R V \ R J R ^ R J + R v \ R kt R J R ql!, 

+ R r,\ R KT R Ze R i)l + R ^X R ir R Zl R ^d + R v* R tT R K# R e^ + R r,X R ir R Kl R ^l 

+ R r,X R (>r R Zl R ld + R v\ R ^ R K# R fr + R vX R e? R nl R du + R v* R #T R UK R Zg 

+ R ^X R i)r R ^ R ^ + R n\ R #t R Kl R ^ + R ^ R "T R #K R tg + R vX R UT R Ke R Z# 

+ R r]\ R LOT R Kti R e i} + R ^\ R KT R ojri R e § + R £\ R KT R rrd R QU> + R ^\ R kt R r]g R ^ 
+R^\ R^r Ru^Rpj) + -R^ -R^r R K tfRgu> + R^A R^ftp ^tfo) R u>K R r)tf 

+R^X R QT R K,-d R f)u + R QT R K,ri R du) + Rj $t R L0K R rie + R^A -^W R KQ R riu) 

+R^x R$ T R KV R gu j + -R^ R aJT Rfl K R rig + R^ x R LdT R KQ R^ + R^ x i? WT i? Kr) i?^ 

+ R e\ R KT R L0TI R ti} + R g \ R KT R r r d R ii!j + R e\ R KT R V l R $U + R g\ R T]T R UJK R £>t) 

+ R e\ R VT R K$ R ^ + R g\ R vr R nl R ^ + R q\ R £t R Zk R ^ + R q~\ R £t R kI R W 
+ R q\ R £t R Ji R $1 + R g\ R #T R UK R ril + R g\ R ^t R kI R Vi^ + R s \ R "&t R k^ R ^ 
J< ~ R Q\ R <Jr R dK R r)£, + R Q\ R oJr R K£, R rj& + R Q\ R <Jr R Kq R (,d R tf\ R KT R u>r) R £e 

+R$\ R KT R vg R^ + R^ -R KT -R^ -R^ + R^ R^ T R WK R^ g + R^ A R^ r -R K£ , R^ w 
+R^ R^ r -R^ + -R^ r R lVK R vg + R$ x R^ T R Kg R VUJ + R$ x R^ T R Krj R guJ 

~ SrR "d\ R eT R UK, R r l (, + R d\ R QT R K£ R T)U R "&\ R QT R Krj R £u> R "ff\ R UIT R QK R r)£ 
^ R ^1 R U>T R kI R V8 R tf\ R UJT R Kll R £e + R U}\ R KT R ^ R ^g + R u\ R KT R T)e R £$ 
+ R U\ R KT R "ol R Q& + R Ul\ R VT R dK R €e + R U}\ R VT R K£> R £i) + R U}\ R T)T R k£ R Q$ 

+ R Z\ R S,T R i)l R r,l + R Z\ R ^r R nl R ^ + R Z\ R ir R KV R ^ + R Z\ R eT R dK R vl 

+ R u>\ R gT R K,l R rrd + R iA R QT R K,^ R ^ + R iA R -dl R eK R rii + R u\ r $t R Kti R ve 
+RZIk£k£RJI ] (det i?)- 1 / 2 (C.20) 



C.7 Flat-space momentum integrals 

[d D pe-P 2 (^to^ = ^ n+n/? (C.21) 

JdPppiPre-*^*) = 2l(E ^ f, (C22) 
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d PP\PrPKP V e P \2^i=o s i) = — — 2+D/2 (frvAq + SxJrr, + *A»A«) 

(C.23) 

J d D p PxPrP K P V P^Pg e~ p2 ^i=o Si ) 
__ 7T D / 2 

~ 23(E?=o^) 3+D/2 

X [S\ T S KTI S^ e + SxtSkS^s + S\ T S Ke 8 v ^ + SxnSrrjS^g + S\ K S T ^8 ve 

+8x K 8 Te S v ^ + Sx^StkS^q + 8xrj8 T ^8 KQ + 5x v 8 TQ 8 K ^ + 8x^8 TK 8 vg 

+8x^8 TT] 8 Ke + ^A^fJ-rjj^ry + 8x e 8 TK 8 v £ + ^e^^ + ^Ae^^Kr;] (C.24) 
y ^ D PPA Pr Pk Pr, Pg P e Pr? Pw e~ p2 Ei=o Si ) 

= 4 ^4 + d/2 I ^T\^i}K,8 w ^ed + 8 T x8 V K,8^8 eu + 8 T x8 VK 8£ e 8# w 

2 (Z)i=o s «) 

+^tA^k^o;t;^ + ^tA^k^jji?^ + ^tX^k^q^'&w + ^rX^QK^wq^d + S^SgnS^S^ + 8 T xS qk&t£&&uj 
+8 T x8# K 8uir)8£g + 8 T x8tf K 8 V g8£u + 5 T x8^rt^guj + StX^wk^^q + 5 T xS WK 5 V gS^ + ^rxS^S^Sg^ 
+S K xSrrrSui^gff + SnxSryrS^Sgu, + S^S^S^gS^ + S^S^S^S^ + S^S^Sr^Sgu, + ^kA^t^W^ 
+S K xS gT 6 url 6^ + SnxSgrSfrfSfa + SnxSgrS^Stfu, + <!> re A<W<LrAf? + SKxSfrpSrjgSfa + SnxStfrS^Sgu 
+S K xSu!T^ v ^g + S K x^u>T^rig^ + f^A^r^f <^tf + ^r?A &kt$uj^ (rd + ^X^kt^^qw + ^X^KT^ighuj 
+5 rj x8^ T 8 lJ j K 8 e ^ + SrjxS^S^Sgcj + S v xS^ T S Ke 5^ u + S^SgrS^^^ + S^SgrS^S^ + 8^x8 g T 5 
+S r) \5^ T 5 u/K S^g + S^S^-S^S^ + SjjxStfi-S^Sgu + S^S^S^S^g + SjixSurSngS^ + SjjxSurS^Sgff 
+%\£kt<5wj7<^ + S^xSnrSr^Sgu + (^A^r^g^cd + i5(aV^k^ + ^(.X^t^k^quj + ^X^r^ng^uj 
+^xS eT S u/K 6 rr ff + S£x8eT$Kd5 vu , + <%\<^t<Skjj<W + %\<W<5u;k;<5?70 + %\<W<5k0<Vj + %\<W<5k??<Vj 
+^^X^u)TS^ K S ve + S^xS^tSkqSt]^ + S^xSurSnrtSgd + 5gX&KT&uri&£,'& + ^A^kt^^u; + <^A^kt<^£<W 
+Sg\S Tr 5 UK S^ + SgxSrfrSitdSfa + (^A^r^^td + S e xS^ T S UJK S rr & + SgxS^K^rpj + S e x8^ T S KT ,8^ u 
+8 g x8$ T 8 UJK 8 r) £ + SgxS^rS/^Srju + SgxS^T-S^S^ + 8 e X$urrf>&K&r)£ + SgxS^rS^S^ + SgxS^rS^S^ 

+ ^-dX^KT^Ujr t ^Q + ^■dX^KT^rjQ^LU + ^X^KT^rj^QUJ + S^xS VT Su>K^g + ^X^TjT^ KQ^UJ + S^X^S^S gu 

+S^X^tSojkS vs + S^x^rSKg^rjui + ^A^t^ktj^ + SqX& QT&WK,Sr£ + ^X^ S T^K^r 1 w + ^xSg T S KV 5^ w 

+ 8#x5uit + ^xSktS^S^ + d^x^KT^rigS^ + ^A^kt^^i? 

+^A^?jT^ K ^ e + SuxSrirSngStd + ^wX^t^k^q^ + <La<%-t<5i9k<V + ^uX^T^KQ^rfd + S ul xS^KT ) Sg& 
+S ul xSg T ^ K S v ^ + S^xSgrS^S^ + SuxSqtSkti^ +8 u ,x80 T 6 gK 6 rl £ + 5 w A^*r^^e + ^A^r^^g] 

(C.25) 
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Appendix D 

TV-fold Proper Time Integrations 



In the calculation of the one-loop effective Lagrangian prescribed by 1 



00 ft r r 00 

= E 4 1} = ^jTr dX d D p G £ (A lGo ) e , (D.2) 

up to £-ih order corrections, there is an ensuing X integration, p integration 2 , and 
£-th fold proper-time integrations: 

% 



r 0) _ 



2(2vr) 



pTiJdXjd D pJ g d Sl f (si) (D.3) 



, . f f f 00 f°° f°° 

2 = 2 (27r) d Tr /! 7 P /o ^ Jo ^ io rfSl ^ S2 ' ^ 



Here, 



/■OO /-OO 

Go=/ dse- @ ^= ds e -(^+x)s-P(s)- Q (sy P -y-R{s)- P (D1) 
Jo Jo 

is expressed in terms of exact trancedental functions P(s), Q(s), and R(s). 

2 Sec Appendix C on how to handle momentum integrations in D-dimensions. 
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for I = 1 to £ = 3, respectively. 

In this chapter, we present a method of handling two-fold 3 (ID.4J) up to three-fold 
f|D.5j) proper-time integrations which this thesis extensively used. 

For purposes of emphasis, we choose to isolate the ensuing proper-time integration. 
We opt to express the (£+l)st-fold proper-time integration in the following suppressed 
notation: 

f(s qo ,...,s qe ) = (q ,qi,...,qe]A,B) 

with i + 1 is the number of proper-time variables Sq, . . . , and also the number 
of folds of integration. The g's stand for the powers of the proper-time variables. 
A semicolon separates these powers of proper-time variables from the resulting X- 
integration number A in the denominator and power B of (J2r=o s r)- With this 
notation, the proper-time integration will not be written explicitly from then on. 

In our technique of integration, we will be using repeatedly for every fold the Euler 
integral representation of the Gamma function 

/■OO 

r(z + l) = / dx e~ x x z . (D.7) 
Jo 

Note: To remove the ambiguity of the variable D either as a variable of integration 
or as dimensions of integration space, we denote (in this chapter only) the latter 

meaning as D'. Otherwise in the rest of the chapters, D denotes dimensions. 

3 The one-fold proper time integration (|D.3(I is handled by an ordinary technique in integral 
calculus, which we choose to exclude in our presentation here. 
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D.l Two- fold Proper Time Integration 



The two-fold proper time integral of the form 

[°° d Sl [°° ds /(s , Sl )e- m2 ^ +s ^ (D.8) 

JO JO 

can be evaluated through the simultaneous substitution 



B = si + s 
A = —s 1 + s . 

Eliminating s and Si in favor of A and B through 



(D.9) 



(D.10) 



(D.11) 



(D.12) 



Sl = {l/2){B-A) 
s = (l/2)(B + A). 

Its Jacobian is given by 

d(s ,si) _ 1 
d(A, B) ~ 2' 

Changing variables entails a change in the limits of integration. These are 

-B < A < B 
< B < oo. 

Thus 4 , 

/ d Sl / ds f(s , Sl )e- m ^ +s ^ = - dB dA f(A,B)e~ m B (D.13) 

JO JO Z JO J-B 

The following are some of the two-fold proper-time integrations used in this thesis: 

1,0; 1,1)= / dsJ ds —^ ^-7777 = -/ ds ^ n/ = 1 . n / J (D.14) 

v ' ' ' ; Jo Jo l(s + si) 1+D/2 2io s~ 1+D / 2 2 m 4 ~ D / 2 v ; 



4 The limits of the variable of integration A are obtained simply by setting si = for the upper 
limit and sq = for the lower limit. The limits of last variable of integration (for this case B) are 
00 and for upper and lower limit, respectively. 
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r°° sn 2 e~ m2( - So+s ^ 1 1 r°° e - m2s i r [2 D/2] 

<■-■<>■--■-■>= L *d **° 4^*m =- 2 -d (D15) 



Jo 



roo o 3 e -m 2 (s +si) 1 1 Z" 00 e~ m 1 T[2 — Z?/2l 

(3,0; 4, 3)= / dsJ ds -? ___ = _._/ rfg 1in/Q = [ . ' J (D.16) 



JO 



where 



s p 



/Oo,Si) = 77 r , n//0 for p= 1,2, 3 (D.17) 



respectively. In all cases, 

n s ±^L = rP-f/'l, (D . 18) 

This uses the Euler integral representation of the Gamma function (jD.7|) . 

D.2 Example: Calculating (3,0;4,3) using Mathe- 
matica 

In[l] := 

(1/2) integrate [ ( ( (1/2) * (b+a) ) "3) * ( ( (1/2) * (b-a) ) "0) * 

Exp [-b*m~2] / (4*tT (3+D/2) ) , {a , -b , b}] 

Out[l] := 



-I,- TK > 
16 



In[l] := 

Integrate [% , {b , , Inf inity}] 



Out[l] : 
If 



r 9l nn r , (m 2 ) 2 Gamma[2 - £l b 1_ § E~ bm2 
Re[m 2 ] > && Re[D] < 4, ^ — '- -i ^, / db 



16 m 4 jo 16 
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D.3 Three- fold Proper Time Integration 



The three-fold proper time integral of the form 

poo poo poo - 

/ ds 2 / d Sl / ds /(s , Sl , s 2 )e~ m ^+s l+S2 ) (D ig) 

JO JO JO 

can be evaluated through the simultaneous substitution 

C = s 2 + si + s 

B = -s 2 + (l/2)(si + s ) (D.20) 
A = -si + s . 

Eliminating so, si and s 2 in favor of A, B and C through 

s 2 = (1/3XC-2B) 

s 1 = (l/3)(C + J B)-(l/2)A (D.21) 
s = (l/3)(C + 5) + (l/2)A 



Its Jacobian is given by 



d(s ,s 1 ,s 2 ) 1 



d(A,B,C) 3' 

Changing variables entails a change in the limits of integration. These are 

-UC + B) < A< UC + B) 



Thus 5 , 



poo 

/ ds 2 


poo 

/ tZsi 


JO 


'0 




/■C/2 




/ dB 




l-c 



ds f(s , Sl ,s 2 )e- m ( s o+s 1+ s 2 ) 

|(C+B) 

( 

(-C-B) 



(D.22) 



-C <B < C/2 (D.23) 
< C < oo. 



)* ( _ c _ B dAf{A,B,C)e- mC (D.24) 



5 The limits of the variable of integration A are obtained simply by setting s\ = for the upper 
limit and so = for the lower limit. For the variable of integration B, these are obtained by setting 
S2 = and s + Si = 0, respectively for upper and lower limit of / dB. The limits of last variable 
of integration (for this case C) are oo and for upper and lower limit, respectively. 
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The following are some of the three-fold proper-time integration used in this the- 



sis: 

C co c co c co 



, , / s sie- m ( s o+si+s2) i i f e -m s 1 r[3-£)/2l 

(1, 1,0; 2,2) = / ds 2 I d Sl / ds ——- --7- = / ds — n „ lo = 1 - ' J (D.25) 

q 7 7o ^(so + Si+sa)^/ 2 3 16 J s-i+d/2 48 m 6-D/ 2 V ) 



/0 v'O 



(2, 1,0; 4,3) = ds 2 d Sl ds a -^ll _ =-■- / ds c , „, = -!- ^ J ~ ^ (D.26) 

' -' 7 u 4( So + Sl + S2 )3+D/2 3 80 J o s -2+D/2 240 rrfi- D / 2 K ' 



(1,2,0; 4, 3) EE ds 2 d Sl ds — — — — = / ds — „,„,„ = _ ' (D.27) 

' " ' / 4 s + Si + s 2 3+o/2 3 80 J s -2+D/2 240 m 6 " D / 2 v ' 



JO 



r r so 2 s 1 2 e- m2 ( s o+»i+-2) 1 1 f<*> e -m^s ! r[3 _ D/2 ] 

2, 2,0; 8, 4 ee / ds 2 / dsi / ds — — — = / ds — ^— ^ = 1 ,. = ' J D.28 

Jo Jo 8 ( s ° + s l + s 2 ) i+D/2 3 480 J s - 2 + D / 2 1440 m 6 " / 2 ^ ; 



where 



So P Sl Q e ~m 2 {s +si+s 2 ) 

f(s ,s u s 2 ) = ^- F ^_ — — for p + g = 2,3,4 (D.29) 



In all cases, 



respectively. 

This again uses the Euler integral representation of the Gamma function (jD.7|) . 

D.4 Example: Calculating (2,2,0;8,4) using Math- 
ematica 

Jn[l] := 

(1/3) integrate [ ( ( ( (c+b) /3+a/2) "2) * ( ( ( c +b) /3-a/2) "2) 

* ( (c/3- (2/3) *b) "0) *Exp [-c*nT2] ) / (8*c~ (4+D/2) ) , 

{a,-(2/3)*(c+b) , (2/3)* (c+b)}] 



Out[l] :-- 



c ~ 4 -2 (b + c) 5 E~ 



10935 
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In [2] := 

Integrate [°/„ , {b , -c , c/2}] 



Out [2] := 



1 c 2 -t E - cm2 



1440 



In[3] := 

Integrate [% , {c , , Inf inity}] 



Out[3] := 

(m 2 )^ Gamma[3 - f] f»c 2 ^E- 



If 



Re[m 2 ] > && Re[D] < 6, - f ™ « / 

L J 11 1440 m 6 Jo 



1440 



dc 



D.5 Proper-time Integral and Gamma Function 
Equivalence 



ds^^- = n(k + i)-p/2] 

ab s -k+D/2 - m 2(k+l)-D/2 ■ y U -° l ) 



with k = 0,1,2,3,4,5,6,7. 
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Appendix E 



Scratchwork in the Calculation of 




E.l Maxima Code Implemented 
E.l.l First-order Corrections 



In this subsection, we will solve for (j4. 138jl : 

£S 1)[81 = ^pTr JdxJ d D P G,M (E.l) 
with [8] given in (|4.1.T2jl . 

/♦Momentum and Proper-time Integration*/ 
/*s3=(3,0;l,l)*/ s3: 1/4; 
/* P 2s4=(4,0;2,2)*/ p2: d_lt ; s4: 1/10; 

/*p4s5=(5,0;4,3)*/ p4: (d_lt*d_kh + d_lk*d_th + d_lh*d_tk) ; s5: 1/24; 
/* P 6s6=(6,0;8,4)*/ 

p6: (d_lt*d_kh*d_gx +d_lt*d_kg*d_hx +d_lt*d_kx*d_hg +d_lk*d_th*d_gx +d_lk*d_tg*d_hx 

+d_lk*d_tx*d_hg +d_lh*d_tk*d_gx +d_lh*d_tg*d_kx +d_lh*d_tx*d_kg +d_lg*d_tk*d_hx 

+d_lg*d_th*d_kx +d_lg*d_tx*d_kh +d_lx*d_tk*d_hg +d_lx*d_th*d_kg +d_lx*d_tg*d_kh) ; 

s6: 1/56; 

/*eit : */ 
expand ( 

-(l/3)*s3*D_abX*Y2_ab 

+(l/4)*s3*Y2_ab*(D_cbY_ca - D_bcY_ac) 

+(l/8)*s3*(D_cbY_ab*(D_ddY_ac + D_dcY_ad + D_cdY_ad) 

+ D_bcY_ab*(D_ddY_ac + D_dcY_ad + D_cdY_ad)+ D_ccY_ab* (D_ddY_ab + D_dbY_ad + D_bdY_ad) 
+ D_dcY_ab*((D_dcY_ab + D_cdY_ab) + (D_dbY_ac + D_bdY_ac) + (D_cbY_ad + D_bcY_ad))) 

+ (1/3) *s3*D_aX* (D_bbaX+D_abbX+D_babX) + ( 1/3) *s3*D_aX* (2*D_cY_bc*Y_ba+2* (D_cY_ba+D_aY_bc) *Y_bc) 

+ (2/3) * P 2*s4* (D_laX*Y2_at+D_atX*Y2_al) 
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+(l/2)*p2*s4 *((D_baY_la - D_abY_al) *Y2_bt + (D_tbY_ab - D_btY_ba) *Y2_al) 

-(l/3)*p2*s4*((D_baY_la + D_abY_la + D_aaY_lb) *Y2_bt + (D_baY_lt + D_btY_la + D_tbY_la) *Y2_ab) 
-(l/4)*p2*s4* 

(+(D_alY_bt + D_tlY_ba)*D_ccY_ba +(D_ccY_ba + D_caY_bc)*D_taY_bl+(D_lcY_ba + D_clY_ba) *D_taY_bc 
+(D_ctY_ba + D_ctY_ba)*D_caY_bl +(D_lcY_ba + D_caY_bl)*D_acY_bt+(D_alY_bc + D_acY_bl) *D_ctY_ba 
+(D_tcY_bl + D_ctY_bl)*D_aaY_bc +(D_caY_ba + D_acY_ba + D_caY_ba) *D_tcY_bl 
+(D_ccY_ba + D_caY_bc + D_acY_bc) *D_ltY_ba +(D_tcY_bc + D_ctY_bc + D_ccY_bt) *D_aaY_bl 
+(D_caY_bl + D_alY_bc + D_caY_bl) *D_tcY_ba +(D_taY_bc + D_caY_bt + D_atY_bc) *D_caY_bl 
+(D_lcY_ba + D_clY_ba)*(D_tcY_ba + D_ctY_ba) 
+(D_caY_ba + D_acY_ba) * (D_tlY_bc + D_ctY_bl + D_clY_bt) 
+(D.laY_ba + D_alY_ba) * (D_tcY_bc + D_ctY_bc + D_ccY_bt)) 
- (2/3) * P 2*s4*D_aX* ( (D_tlaX+D_talX+D_atlX) +2*D_tY_bl*Y_ba 

+(D_lY_ba+D_aY_bl)*Y_bt+(D_tY_ba+D_aY_bt)*Y_bl) 
+(2/3)*p4*s5*(D_akY_lt*Y2_ah + D_haY_lt*Y2_ak + D_hkY_la*Y2_at) 
+(l/2)*p4*s5*((D_haY_bl + D_alY_bh) *D_ktY_ba + (D_haY_bt + D_btY_ah) *D_kaY_bl 

+ (D_haY_bk + D_ahY_bk) *D_atY_bl + (D_taY_bl + D_atY_bl + D_ltY_ba) *D_hkY_ba 
+ (D_laY_ba + D_alY_ba + D_aaY_bl)*D_hkY_bt + (D_aaY_bh + D_ahY_ba + D_haY_ba) *D_ktY_bl) 
- p6*s6*D_ktY_al*D_gxY_ah) ; 
/*save file in Maxima output*/ 
save(eitlst8,'/,) ; 



Manipulating the Maxima generated output like sorting (using MS Excel) accord- 
ing to string length and labeling each eight mass-dimensional invariant accordingly 
for later reference, we have: 



1 12) D_abbX D_aX 
1 12) D_aX D_babX 
1 12) D_aX D_bbaX 
-1 12) D_abX Y2_ab 
1 16) D_cbY_ca Y2_ab 
-1 16) D_bcY_ac Y2_ab 
1 32) D_bcY_ab D_cdY_ad 
1 32) D_bcY_ab D_dcY_ad 
1 32) D_bcY_ab D_ddY_ac 
(1 32) D_bcY_ad D_dcY_ab 
(1 32) D_bdY_ac D_dcY_ab 
(1 32) D_bdY_ad D_ccY_ab 
(1 32) D_cbY_ab D_cdY_ad 
(1 32) D_cbY_ab D_dcY_ad 
(1 32) D_cbY_ab D_ddY_ac 
(1 32) D_cbY_ad D_dcY_ab 
(1 32) D_ccY_ab D_dbY_ad 
(1 32) D_ccY_ab D_ddY_ab 
(1 32) D_cdY_ab D_dcY_ab 
(1 32) D_dbY_ac D_dcY_ab 
(1 32) D_dcY_ab D_dcY_ab 
(1 15) D_atX d_lt Y2_al 
(1 15) D_laX d_lt Y2_at 
(1 6) D_aX D_aY_bc Y_bc 
(1 6) D_aX D_cY_ba Y_bc 
(1 6) D_aX D_cY_bc Y_ba 
(-1 15) D_atlX D_aX d_lt 
(-1 15) D_aX d_lt D_talX 
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a29 


((-1 


15) 


D_aX d_lt D_tlaX 




a30 


((1 20) 


d_lt D_tbY_ab Y2_al 




a31 


((1 60) 


D_baY_la d_lt Y2_bt 




a32 


((-1 


20) 


D_abY_al 


d_lt Y2_bt 




a33 


((-1 


20) 


D_btY_ba 


d_lt Y2_al 




a34 


((-1 


30) 


D_aaY_lb 


d_lt Y2_bt 




a35 


((-1 


30) 


D_abY_la 


d_lt Y2_bt 




a36 


((-1 


30) 


D_baY_lt 


d_lt Y2_ab 




a37 


((-1 


30) 


D_btY_la 


d_lt Y2_ab 




a38 


((-1 


30) 


d_lt D_tbY_la Y2_ab 




a39 


((-1 


20) 


D_caY_ba 


d_lt D_tcY. 


.bl 


a40 


((-1 


20) 


D_caY_bl 


D_ctY_ba d. 


.It 


a41 


((-1 


20) 


D_caY_bl 


d_lt D_tcY. 


ba 


a42 


((-1 


40) 


D_aaY_bc 


D_ctY_bl d. 


.It 


a43 


((-1 


40) 


D_aaY_bc 


d_lt D_tcY_ 


_bl 


a44 


((-1 


40) 


D_aaY_bl 


D_ccY_bt d. 


.It 


a45 


((-1 


40) 


D_aaY_bl 


D_ctY_bc d. 


.It 


a46 


((-1 


40) 


D_aaY_bl 


d_lt D_tcY. 


.be 


a47 


((-1 


40) 


D_acY_ba 


D_clY_bt d. 


.It 


a48 


((-1 


40) 


D_acY_ba 


D_ctY_bl d. 


.It 


a49 


((-1 


40) 


D_acY_ba 


d_lt D_tcY. 


_bl 


a50 


((-1 


40) 


D_acY_ba 


d_lt D_tlY. 


.be 


a51 


((-1 


40) 


D_acY_bc 


d_lt D_ltY. 


_ba 


a52 


((-1 


40) 


D_acY_bl 


D_ctY_ba d. 


.It 


a53 


((-1 


40) 


D_acY_bt 


D_caY_bl d. 


.It 


a54 


((-1 


40) 


D_acY_bt 


D_lcY_ba d. 


.It 


a55 


((-1 


40) 


D_alY_ba 


D_ccY_bt d. 


.It 


a56 


((-1 


40) 


D_alY_ba 


D_ctY_bc d. 


.It 


a57 


((-1 


40) 


D_alY_ba 


d_lt D_tcY. 


.be 


a58 


((-1 


40) 


D_alY_bc 


D_ctY_ba d. 


.It 


a59 


((-1 


40) 


D_alY_bc 


d_lt D_tcY. 


.ba 


a60 


((-1 


40) 


D_alY_bt 


D_ccY_ba d. 


.It 


a61 


((-1 


40) 


D_atY_bc 


D_caY_bl d. 


.It 


a62 


((-1 


40) 


D_caY_ba 


D_clY_bt d. 


.It 


a63 


((-1 


40) 


D_caY_ba 


D_ctY_bl d. 


.It 


a64 


((-1 


40) 


D_caY_ba 


d_lt D_tlY. 


.be 


a65 


((-1 


40) 


D_caY_bc 


d_lt D.ltY. 


.ba 


a66 


((-1 


40) 


D_caY_bc 


d_lt D_taY. 


_bl 


a67 


((-1 


40) 


D_caY_bl 


D_caY_bt d. 


.It 


a68 


((-1 


40) 


D_caY_bl 


d_lt D_taY_ 


.be 


a69 


((-1 


40) 


D_ccY_ba 


d_lt D_ltY_ 


ba 


a70 


((-1 


40) 


D_ccY_ba 


d_lt D_taY. 


_bl 


a71 


((-1 


40) 


D_ccY_ba 


d_lt D_tlY. 


.ba 


a72 


((-1 


40) 


D_ccY_bt 


D_laY_ba d. 


.It 


a73 


((-1 


40) 


D_clY_ba 


D_ctY_ba d. 


.It 


a74 


((-1 


40) 


D_clY_ba 


d_lt D_taY. 


.be 


a75 


((-1 


40) 


D_clY_ba 


d_lt D_tcY. 


ba 


a76 


((-1 


40) 


D_ctY_ba 


D_lcY_ba d. 


.It 


a77 


((-1 


40) 


D_ctY_bc 


D_laY_ba d. 


.It 


a78 


((-1 


40) 


D_laY_ba 


d_lt D_tcY_ 


.be 


a79 


((-1 


40) 


D_lcY_ba 


d_lt D_taY_ 


.be 


a80 


((-1 


40) 


D_lcY_ba 


d_lt D_tcY. 


.ba 


a81 


((-1 


15) 


D_aX D_aY_bl d_lt Y. 


.bt 


a82 


((-1 


15) 


D_aX D_aY_bt d_lt Y. 


_bl 


a83 


((-1 


15) 


D_aX d_lt D_lY_ba Y. 


_bt 


a84 


((-1 


15) 


D_aX d_lt D_tY_ba Y. 


.bl 


a85 


((-2 


15) 


D_aX d_lt D_tY_bl Y. 


.ba 


a86 


((1 36) 


D_akY_lt d_kh d_lt Y2_ah 


a87 


((1 36) 


D_akY_lt d_lh d_tk Y2_ah 
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a88: 

a89: 

a90: 

a91: 

a92: 

a93: 

a94: 

a95: 

a96: 

a97: 

a98: 

a99: 

alOO: 

alOl: 

al02: 

al03: 

al04: 

al05: 

al06: 

al07: 

al08: 

al09: 

allO: 

alll: 

all2: 

all3: 

all4: 

all5: 

all6: 

all7: 

all8: 

all9: 

al20: 

al21: 

al22: 

al23: 

al24: 

al25: 

al26: 

al27: 

al28: 

al29: 

al30: 

al31: 

al32: 

al33: 

al34: 

al35: 

al36: 

al37: 

al38: 

al39: 

al40: 

al41: 

al42: 

al43: 

al44: 

al45: 

al46: 



36) 


D. 


_akY_ 


.It 


d. 


.Ik d_th Y2_ah 




36) 


D. 


.haY. 


.It 


d. 


_kh d_lt Y2_ak 




36) 


D. 


_haY_ 


.It 


d. 


_lh d_tk Y2_ak 




36) 


D. 


.haY. 


.It 


d. 


_lk d_th Y2_ak 




36) 


D. 


_hkY_ 


.la 


d. 


_kh d_lt Y2_at 




36) 


D. 


.hkY_ 


.la 


d. 


.lh d_tk Y2_at 




36) 


D. 


_hkY_ 


.la 


d. 


_lk d_th Y2_at 




48) 


D. 


_aaY_ 


.bh 


d. 


_kh D_ktY_bl d_ 


It 


48) 


D. 


.aaY. 


.bh 


D. 


ktY_bl d_lh d_ 


tk 


48) 


D. 


.aaY. 


.bh 


D. 


.ktY_bl d_lk d_ 


th 


48) 


D. 


.aaY. 


.bl 


D. 


_hkY_bt d_kh d_ 


It 


48) 


D. 


.aaY. 


.bl 


D. 


_hkY_bt d_lh d_ 


tk 



(1 


48) 


D 


_aaY. 


.bl 


D 


_hkY_bt 


d_ 


.lk 


d. 


.th 


(1 


48) 


D 


_alY. 


.bh 


d. 


_kh D_ktY. 


.ba 


d. 


.It 


Cl 


48) 


D 


_alY. 


.bh 


D 


_ktY_ba 


d_ 


.lh 


d_ 


.tk 


(1 


48) 


D 


_alY. 


.bh 


D. 


_ktY_ba 


d. 


.lk 


d. 


.th 


(1 


48) 


D 


_ahY. 


_ba 


d 


_kh D_ktY. 


.bl 


d_ 


.It 


(1 


48) 


D 


_ahY_ 


_ba 


D 


_ktY_bl 


d. 


.lh 


d. 


.tk 


(1 


48) 


D 


_ahY_ 


_ba 


D 


_ktY_bl 


d. 


.lk 


d. 


.th 


(1 


48) 


D 


_ahY_ 


_bk 


D 


_atY_bl 


d. 


.kh 


d. 


.It 


(1 


48) 


D 


_ahY. 


_bk 


D 


_atY_bl 


d. 


.lh 


d_ 


.tk 


(1 


48) 


D 


_ahY. 


_bk 


D 


_atY_bl 


d_ 


.lk 


d. 


.th 


(1 


48) 


D 


_alY_ 


.ba 


D 


_hkY_bt 


d_ 


.kh 


d_ 


.It 


(1 


48) 


D 


_alY_ 


_ba 


D 


_hkY_bt 


d. 


.lh 


d. 


.tk 


(1 


48) 


D 


.alY. 


.ba 


D 


_hkY_bt 


d. 


.lk 


d. 


.th 


(1 


48) 


D 


_atY. 


.bl 


D 


_haY_bk 


d. 


.kh 


d. 


.It 


(1 


48) 


D 


_atY_ 


.bl 


D 


_haY_bk 


d. 


.lh 


d. 


.tk 


(1 


48) 


D 


_atY. 


bl 


D 


_haY_bk 


d. 


.lk 


d. 


.th 


(1 


48) 


D 


_atY. 


.bl 


D 


.hkY.ba 


d. 


.kh 


d. 


.It 


(1 


48) 


D 


_atY. 


.bl 


D. 


.hkY.ba 


d. 


.lh 


d. 


.tk 


(1 


48) 


D 


_atY_ 


.bl 


D. 


_hkY_ba 


d. 


.lk 


d. 


.th 


(1 


48) 


D 


_btY_ 


.ah 


D 


_kaY_bl 


d. 


.kh 


d. 


.It 


(1 


48) 


D 


_btY_ 


.ah 


D 


_kaY_bl 


d. 


.lh 


d. 


.tk 


(1 


48) 


D 


.btY. 


.ah 


D 


_kaY_bl 


d_ 


.lk 


d_ 


.th 


(1 


48) 


D 


.haY. 


.ba 


d 


_kh D_ktY_ 


bl 


d_ 


.It 


(1 


48) 


D 


_haY. 


.ba 


D. 


_ktY_bl 


d_ 


.lh 


d. 


.tk 


(1 


48) 


D 


.haY. 


.ba 


D 


.ktY.bl 


d_ 


.lk 


d. 


.th 


(1 


48) 


D 


.haY. 


.bl 


d 


_kh D_ktY_ 


ba 


d. 


.It 


(1 


48) 


D 


.haY. 


.bl 


D 


_ktY_ba 


d. 


.lh 


d. 


.tk 


(1 


48) 


D 


.haY. 


.bl 


D 


_ktY_ba 


d. 


.lk 


d. 


.th 


(1 


48) 


D 


.haY. 


.bt 


D 


_kaY_bl 


d. 


.kh 


d_ 


.It 


(1 


48) 


D 


_haY. 


bt 


D 


.kaY.bl 


d_ 


.lh 


d_ 


.tk 


(1 


48) 


D 


_haY. 


.bt 


D 


_kaY_bl 


d_ 


.lk 


d. 


.th 


(1 


48) 


D 


_hkY. 


.ba 


d 


_kh d_lt D_ltY_ 


ba 


(1 


48) 


D 


.hkY. 


.ba 


d 


_kh d_lt D_taY. 


bl 


(1 


48) 


D 


_hkY_ 


.ba 


d 


_lh D_ltY_ 


ba 


d. 


.tk 


(1 


48) 


D 


.hkY. 


.ba 


d 


_lh D_taY_ 


bl 


d. 


.tk 


(1 


48) 


D 


.hkY. 


.ba 


d 


_lk D_ltY_ 


ba 


d. 


.th 


(1 


48) 


D 


_hkY. 


.ba 


d 


_lk D_taY_ 


bl 


d. 


.th 


(1 


48) 


D 


_hkY. 


.bt 


d 


_kh D_laY_ 


ba 


d. 


.It 


Cl 


48) 


D 


_hkY. 


.bt 


D. 


_laY_ba 


d_ 


.lh 


d. 


.tk 


(1 


48) 


D 


_hkY. 


bt 


D. 


_laY_ba 


d_ 


.lk 


d. 


.th 



-1 


56) 


d. 


.gx D.gxY. 


.ah 


d.kh D_ktY_ 


al 


d. 


.It 


-1 


56) 


d_ 


_gx D_gxY. 


.ah 


D_ktY_al d_ 


.lh 


d. 


.tk 


-1 


56) 


d. 


.gx D_gxY. 


.ah 


D_ktY_al d_ 


.lk 


d. 


th 


-1 


56) 


D_ 


_gxY_ah d. 


-hg 


D_ktY_al d_ 


kx 


d_ 


.It 


-1 


56) 


D_ 


_gxY_ah d. 


-hg 


D_ktY_al d_ 


.lk 


d_ 


.tx 


-1 


56) 


D_ 


_gxY_ah d. 


-hg 


D_ktY_al d_ 


.lx 


d_ 


.tk 


-1 


56) 


D. 


_gxY_ah d. 


_hx 


d_kg D_ktY_ 


al 


d_ 


.It 
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al47: 


((- 


1 


56) 


D_gxY_ah 


al48: 


((- 


1 


56) 


D_gxY_ah 


al49: 


((- 


1 


56) 


D_gxY_ah 


al50: 


((- 


1 


56) 


D_gxY_ah 


al51: 


((- 


1 


56) 


D_gxY_ah 


al52: 


((- 


1 


56) 


D_gxY_ah 


al53: 


((- 


1 


56) 


D_gxY_ah 


al54: 


((- 


1 


56) 


D_gxY_ah 



d_hx D_ktY_al d_lg d_tk 
d_hx D_ktY_al d_lk d_tg 
d_kg D_ktY_al d_lh d_tx 
d_kg D_ktY_al d_lx d_th 
d_kh D_ktY_al d_lg d_tx 
d_kh D_ktY_al d_lx d_tg 
D_ktY_al d_kx d_lg d_th 
D_ktY_al d_kx d_lh d_tg 



Renaming dummy indices following an arbitrary pattern so as to combine similar 
type of invariants, we have: 

DX DY Y type of invariant 
a24 : + (1/6) *D_aX*D_aY_bc*Y_bc 
a25 : + ( 1/6) *D_aX*D.cY_ba*Y_bc 
a26 : + (1/6) *D_aX*D_cY_bc*Y_ba 
a81 : - (1/15) *D_aX*D_aY_bc*Y_bc 
a82 : - (1/15) *D_aX*D_aY_bc*Y_bc 
a83 : - (1/15) *D_aX*D_cY_ba*Y_bc 
a84 : - (1/15) *D_aX*D_cY_ba*Y_bc 
a85 : - (2/15) *D_aX*D_cY_bc*Y_ba 
Output : ========================= 

+(1/30) D_aX D_cY_bc Y_ba +(1/30) D_aX D_aY_bc Y_bc +(1/30) D_aX D_cY_ba Y_bc 



DDX YY type of invariant 
a4:-(l/12)*D_abX*Y2_ab 
a22 : + (1/15) *D_abX*Y2_ab 

a23 : + (1/15) *D_baX*Y2_ab=+ (1/15) *D_abX*Y2_ba=+ (1/15) *D_abX*Y2_ab 
Output : ========================= 

+(1/20) D_abX Y2_ab 



DDY YY 

a5: +(l/16)*D_cbY_ca*Y2_ab 



a6: 


- ( 1/16) *D_bcY_ac*Y2_ab 


a30: 


+(1/20)*D_ 


_bcY_ 


.ac*Y2_ 


.ab 


a31: 


+(1/60)*D_ 


_caY_ 


_ba*Y2_ 


_cb 


a32: 


-(1/20)*D. 


_acY. 


_ab*Y2_ 


.cb 


a33: 


-(1/20)*D. 


_cbY_ 


.ca*Y2. 


.ab 


a34: 


-(1/30)*D_ 


.aaY. 


_bc*Y2. 


.cb 


a35: 


-(1/30)*D. 


_acY_ 


ba*Y2. 


.cb 


a36: 


-(1/30)*D. 


baY. 


_cc*Y2. 


.ab 


a37: 


-(1/30)*D. 


.bcY. 


_ca*Y2_ 


.ab 


a38: 


-(1/30)*D. 


.cbY. 


_ca*Y2_ 


.ab 


a86: 


+(1/36)*D_ 


.abY. 


.cc*Y2_ 


.ab 


a87: 


+(1/36)*D_ 


_acY_ 


bc*Y2_ 


.ab 


a88: 


+(1/36)*D_ 


.acY. 


_cb*Y2. 


.ab 


a89: 


+(1/36)*D_ 


_baY_ 


_cc*Y2. 


.ab 


a90: 


+(1/36)*D_ 


.caY. 


_cb*Y2. 


.ab 


a91: 


+(1/36)*D_ 


.caY. 


_bc*Y2. 


.ab 


a92: 


+(1/36)*D_ 


_ccY_ 


_ba*Y2. 


.ab 


a93: 


+(1/36)*D_ 


.cbY. 


_ca*Y2_ 


.ab 


a94: 


+(1/36)*D_ 


bcY. 


_ca*Y2_ 


.ab 



Output : ========================= 

+(1/36) D_abY_cc Y2_ab +(2/45) D_acY_bc Y2_ab +(1/36) D_acY_cb Y2_ab -(1/180) D_baY_cc Y2_ab 
-(1/80) D_bcY_ac Y2_ab -(1/180) D_bcY_ca Y2_ab -(1/180) D_caY_bc Y2_ab -(1/45) D_caY_cb Y2_ab 
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+(1/144) D_cbY_ca Y2_ab -(1/180) D_ccY_ba Y2_ab 



DDX DDX type of invariant 

al:+(l/12) D_abbX D_aX = -(1/12) D_abX D_abX 
a2:+(l/12) D_babX D_aX = -(1/12) D_baX D_abX 
a3:+(l/12) D_bbaX D_aX = -(1/12) D_bbX D_aaX 
a27:-(l/15) D_abbX D_aX = +(1/15) D_abX D_abX 
a28:-(l/15) D_babX D_aX = +(1/15) D_baX D_abX 
a29:-(l/15) D_bbaX D_aX = +(1/15) D_bbX D_aaX 
Output : ========================= 

-(1/60) D_abX D_abX-(l/60) D_abX D_baX-(l/60) D_aaX D_bbX 



type of Invariant 
DDY DDY 

a7:+(l/32) D_bcY_ab D_cdY_ad 
a8:+(l/32) D_bcY_ab D_dcY_ad 
a9:+(l/32) D_bcY_ab D_ddY_ac 



alO 


+ 


.1/32) 


D. 


_bcY_ 


.ad 


D. 


.dcY. 


.ab 


all 


+ 


>l/32) 


D. 


_cdY. 


.ab 


D. 


.dbY. 


_ac 


al2 


+ 


>l/32) 


D. 


_bdY_ 


.ad 


D. 


.ccY. 


.ab 


al3 


+ 


.1/32) 


D. 


_cbY_ 


.ab 


D. 


.cdY. 


.ad 


al4 


+ 


;i/32) 


D. 


_cbY_ 


.ab 


D. 


_dcY_ 


.ad 


al5 


+ 


'1/32) 


D. 


_cbY_ 


.ab 


D. 


.ddY. 


_ac 


al6 


+ 


;i/32) 


D. 


_cbY_ 


.ad 


D. 


.dcY. 


.ab 


al7 


+ 


;i/32) 


D. 


_ccY_ 


.ab 


D. 


.dbY. 


.ad 


al8 


+ 


;i/32) 


D. 


_ccY. 


.ab 


D. 


.ddY. 


.ab 


al9 


+ 


;i/32) 


D. 


.dcY. 


.ab 


D. 


.cdY. 


.ab 


a20 


+ 


;i/32) 


D. 


_cdY_ 


.ab 


D. 


.cbY. 


.ad 


a21 


+ 


'1/32) 


D. 


_cdY_ 


.ab 


D. 


_cdY_ 


.ab 


a39 




:i/2o) 


D. 


.dbY. 


.ab 


D. 


.cdY. 


.ac 


a40 




;i/2o) 


D. 


.dcY. 


.ab 


D. 


.dbY. 


.ac 


a41 




:i/2o) 


D. 


.dcY. 


.ab 


D. 


.bdY. 


.ac 


a42 




:i/4o) 


D. 


_ccY_ 


.ab 


D. 


.bdY. 


.ad 


a43 




;i/4o) 


D. 


_ccY_ 


.ab 


D. 


.dbY. 


.ad 


a44 




:i/4o) 


D. 


.ddY_ 


.ab 


D. 


_ccY_ 


.ab 


a45 




:i/4o) 


D. 


_ddY_ 


.ab 


D. 


.cbY. 


.ac 


a46 




:i/4o) 


D. 


_ddY_ 


.ab 


D. 


_bcY_ 


.ac 


a47 




;i/4o) 


D. 


_bcY_ 


.ab 


D. 


.cdY. 


.ad 


a48 




;i/4o) 


D. 


.bcY. 


.ab 


D. 


.cdY. 


.ad 


a49 




;i/4o) 


D. 


.bcY. 


.ab 


D. 


.dcY. 


.ad 


a50 




:i/4o) 


D. 


.bcY. 


.ab 


D. 


.ddY. 


.ac 


a51 




:i/4o) 


D. 


_cbY_ 


.ab 


D. 


.ddY. 


.ac 


a52 




;i/4o) 


D. 


_dcY_ 


.ab 


D. 


.cbY. 


.ad 


a53 




:i/4o) 


D. 


.dcY. 


.ab 


D. 


.cdY. 


.ab 


a54 




:i/4o) 


D. 


.dcY. 


.ab 


D. 


_bcY_ 


.ad 


a55 




;i/4o) 


D. 


.bdY. 


.ab 


D. 


.ccY. 


.ad 


a56 




;i/4o) 


D. 


.bdY. 


.ab 


D. 


.cdY. 


.ac 


a57 




:i/4o) 


D. 


_bdY_ 


.ab 


D. 


.dcY. 


.ac 


a58 




:i/4o) 


D. 


.cdY. 


.ab 


D. 


.bdY. 


.ac 


a59 




:i/4o) 


D. 


.cdY. 


.ab 


D. 


.dbY. 


.ac 


a60 




:i/4o) 


D. 


_cbY_ 


.ab 


D. 


.ddY. 


.ac 


a61 




:i/4o) 


D. 


.cdY. 


.ab 


D. 


_bcY_ 


.ad 


a62 




;i/4o) 


D. 


.cbY. 


.ab 


D. 


.cdY. 


.ad 


a63 




;i/4o) 


D. 


.cbY. 


.ab 


D. 


.cdY. 


.ad 


a64 




:i/4o) 


D. 


.cbY. 


.ab 


D. 


.ddY. 


.ac 


a65 




:i/4o) 


D. 


.bcY. 


.ab 


D. 


.ddY. 


.ac 


a66 




:i/4o) 


D. 


.bcY. 


.ab 


D. 


.dcY. 


.ad 


a67 




;i/4o) 


D. 


.cdY. 


.ab 


D. 


.cdY. 


.ab 


a68 




:i/4o) 


D. 


.cdY. 


.ab 


D. 


.bdY. 


.ac 
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a69:- 


" ( 


L/40) 


a70:- 


•( 


1/40) 


a71:- 


" ( 


L/40) 


a72:- 


•( 


L/40) 


a73:- 


" ( 


L/40) 


a74:- 


•( 


L/40) 


a75:- 


•( 


L/40) 


a76:- 


•( 


L/40) 


a77:- 


•( 


L/40) 


a78:- 


" ( 


L/40) 


a79:- 


•( 


L/40) 


a80:- 


'( 


L/40) 


a95:i 


-( 


L/48) 


a96H 


-( 


L/48) 


a97H 


-( 


L/48) 


a98:-i 


-( 


L/48) 


a99H 


-( 


L/48) 


alOO 


+ 


;i/48 


alOl 


+ 


:i/48 


al02 


+ 


U/48 


al03 


+ 


:i/48 


al04 


+ 


:i/48 


al05 


+ 


:i/48 


al06 


+ 


:i/48 


al07 


+ 


:i/48 


al08 


+ 


;i/48 


al09 


+ 


;i/48 


alio 


+ 


:i/48 


alll 


+ 


:i/48 


all2 


+ 


a/48 


all3 


+ 


:i/48 


all4 


+ 


:i/48 


all5 


+ 


;i/48 


all6 


+ 


:i/48 


all7 


+ 


:i/48 


all8 


+ 


;i/48 


all9 


+ 


:i/48 


al20 


+ 


:i/48 


al21 


+ 


;i/48 


al22 


+ 


:i/48 


al23 


+ 


;i/48 


al24 


+ 


:i/48 


al25 


+ 


;i/48 


al26 


+ 


:i/48 


al27 


+ 


:i/48 


al28 


+ 


:i/48 


al29 


+ 


:i/48 


al30 


+ 


a/48 


al31 


+ 


:i/48 


al32 


+ 


:i/48 


al33 


+ 


a/48 


al34 


+ 


:i/48 


al35 


+ 


;i/48 


al36 


+ 


:i/48 


al37 


+ 


;i/48 


al38 


+ 


:i/48 


al39 


+ 


;i/48 


al40 




;i/56 


al41 




a/56 



D. 


.ccY. 


ab 


D. 


_ddY_ 


ab 


D. 


.ccY_ 


ab 


D. 


_dbY_ 


ad 


D. 


.ccY_ 


ab 


D. 


_ddY_ 


ab 


D. 


_ccY_ 


ab 


D. 


bdY. 


ad 


D_ 


.cdY_ 


ab 


D. 


_cdY_ 


ab 


D. 


.cdY_ 


ab 


D. 


.dbY. 


ac 


D. 


.cdY_ 


ab 


D. 


_dcY_ 


ab 


D. 


.cdY_ 


ab 


D. 


_dcY_ 


ab 


D. 


bdY. 


ab 


D. 


.dcY_ 


ac 


D. 


.cbY. 


ab 


D. 


.cdY_ 


ad 


D. 


dcY. 


ab 


D. 


.dbY_ 


ac 


D_ 


.dcY_ 


ab 


D. 


.dcY_ 


ab 


D_ 


.ccY_ 


ab 


D. 


.bdY. 


ad 


D_ 


_ccY_ 


ab 


D. 


.ddY_ 


ab 


D. 


.ccY_ 


ab 


D. 


_dbY_ 


ad 


D. 


.ccY_ 


ab 


D. 


.ddY_ 


ab 


D. 


.ccY_ 


ab 


D. 


.bdY_ 


ad 



D. 


.ccY. 


.ab 


D. 


.dbY_ 


.ad 


D. 


.cdY_ 


.ab 


D. 


bdY_ 


.ac 


D. 


.cbY. 


.ab 


D. 


.ddY. 


.ac 


D. 


.cdY. 


.ab 


D. 


_dbY_ 


.ac 


D. 


.bcY. 


.ab 


D. 


_cdY_ 


.ad 


D. 


.bcY. 


.ab 


D. 


.ddY. 


.ac 


D. 


.bcY. 


.ab 


D. 


_dcY_ 


.ad 


D. 


.cbY. 


.ab 


D. 


_cdY_ 


.ad 


D. 


.cdY. 


.ab 


D. 


.cbY_ 


.ad 


D. 


.cdY. 


.ab 


D. 


.cdY_ 


.ab 


D_ 


.bcY. 


.ab 


D. 


_ddY_ 


.ac 


D. 


.bcY. 


.ab 


D. 


_cdY_ 


.ad 


D. 


.bcY. 


.ab 


D. 


_dcY_ 


.ad 


D. 


.cbY. 


.ab 


D. 


_dcY_ 


.ad 


D. 


.cdY. 


.ab 


D. 


_bcY_ 


.ad 


D. 


.cdY. 


.ab 


D. 


.dcY. 


.ab 


D. 


.cbY. 


.ab 


D. 


_ddY_ 


.ac 


D. 


.cdY. 


.ab 


D. 


_bdY_ 


.ac 


D. 


.cdY. 


.ab 


D. 


.dbY. 


.ac 


D. 


.bcY. 


.ad 


D. 


.daY_ 


be 


D. 


.cdY. 


.ab 


D. 


.daY. 


.cb 


D. 


.cbY. 


.ab 


D. 


.daY. 


.cd 


D. 


.cbY. 


.ab 


D. 


.cdY. 


.ad 


D. 


.cbY. 


.ab 


D. 


.ddY. 


.ac 


D. 


.cbY. 


.ab 


D. 


_dcY_ 


.ad 


D_ 


.dcY. 


.ab 


D. 


.dbY. 


.ac 


D. 


.bcY. 


.ab 


D. 


.ddY. 


.ac 


D. 


.dcY. 


.ab 


D. 


_bdY_ 


.ac 


D. 


.dcY. 


.ab 


D. 


.dcY. 


.ab 


D. 


.dcY. 


.ab 


D. 


.bcY. 


.ad 


D. 


.bcY. 


.ab 


D. 


.dcY. 


.ad 


D. 


.ccY. 


.ab 


D. 


.ddY. 


.ab 


D. 


.ccY. 


.ab 


D. 


.dbY. 


.ad 


D. 


.dcY. 


.ab 


D. 


.dcY. 


.ab 


D. 


.dcY. 


.ab 


D. 


.cbY. 


.ad 


D. 


.dcY. 


.ab 


D. 


.cdY. 


.ab 


D. 


dcY. 


.ab 


D. 


.dbY. 


.ac 


D. 


.ccY. 


.ab 


D. 


_bdY_ 


.ad 


D_ 


.cbY. 


.ab 


D. 


.cdY. 


.ad 


D_ 


.bcY. 


.ab 


D. 


.cdY. 


.ad 


D. 


.ccY. 


.ab 


D. 


_bdY_ 


.ad 


D. 


.ccY. 


.ab 


D. 


.ddY. 


.ab 



al42 


-(1/56) 


D_ 


.ccY. 


.ab 


D. 


_dbY_ 


.ad 


al43 


-(1/56) 


D. 


.bcY. 


.ab 


D. 


_cdY_ 


.ad 


al44 


-(1/56) 


D_ 


.bcY_ 


.ab 


D. 


_dcY_ 


.ad 


al45 


-(1/56) 


D_ 


.bcY_ 


.ab 


D. 


_ddY_ 


,ac 


al46 


-(1/56) 


D_ 


.cbY_ 


.ab 


D. 


.cdY. 


.ad 


al47 


-(1/56) 


D_ 


.cbY_ 


.ab 


D. 


_ddY_ 


_ac 


al48 


-(1/56) 


D_ 


.cbY_ 


.ab 


D. 


_dcY_ 


.ad 


al49 


-(1/56) 


D_ 


.dcY_ 


.ab 


D. 


_dcY_ 


.ab 


al50 


-(1/56) 


D_ 


.dcY. 


.ab 


D. 


_dbY_ 


.ac 


al51 


-(1/56) 


D_ 


.dcY. 


.ab 


D. 


.bcY_ 


.ad 


al52 


-(1/56) 


D_ 


.dcY_ 


.ab 


D. 


_bdY_ 


.ac 


al53 


-(1/56) 


D. 


.dcY. 


.ab 


D. 


_cbY_ 


.ad 


al54 


-(1/56) 


D. 


.dcY. 


.ab 


D. 


_cdY_ 


.ab 



Output : ========================= 

+(1/48) (D_daY_bc) (D_bcY_ad) +(29/1120) (D_bdY_ad) (D_ccY_ab) +(-1/40) (D_bdY_ab) (D_ccY_ad) 
+(-1/240) (D_bcY_ad) (D_cdY_ab) +(-1/120) (D_bdY_ac) (D_cdY_ab) +(5/96) (D_cbY_ad) (D_cdY_ab) 
+(1/480) (D_cdY_ab) (D_cdY_ab) +(-1/40) (D_bdY_ab) (D_cdY_ac) +(29/1120) (D_bcY_ab) (D_cdY_ad) 
+(1/1120) (D_cbY_ab) (D_cdY_ad) +(1/48) (D_cdY_ab) (D_daY_cb) +(1/48) (D_cbY_ab) (D_daY_cd) 
+(-1/20) (D_cdY_ac) (D_dbY_ab) +(11/480) (D_cdY_ab) (D_dbY_ac) +(29/1120) (D_ccY_ab) (D_dbY_ad) 
+(31/3360) (D_bcY_ad) (D_dcY_ab) +(-79/1680) (D_bdY_ac) (D_dcY_ab) +(31/3360) (D_cbY_ad) (D_dcY_ab) 
+(-67/3360) (D_cdY_ab) (D_dcY_ab) +(-43/840) (D_dbY_ac) (D_dcY_ab) +(-1/840) (D_dcY_ab) (D_dcY_ab) 
+(-1/20) (D_bdY_ab) (D_dcY_ac) +(29/1120) (D_bcY_ab) (D_dcY_ad) +(37/672) (D_cbY_ab) (D_dcY_ad) 
+(-1/40) (D_bcY_ac) (D_ddY_ab) +(-1/40) (D_cbY_ac) (D_ddY_ab) +(1/1120) (D_ccY_ab) (D_ddY_ab) 
+(29/1120) (D_bcY_ab) (D_ddY_ac) +(1/1120) (D_cbY_ab) (D_ddY_ac) 



Combining all Maxima generated output will give C± as given in ()5.60|) . 



E.1.2 Second-order Corrections 



In this subsection, we will solve for (j4.143|) 

4 1)[81 = ^D Tr j dX j d °P G ^ (m + + [5][3]) (E.2) 

Let us first solve for [3] [5]. The following are [3]^ with I = 1 and [5]^ with I = 2 
transcribed for Maxima environment implementation: 

thr : + (2*i/3) *D_aY_la*pl*sl+(8*i/3) *D_kY_lt*p3*s2 ; 

thrz : + (2* C/,i) /3) *D_azY_lzaz*p*szl+ (8*i/3) *D_kzY_lztz*p*p*p*sz2 ; 

thrl: +(2*C/.i)/3)*D_alY_llal*p*sll + (8*i/3)*D_klY_lltl*p*p*p*sl2; 

f iv: 

+(2*i/3)*pl*s2* (D_laaX + D_alaX + D_aalX + 2*D_bY_ab*Y_al + 2*(D_lY_ab + D_bY_al) *Y_ab) 
-(4*i/3)*p3*s3* (D_ktlX + D_tY_al*Y_ak + D_kY_at*Y_al) ; 

f ivz : 

+ (2*('/,i)/3)*p*sz2* (D_lzazazX + D_azlzazX + D_azazlzX + 2*D_bzY_azbz*Y_azlz 
+ 2*(D_lzY_azbz + D_bzY_azlz) *Y_azbz) 
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-(4*('/,i)/3)*p*p*p*sz3* (D_kztzlzX + D_tzY_azlz*Y_azkz + D_kzY_aztz*Y_azlz) ; 
fiv2: 

+ (2*("/.i)/3)*p21*s22* (D_12a2a2X + D_a212a2X + D_a2a212X + 2*D_b2Y_a2b2*Y_a212 

+ 2*(D_12Y_a2b2 + D_b2Y_a212) *Y_a2b2) 
-(4*('/.i)/3)*p23*s23* (D_k2t212X + D_t2Y_a212*Y_a2k2 + D_k2Y_a2t2*Y_a212) ; 

thrl: +(2*('/.i)/3)*D_alY_llal*pll*sll+(8*('/,i)/3)*D_klY_lltl*pl3*sl2; 
fiv2: 

+ (2*('/.i)/3)*p21*s22* (D_12a2a2X + D_a212a2X + D_a2a212X + 2*D_b2Y_a2b2*Y_a212 

+ 2*(D_12Y_a2b2 + D_b2Y_a212) *Y_a2b2) 
-(4*C/.i)/3)*p23*s23* (D_k2t212X + D_t2Y_a212*Y_a2k2 + D_k2Y_a2t2*Y_a212) ; 
expand(thrl*f iv2) ; 

Output : ========================= 

+D_alalX D_a2a2X sll s21 -2 D_a2a2X D_lltlX pl2 sl2 s21 -2 D_alalX D_12t2X p22 sll s22 

+D_alalX D_a2a2Y_12t2 p22 sll s22 +D_alalX D_a2t2Y_12a2 p22 sll s22 

+D_alalY_lltl D_a2a2X pl2 sl2 s21 +D_altlY_llal D_a2a2X pl2 sl2 s21 

+D_tlalY_llal D_a2a2X pl2 sl2 s21 +D_t2a2Y_12a2 D_alalX p22 sll s22 

+(4 D_lltlX D_12t2X pl2 p22 sl2 s22 -2 D_a2a2X D_hlklY_lltl pl4 sl3 s21 

-2 D_alalX D_h2k2Y_12t2 p24 sll s23 +(3 2) D_alalX D_a2t2Y_a212 p22 sll s22 

+(3 2) D_altlY_alll D_a2a2X pl2 sl2 s21 +(-3 2) D_alalX D_t2a2Y_12a2 p22 sll s22 

+(-3 2) D_a2a2X D_tlalY_llal pl2 sl2 s21 +3 D_lltlX D_t2a2Y_12a2 pl2 p22 sl2 s22 

+3 D_12t2X D_tlalY_llal pl2 p22 sl2 s22 +4 D_hlklY_lltl D_12t2X pl4 p22 sl3 s22 

+4 D_h2k2Y_12t2 D_lltlX pl2 p24 sl2 s23 -2 D_alalY_lltl D_12t2X pl2 p22 sl2 s22 

-2 D_altlY_llal D_12t2X pl2 p22 sl2 s22 -2 D_a2a2Y_12t2 D.lltlX pl2 p22 sl2 s22 

-2 D_a2t2Y_12a2 D_lltlX pl2 p22 sl2 s22 -2 D_tlalY_llal D_12t2X pl2 p22 sl2 s22 

-2 D_t2a2Y_12a2 D_lltlX pl2 p22 sl2 s22 -3 D_altlY_alll D_12t2X pl2 p22 sl2 s22 

-3 D_a2t2Y_a212 D_lltlX pl2 p22 sl2 s22 +D_alalY_lltl D_a2a2Y_12t2 pl2 p22 sl2 s22 

+D_alalY_lltl D_a2t2Y_12a2 pl2 p22 sl2 s22 +D_altlY_llal D_a2a2Y_12t2 pl2 p22 sl2 s22 

+D_altlY_llal D_a2t2Y_12a2 pl2 p22 sl2 s22 +D_tlalY_llal D_a2a2Y_12t2 pl2 p22 sl2 s22 

+D_tlalY_llal D_a2t2Y_12a2 pl2 p22 sl2 s22 +D_tlalY_llal D_t2a2Y_12a2 pl2 p22 sl2 s22 

+D_t2a2Y_12a2 D_alalY_lltl pl2 p22 sl2 s22 +D_t2a2Y_12a2 D_altlY_llal pl2 p22 sl2 s22 

+3 D_hlklY_lltl D_t2a2Y_12a2 pl4 p22 sl3 s22 +3 D_h2k2Y_12t2 D_tlalY_llal pl2 p24 sl2 s23 

+4 D_hlklY_lltl D_h2k2Y_12t2 pl4 p24 sl3 s23 -2 D_alalY_lltl D_h2k2Y_12t2 pl2 p24 sl2 s23 

-2 D_altlY_llal D_h2k2Y_12t2 pl2 p24 sl2 s23 -2 D_a2a2Y_12t2 D_hlklY_lltl pl4 p22 sl3 s22 

-2 D_a2t2Y_12a2 D_hlklY_lltl pl4 p22 sl3 s22 -2 D_tlalY_llal D_h2k2Y_12t2 pl2 p24 sl2 s23 

-2 D_t2a2Y_12a2 D_hlklY_lltl pl4 p22 sl3 s22 -3 D_altlY_alll D_h2k2Y_12t2 pl2 p24 sl2 s23 

-3 D_a2t2Y_a212 D_hlklY_lltl pl4 p22 sl3 s22 +(3 2) D_alalY_lltl D_a2t2Y_a212 pl2 p22 sl2 s22 

+(3 2) D_altlY_alll D_a2a2Y_12t2 pl2 p22 sl2 s22 +(3 2) D_altlY_alll D_a2t2Y_12a2 pl2 p22 sl2 s22 

+(3 2) D_altlY_llal D_a2t2Y_a212 pl2 p22 sl2 s22 +(3 2) D_tlalY_llal D_a2t2Y_a212 pl2 p22 sl2 s22 

+(3 2) D_t2a2Y_12a2 D_altlY_alll pl2 p22 sl2 s22 +(9 4) D_altlY_alll D_a2t2Y_a212 pl2 p22 sl2 s22 

+(9 4) D_tlalY_llal D_t2a2Y_12a2 pl2 p22 sl2 s22 +(-3 2) D_alalY_lltl D_t2a2Y_12a2 pl2 p22 sl2 s22 

+(-3 2) D_altlY_llal D_t2a2Y_12a2 pl2 p22 sl2 s22 +(-3 2) D_a2a2Y_12t2 D_tlalY_llal pl2 p22 sl2 s22 

+(-3 2) D_a2t2Y_12a2 D_tlalY_llal pl2 p22 sl2 s22 +(-3 2) D_tlalY_llal D_t2a2Y_12a2 pl2 p22 sl2 s22 

+(-3 2) D_t2a2Y_12a2 D_tlalY_llal pl2 p22 sl2 s22 +(-9 4) D_altlY_alll D_t2a2Y_12a2 pl2 p22 sl2 s22 

+(-9 4) D_a2t2Y_a212 D_tlalY_llal pl2 p22 sl2 s22 



The impending momentum and proper-time integrations are performed by imple- 
menting the following Maxima code: 

/*three-f old proper time integrations*/ 
/*(1,1,0;1,1)*/ slls21: (l/3)*(l/8); 
/*(2,1,0;2,2)*/ Sl2s21: (1/3) * (1/40) ; 
/*(1,2,0;2,2)*/ slls22: (1/3) * (1/40) ; 



157 



/*(2,2,0;4,3)*/ sl2s22: (1/3) * (1/240) ; 
/*(1,3,0;4,3)*/ slls23: (1/3) * (1/160) ; 
/*(3,1,0;4,3)*/ Sl3s21: (1/3) * (1/160) ; 
/*(2,3,0;8,4)*/ sl2s23: (1/3) * (1/1120) ; 
/*(3,2,0;8,4)*/ sl3s22: (1/3) * (1/1120) ; 
/*(3,3,0;16,4)*/ sl3s23: (1/3)*(1/17920) ; 

/*p2, p4, p6 momentum integrations*/ 
/*p2*/ 

pllp21: d_1112; 
/*p4*/ 

pl3p21: (d_1211*d_tlkl +d_12tl*d_llkl +d_12kl*d_lltl) ; 
pllp23: (d_1112*d_t2k2 +d_llt2*d_12k2 +d_llk2*d_12t2) ; 
/*p6*/ 
pl3p23: 

(d_lltl*d_kll2*d_t2k2 +d_lltl*d_klt2*d_12k2 +d_lltl*d_klk2*d_12t2 
+d_llkl*d_tll2*d_t2k2 +d_llkl*d_tlt2*d_12k2 +d_llkl*d_tlk2*d_12t2 
+d_1112*d_tlkl*d_t2k2 +d_1112*d_tlt2*d_klk2 +d_1112*d_tlk2*d_klt2 
+d_llt2*d_tlkl*d_12k2 +d_llt2*d_tll2*d_klk2 +d_llt2*d_tlk2*d_kll2 
+d_llk2*d_tlkl*d_12t2 +d_llk2*d_tll2*d_klt2 +d_llk2*d_tlt2*d_kll2) ; 

/*[3] [5]*/ 
expand ( 

-(4/9)*D_alY_llal*D_a2a212X*pllp21*slls22 -(4/9)*D_alY_llal*D_a212a2X*pllp21*slls22 
-(4/9)*D_alY_llal*D_12a2a2X*pllp21*slls22 -(16/9)*D_a2a212X*D_klY_lltl*pl3p21*sl2s22 
-(16/9)*D_a212a2X*D_klY_lltl*pl3p21*sl2s22 -(16/9)*D_klY_lltl*D_12a2a2X*pl3p21*sl2s22 
+(8/9)*D_alY_llal*D_k2t212X*pllp23*slls23 +(32/9)*D_klY_lltl*D_k2t212X*pl3p23*sl2s23 
-(8/9)*D_alY_llal*D_b2Y_a212*pllp21*slls22*Y_a2b2 - (8/9) *D_alY_llal*D_12Y_a2b2*pllp21*slls22*Y_a2b2 
-(32/9)*D_b2Y_a212*D_klY_lltl*pl3p21*sl2s22*Y_a2b2 - (32/9) *D_klY_lltl*D_12Y_a2b2*pl3p21*sl2s22*Y_a2b2 
+(8/9)*D_alY_llal*D_t2Y_a212*pllp23*slls23*Y_a2k2 +(32/9)*D_klY_lltl*D_t2Y_a212*pl3p23*sl2s23*Y_a2k2 
-(8/9)*D_alY_llal*D_b2Y_a2b2*pllp21*slls22*Y_a212 -(32/9)*D_b2Y_a2b2*D_klY_lltl*pl3p21*sl2s22*Y_a212 
+(8/9)*D_alY_llal*D_k2Y_a2t2*pllp23*slls23*Y_a212 +(32/9)*D_klY_lltl*D_k2Y_a2t2*pl3p23*sl2s23*Y_a212) ; 
save(eit2nd35,'/,) ; 



Sorting according to string length, labeling each term, contracting indices, group- 
ing to common type of invariant, and renaming dummy indices, we have: 

al->a 
a2->b 

11- >c 

12- >d 
tl->e 
t2->f 
kl->g 
b2->h 



we have 

Output : ====================== 

DDDX DY type of invariant 
bl: +(-1 270) D_bbcX D_aY_ca 
b2: +(-1 270) D_bcbX D_aY_ca 
b3: +(-1 270) D_cbbX D_aY_ca 
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b4: 


+ (1 


b27 


+ ( 


b5: 


+ (- 


bll 


+ ( 


bl7 


+ ( 


b29 


+ ( 


b9: 


+ (1 


bl9 


+ ( 


b8: 


+ (1 


b58 


+ ( 


bl5 


+ ( 


bl4 


+ ( 


b26 


+ ( 


b25 


+ ( 


b20 


+ ( 


b22 


+ ( 


b21 


+ ( 


b23 


+ ( 


bl3 


+ ( 


b6: 


+ (- 


bl2 


+ ( 


b24 


+ ( 


b30 


+ ( 


blO 


+ ( 


b28 


+ ( 


b7: 


+ (- 


bl6 


+ ( 



540) D_cddX D_aY_ca 
1 945) D_cddX D_eY_ce 
1 405) D_bbcX D_eY_ce 
-1 405) D_bcbX D_eY_ce 
-1 405) D_cbbX D_eY_ce 
1 945) D_ffcX D_eY_ce 

540) D_ffcX D_aY_ca 
1 945) D_ffgX D_gY_cc 

945) D_gddX D_gY_cc 
1 945) D_gecX D_gY_ce 
1 945) D_cegX D_gY_ce 
1 945) D_gceX D_gY_ce 
1 945) D_ffeX D_cY_ce 
1 945) D_eddX D_cY_ce 
1 945) D_ecgX 
1 945) D_egcX 
1 945) D_cgeX 
1 945) D_dgdX 



D_gY_ce 
D_gY_ce 
D_gY_ce 
D_gY_cc 



945) 
945) 
945) 
945) 

-1 405) D_bbeX D_cY_ce 
1 405) D_bebX D_cY_ce 
-1 405) D_ebbX D_cY_ce 
1 945) D_dedX D_cY_ce 
1 945) D_dcdX D_eY_ce 
1 540) D_dcdX D_aY_ca 
-1 405) D_bbgX D_gY_cc 
1 405) D_bgbX D_gY_cc 
-1 405) D_gbbX D_gY_cc 



DY DY 1 




type 


of invariant 




bl8 


+ 




1 135) 


D_aY_ca D_hY_bh Y_bc 


b32 


+ 




1 135) 


D_aY_ca D_hY_bc Y_bh 


b35 


+ 




1 135) 


D_aY_ca D_cY_bh Y_bh 


b31 


+ 


1 


540) 


D_aY_ca 


D_cY_bd 


Y_bd 


b54 


+ 


1 


540) 


D_aY_ca 


D_dY_bd 


Y_bc 


b69 


+ 


1 


945) 


D_eY_ce 


D_cY_bd 


Y_bd 


b75 


+ 


1 


945) 


D_eY_ce 


D_dY_bd 


Y_bc 


b34 


+ 




2 405) 


D_hY_bn D_eY_ce Y_bc 


b38 


+ 




2 405) 


D_hY_bc D_eY_ce Y_bh 


b62 


+ 




2 405) 


D_eY_ce D_cY_bh Y_bh 


b70 


+ 


1 


945) 


D_eY_ce 


D_fY_bf 


Y_bc 


b77 


+ 


1 


945) 


D_eY_ce 


D_fY_bc 


Y_bf 


b41 


+ 


1 


540) 


D_aY_ca 


D_fY_bf 


Y_bc 


b61 


+ 


1 


540) 


D_aY_ca 


D_fY_bc 


Y_bf 


b48 


+ 


1 


945) 


D_gY_cc 


D_fY_bf 


Y_bg 


b51 


+ 


1 


945) 


D_gY_cc 


D_fY_bg 


Y_bf 


b40 


+ 


1 


945) 


D_gY_cc 


D_gY_bd 


Y_bd 


b45 


+ 


1 


945) 


D_gY_cc 


D_dY_bd 


Y_bg 


b66 


+ 


1 


945) 


D_gY_ce 


D_gY.be 


Y_bc 


b44 


+ 


1 


945) 


D_gY_ce 


D_eY_bc 


Y_bg 


b47 


+ 


1 


945) 


D_gY_ce 


D_cY_be 


Y_bg 


b50 


+ 


1 


945) 


D_gY_ce 


D_eY_bg 


Y_bc 


b65 


+ 


1 


945) 


D_cY_ce 


D_dY_be 


Y_bd 


b72 


+ 


1 


945) 


D_cY_ce 


D_eY_bd 


Y_bd 


b56 


+ 


1 


945) 


D_gY_cc 


D_dY_bg 


Y_bd 


b64 


+ 


1 


945) 


D_gY_cc 


D_gY_bd 


Y_bd 


b55 


+ 


1 


945) 


D_gY_ce 


D_eY_bg 


Y_bc 


b60 


+ 


1 


945) 


D_gY_ce 


D_gY_bc 


Y_be 


b67 


+ 


1 


945) 


D_cY_ce 


D_eY_bd 


Y_bd 


b73 


+ 


1 


945) 


D_cY_ce 


D_dY_bd 


Y_be 



945) 
945) 



(1 945) 



945) 
540) 
540) 
945) 
945) 
945) 
945) 
945) 
945) 
405) 
405) 
405) 
405) 
405) 
405) 



D_gY_ce 
D_gY_ce 
D_eY_ce 
D_eY_ce 
D_aY_ca 
D_aY_ca 
D_gY_ce 
D_gY_ce 



D_eY_bc 
D_cY_bg 
D_dY_bc 
D_cY_bd 
D_dY_bc 
D_cY_bd 
D_gY_bc 
D_cY_be 



D_gY_ce D_cY_bg 
D_gY_ce D_gY_be 
D_cY_ce D_fY_bf 
D_cY_ce D_fY_be 
D_hY_bh D_cY_ce 
D_hY_be D_cY_ce 



D_cY_ce 
D_hY_bh 
D_hY_bg 
D_gY_cc 



D_eY_bh 
D_gY_cc 
D_gY_cc 
D_gY_bh 



Y_bg 
Y_be 
Y_bd 
Y_bd 
Y_bd 
Y_bd 
Y_be 
Y_bg 
Y_be 
Y_bc 
Y_be 
Y_bf 
Y_be 
Y_bh 
Y_bh 
Y_bg 
Y_bh 
Y_bh 



/*[5] [3]*/ 

/*al->a3,a2->al,a3->a2*/ 
/*bl->b2*/ 

/*11->13,12->11,13->12*/ 
/*tl->t3,t2->tl,t3->t2*/ 
/*kl->k3 , k2->kl ,k3->k2*/ 

/*p2*/ 

pllp21: d_1211; 
/*p4*/ 

pl3p21: (d_1112*d_t2k2 +d_llt2*d_12k2 +d_llk2*d_12t2) ; 
pllp23: (d_1211*d_tlkl +d_12tl*d_llkl +d_12kl*d_lltl) ; 
/*p6*/ 
pl3p23: 

(d_12t2*d_k211*d_tlkl +d_12t2*d_k2tl*d_llkl +d_12t2*d_k2kl*d_lltl 
+d_12k2*d_t211*d_tlkl +d_12k2*d_t2tl*d_llkl +d_12k2*d_t2kl*d_lltl 
+d_1211*d_t2k2*d_tlkl +d_1211*d_t2tl*d_k2kl +d_1211*d_t2kl*d_k2tl 
+d_12tl*d_t2k2*d_llkl +d_12tl*d_t211*d_k2kl +d_12tl*d_t2kl*d_k211 
+d_12kl*d_t2k2*d_lltl +d_12kl*d_t211*d_k2tl +d_12kl*d_t2tl*d_k211) ; 

/*[5] [3]*/ 
expand ( 

-(4/9)*D_a2Y_12a2*D_alalllX*pllp21*slls22 

-(4/9)*D_a2Y_12a2*D_alllalX*pllp21*slls22 

-(4/9)*D_a2Y_12a2*D_llalalX*pllp21*slls22 

-(16/9)*D_alalllX*D_k2Y_12t2*pl3p21*sl2s22 

-(16/9)*D_alllalX*D_k2Y_12t2*pl3p21*sl2s22 

-(16/9)*D_k2Y_12t2*D_llalalX*pl3p21*sl2s22 

+(8/9)*D_a2Y_12a2*D_kltlllX*pllp23*slls23 

+(32/9)*D_k2Y_12t2*D_kltlllX*pl3p23*sl2s23 

-(8/9)*D_a2Y_12a2*D_blY_alll*pllp21*slls22*Y_albl 

-(8/9)*D_a2Y_12a2*D_llY_albl*pllp21*slls22*Y_albl 

-(32/9)*D_blY_alll*D_k2Y_12t2*pl3p21*sl2s22*Y_albl 

-(32/9)*D_k2Y_12t2*D_llY_albl*pl3p21*sl2s22*Y_albl 

+(8/9)*D_a2Y_12a2*D_tlY_alll*pllp23*slls23*Y_alkl 

+(32/9)*D_k2Y_12t2*D_tlY_alll*pl3p23*sl2s23*Y_alkl 

-(8/9)*D_a2Y_12a2*D_blY_albl*pllp21*slls22*Y_alll 

-(32/9)*D_blY_albl*D_k2Y_12t2*pl3p21*sl2s22*Y_alll 

+(8/9)*D_a2Y_12a2*D_klY_altl*pllp23*slls23*Y_alll 
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+(32/9)*D_k2Y_12t2*D_klY_altl*pl3p23*sl2s23*Y_alll) ; 
save(eit2nd53,°/,) ; 



The result is identical to [3] [5] (with 1 and 2 subsubscripts swapped) if one im- 
plements the following (renaming of dummy indices) 

al<->a2 a2->a3, al->a2, a3->al 
b2->bl 

11<->12 12->13, 11->12, 13->11 
tl<->t2 tl->t3, t2->tl, t3->t2 
kl->k2 

a2->a 
al->b 
12->c 
ll->d 
t2->e 
tl->f 
k2->g 
bl->h 



after performing kronecker delta index contractions. 

Because the result [3] [5] is identical to [5] [3] in a chosen system of dummy-index 
replacements (to be able to combine similar types). We can work out with either one 
of them and multiply the result by 2. Choosing [5] [3], we have the following (written 
in Maxima code) grouped into similar type of invariant 

DDDX DY type of invariant 

- (1/270) *D_ccaX*D_bY_ab - (1/270) *D_cacX*D_bY_ab - (1/270) *D_accX*D_bY_ab +(1/540) *D_accX*D_bY_ab 

+ (1/945) *D_accX*D_bY_ab - (1/405) *D_ccaX*D_bY_ab - (1/405) *D_cacX*D_bY_ab- (1/405) *D_accX*D_bY_ab 

+ (1/945) *D_ccaX*D_bY_ab +(1/540) *D_ccaX*D_bY_ab + (1/945) *D_cbaX*D_cY_ab + (1/945) *D_abcX*D_cY_ab 

+ (1/945) *D_cabX*D_cY_ab + (1/945) *D_ccbX*D_aY_ab + (1/945) *D_bccX*D_aY_ab +(1/945) *D_bacX*D_cY_ab 

+ (1/945) *D_bcaX*D_cY_ab + (1/945) *D_acbX*D_cY_ab - (1/405) *D_ccbX*D_aY_ab - (1/405) *D_cbcX*D_aY_ab 

- (1/405) *D_bccX*D_aY_ab +(1/945) *D_cbcX*D_aY_ab +(1/945) *D_cacX*D_bY_ab +(1/540) *D_cacX*D_bY_ab; 
save(ddxdy ,'/,) ; 

Output : ========================= 

+(1 945) D.abcX D_cY_ab +(1 945) D_acbX D_cY_ab +(1 945) D_bacX D_cY_ab +(1 945) D_bcaX D_cY_ab 

+(1 945) D_cabX D_cY_ab +(1 945) D_cbaX D_cY_ab +(-4 2835) D_aY_ab D_ccbX +(-4 2835) D_aY_ab D_bccX 
+(-4 2835) D_aY_ab D_cbcX +(-37 11340) D_accX D_bY_ab +(-37 11340) D_bY_ab D_cacX 
+(-37 11340) D_bY_ab D_ccaX 



DY DY Y type of invariant 

- (1/135) *D_cY_bc*D_dY_ad*Y_ab -(1/135) *D_cY_dc*D_bY_ad*Y 

+ (1/540) *D_cY_dc*D_dY_ab*Y_ab + (1/540) *D_cY_bc*D_dY_ad*Y 

+ (1/945) *D_cY_bc*D_dY_ad*Y_ab - (2/405) *D_cY_ac*D_dY_bd*Y 

- (2/405) *D_cY_dc*D_dY_ab*Y_ab +(1/945) *D_cY_bc*D_dY_ad*Y 



.ab -( 1/135) *D_cY_dc*D_dY_ab*Y_ab 

ab +( 1/945) *D_cY_dc*D_dY_ab*Y_ab 

ab - (2/405) *D_bY_ac*D_dY_cd*Y_ab 

ab +( 1/945) *D_cY_dc*D_bY_ad*Y_ab 
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+ (1/540) *D_cY_bc*D_dY_ad*Y 
+ (1/945) *D_bY_cc*D_dY_ad*Y 
+ (1/945) *D_bY_cd*D_cY_ad*Y 
+ (1/945) *D_cY_cd*D_dY_ab*Y 
+ (1/945) *D_cY_cd*D_dY_ab*Y 
+ (1/945) *D_cY_db*D_dY_ac*Y 
+ (1/540) *D_cY_dc*D_bY_ad*Y 
+ (1/945) *D_bY_cd*D_cY_ad*Y 
+ (1/945) *D_cY_cb*D_dY_ad*Y 
- (2/405) *D_bY_ac*D_dY_dc*Y 
save (dydyy , "/,) ; 
Output : =================== 

+ (2 945) D_bY_cd D_cY_ad Y_ab+(2 945) D_cY_ad D_cY_bd Y_ab +(2 945) D_bY_ad D_cY_cd Y_ab 
+(2 945) D_cY_ad D_cY_db Y_ab +(2 945) D_bY_cd D_dY_ac Y_ab +(2 945) D_cY_bd D.dY.ac Y_ab 
+(2 945) D_cY_db D_dY_ac Y_ab +(2 945) D_bY_cc D_dY_ad Y_ab +(2 945) D_cY_cb D_dY_ad Y_ab 
+(-1 630) D_cY_bc D_dY_ad Y_ab +(-2 405) D_cY_ac D_dY_bd Y_ab +(-2 405) D_bY_ac D_dY_cd Y_ab 
+(-2 405) D_cY_ac D_dY_db Y_ab +(-2 405) D_bY_ac D_dY_dc Y_ab+(-l 630) D_bY_ad D_cY_dc Y_ab 
+(-8 2835) D_cY_cd D_dY_ab Y_ab +(-37 5670) D_cY_dc D_dY_ab Y_ab 



.ab 


+(1/540)*D_ 


.cY. 


_dc*D_ 


.bY_ 


.ad*Y_ 


.ab 


+(l/945)*D_bY_ 


.cc*D_ 


.dY_ 


_ad*Y_ 


.ab 


.ab 


+(1/945)*D_ 


.cY. 


_bd*D_ 


.cY_ 


.ad*Y_ 


.ab 


+(l/945)*D_bY_ 


.cd*D_ 


.dY_ 


.ac*Y. 


.ab 


ab 


+(1/945) *D_ 


.cY. 


_bd*D_ 


.dY_ 


.ac*Y_ 


.ab 


+(l/945)*D_cY_ 


.cd*D_ 


_bY_ 


.ad*Y_ 


.ab 


ab 


+(1/945)*D_ 


.cY. 


_bd*D_ 


.dY_ 


.ac*Y_ 


.ab 


+(l/945)*D_cY_ 


_db*D_ 


.cY. 


.ad*Y_ 


.ab 


ab 


+(1/945)*D_ 


.cY. 


_cb*D_ 


_dY_ 


_ad*Y_ 


.ab 


+(l/945)*D_bY_ 


.cd*D_ 


.dY_ 


.ac*Y. 


.ab 


ab 


+(1/945)*D_ 


.cY. 


_dc*D_ 


.bY_ 


.ad*Y_ 


.ab 


+(l/945)*D_cY_ 


.dc*D_ 


.dY_ 


.ab*Y_ 


.ab 


ab 


+(1/540)*D_ 


.cY. 


_dc*D_ 


.dY_ 


.ab*Y_ 


.ab 


+(l/945)*D_cY_ 


.db*D. 


.cY. 


.ad*Y_ 


.ab 


ab 


+(1/945)*D_ 


.cY. 


_db*D_ 


.dY_ 


.ac*Y. 


.ab 


+(l/945)*D_cY. 


.bd*D. 


_cY_ 


.ad*Y_ 


.ab 


ab 


+(1/945) *D_ 


.cY. 


_cd*D_ 


.bY_ 


.ad*Y_ 


.ab 


- (2/405) *D_cY_ 


.ac*D_ 


_dY_ 


.db*Y_ 


.ab 


ab 


-(2/405)*D_ 


.cY. 


_cd*D_ 


_dY_ 


_ab*Y_ 


.ab; 













Combining all Maxima generated output and then multiplying by a factor of 2 
will give £2% 5]+[5][3 ] as given in (JEHU). 

Finally, let us solve for [4] [4]. The following are [4]^ with £ = 1 and I = 2 
transcribed for Maxima environment implementation: 

for: 
+ s*D_aaX 

+ p2*s2*(- 2*D_ltX + D_taY_la + D_atY_la + D_aaY_lt + (3/2) * (D_atY_al - D_taY_la)) 

- 2*p4*s3*D_hkY_lt; 
f orz : 

+ szl*D_azazX 

+ pz2*sz2*(- 2*D_lztzX + D_tzazY_lzaz + D_aztzY_lzaz + D_azazY_lztz 
+ (3/2)*(D_aztzY_azlz - D_tzazY_lzaz) ) 

- 2*pz4*sz3*D_hzkzY_lztz; 

fori: 
+ sll*D_alalX 

+ pl2*sl2*(- 2*D_lltlX + D_tlalY_llal + D_altlY_llal + D_alalY_lltl 
+ (3/2)*(D_altlY_alll - D_tlalY_llal) ) 

- 2*pl4*sl3*D_hlklY_lltl; 
for2: 

+ s21*D_a2a2X 

+ p22*s22*(- 2*D_12t2X + D_t2a2Y_12a2 + D_a2t2Y_12a2 + D_a2a2Y_12t2 
+ (3/2)*(D_a2t2Y_a212 - D_t2a2Y_12a2) ) 

- 2*p24*s23*D_h2k2Y_12t2; 
expand(f orl*f or2) ; 



The result will be expanded: 

expand(+D_alalX*D_a2a2X*slls21 +D_tlalY_llal*D_a2a2X*pl2*sl2s21 +D_alalY_lltl*D_a2a2X*pl2*sl2s21 
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+D_altlY_llal*D_a2a2X*pl2*sl2s21 -2*D_a2a2X*D_lltlX*pl2*sl2s21 +D_alalX*D_a2a2Y_12t2*p22*slls22 
+D_alalX*D_a2t2Y_12a2*p22*slls22 -2*D_alalX*D_12t2X*p22*slls22 +D_t2a2Y_12a2*D_alalX*p22*slls22 
-2*D_a2a2X*D_hlklY_lltl*pl4*sl3s21 +4*D_lltlX*D_12t2X*pl2p22*sl2s22 
-2*D_alalX*D_h2k2Y_12t2*p24*slls23 +(3/2)*D_altlY_alll*D_a2a2X*pl2*sl2s21 
+(3/2)*D_alalX*D_a2t2Y_a212*p22*slls22 - (3/2) *D_a2a2X*D_tlalY_llal*pl2*sl2s21 
-(3/2)*D_alalX*D_t2a2Y_12a2*p22*slls22 +3*D_12t2X*D_tlalY_llal*pl2p22*sl2s22 
+3*D.lltlX*D_t2a2Y_12a2*pl2p22*sl2s22 +4*D_hlklY_lltl*D_12t2X*pl4p22*sl3s22 
+4*D_h2k2Y_12t2*D_lltlX*pl2p24*sl2s23 +D_tlalY_llal*D_a2a2Y_12t2*pl2p22*sl2s22 
+D_alalY_lltl*D_a2a2Y_12t2*pl2p22*sl2s22 +D_altlY_llal*D_a2a2Y_12t2*pl2p22*sl2s22 
+D_tlalY_llal*D_a2t2Y_12a2*pl2p22*sl2s22 +D_alalY_lltl*D_a2t2Y_12a2*pl2p22*sl2s22 
+D_altlY_llal*D_a2t2Y_12a2*pl2p22*sl2s22 -2*D_a2a2Y_12t2*D_lltlX*pl2p22*sl2s22 
-3*D_a2t2Y_a212*D_lltlX*pl2p22*sl2s22 -2*D_a2t2Y_12a2*D_lltlX*pl2p22*sl2s22 
-2*D_tlalY_llal*D_12t2X*pl2p22*sl2s22 -2*D_alalY_lltl*D_12t2X*pl2p22*sl2s22 
-3*D_altlY_alll*D_12t2X*pl2p22*sl2s22 -2*D_altlY_llal*D_12t2X*pl2p22*sl2s22 
+D_tlalY_llal*D_t2a2Y_12a2*pl2p22*sl2s22 +D_t2a2Y_12a2*D_alalY_lltl*pl2p22*sl2s22 
+D_t2a2Y_12a2*D_altlY_llal*pl2p22*sl2s22 -2*D_t2a2Y_12a2*D_lltlX*pl2p22*sl2s22 
+3*D_hlklY_lltl*D_t2a2Y_12a2*pl4p22*sl3s22 +3*D_h2k2Y_12t2*D_tlalY_llal*pl2p24*sl2s23 
+4*D_hlklY_lltl*D_h2k2Y_12t2*pl4*p24*sl3s23 -2*D_a2a2Y_12t2*D_hlklY_lltl*pl4p22*sl3s22 
-3*D_a2t2Y_a212*D_hlklY_lltl*pl4p22*sl3s22 -2*D_a2t2Y_12a2*D_hlklY_lltl*pl4p22*sl3s22 
-2*D_tlalY_llal*D_h2k2Y_12t2*pl2p24*sl2s23 -2*D_alalY_lltl*D_h2k2Y_12t2*pl2p24*sl2s23 
-3*D_altlY_alll*D_h2k2Y_12t2*pl2p24*sl2s23 -2*D_altlY_llal*D_h2k2Y_12t2*pl2p24*sl2s23 
-2*D_t2a2Y_12a2*D_hlklY_lltl*pl4p22*sl3s22 +(3/2)*D_altlY_alll*D_a2a2Y_12t2*pl2p22*sl2s22 
+(3/2)*D_tlalY_llal*D_a2t2Y_a212*pl2p22*sl2s22 +(3/2)*D_alalY_lltl*D_a2t2Y_a212*pl2p22*sl2s22 
+(9/4)*D_altlY_alll*D_a2t2Y_a212*pl2p22*sl2s22 +(3/2)*D_altlY_llal*D_a2t2Y_a212*pl2p22*sl2s22 
+(3/2)*D_altlY_alll*D_a2t2Y_12a2*pl2p22*sl2s22 +(9/4)*D_tlalY_llal*D_t2a2Y_12a2*pl2p22*sl2s22 
+(3/2)*D_t2a2Y_12a2*D_altlY_alll*pl2p22*sl2s22 - (3/2) *D_a2a2Y_12t2*D_tlalY_llal*pl2p22*sl2s22 
-(9/4)*D_a2t2Y_a212*D_tlalY_llal*pl2p22*sl2s22 - (3/2) *D_a2t2Y_12a2*D_tlalY_llal*pl2p22*sl2s22 
-(3/2)*D_tlalY_llal*D_t2a2Y_12a2*pl2p22*sl2s22 - (3/2) *D_alalY_lltl*D_t2a2Y_12a2*pl2p22*sl2s22 
-(9/4)*D_altlY_alll*D_t2a2Y_12a2*pl2p22*sl2s22 - (3/2) *D_altlY_llal*D_t2a2Y_12a2*pl2p22*sl2s22 
-(3/2)*D_t2a2Y_12a2*D_tlalY_llal*pl2p22*sl2s22) ; 



This is further expanded as one performs up to p 6 momentum and three-fold 
proper-time integration by implementing the following substitutions: 

/*(1,1,0;1,1)*/ slls21: (1/3) * (1/8) ; 
/*(2,1,0;2,2)*/ Sl2s21: (1/3) * (1/40) ; 
/*(1,2,0;2,2)*/ slls22: (1/3) * (1/40) ; 
/*(2,2,0;4,3)*/ sl2s22: (1/3) * (1/240) ; 
/*(1,3,0;4,3)*/ slls23: (1/3) * (1/160) ; 
/*(3,1,0;4,3)*/ Sl3s21: (1/3) * (1/160) ; 
/*(2,3,0;8,4)*/ sl2s23: (1/3) * (1/1120) ; 
/*(3,2,0;8,4)*/ sl3s22: (1/3) * (1/1120) ; 
/*(3,3,0;16,4)*/ sl3s23: (1/3)*(1/17920) ; 
/*lltl*/ pl2: d.lltl; 
/*12t2*/ p22: d_12t2; 

/*lltlklhl*/ pl4: (d_lltl*d_klhl +d_llkl*d_tlhl +d_llhl*d_tlkl) ; 
/*12t2k2h2*/ p24: (d_12t2*d_k2h2 +d_12k2*d_t2h2 +d_12h2*d_t2k2) ; 
/*Htll2t2*/ P 12p22: (d_lltl*d_12t2 +d_1112*d_tlt2 +d_llt2*d_tll2) ; 
/*p4*/ 

pl3p21: (d_1211*d_tlkl +d_12tl*d_llkl +d_12kl*d_lltl) ; 
pllp23: (d_1112*d_t2k2 +d_llt2*d_12k2 +d_llk2*d_12t2) ; 
/*p6*/ 
pl4p22: 

(d_lltl*d_klhl*d_12t2 +d_lltl*d_kll2*d_hlt2 +d_lltl*d_klt2*d_hll2 
+d_llkl*d_tlhl*d_12t2 +d_llkl*d_tll2*d_hlt2 +d_llkl*d_tlt2*d_hll2 
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+d_llhl*d_tlkl*d_12t2 +d_llhl*d_tll2*d_klt2 +d_llhl*d_tlt2*d_kll2 

+d_1112*d_tlkl*d_hlt2 +d_1112*d_tlhl*d_klt2 +d_1112*d_tlt2*d_klhl 

+d_llt2*d_tlkl*d_hll2 +d_llt2*d_tlhl*d_kll2 +d_llt2*d_tll2*d_klhl) ; 

pl2p24: 

(d_12t2*d_k2h2*d_lltl +d_12t2*d_k211*d_h2tl +d_12t2*d_k2tl*d_h211 

+d_12k2*d_t2h2*d_lltl +d_12k2*d_t211*d_h2tl +d_12k2*d_t2tl*d_h211 

+d_12h2*d_t2k2*d_lltl +d_12h2*d_t211*d_k2tl +d_12h2*d_t2tl*d_k211 

+d_1211*d_t2k2*d_h2tl +d_1211*d_t2h2*d_k2tl +d_1211*d_t2tl*d_k2h2 

+d_12tl*d_t2k2*d_h211 +d_12tl*d_t2h2*d_k211 +d_12tl*d_t211*d_k2h2) ; 



Such implementation will result to a 285-term which can be grouped into three 
types of invariant: 



DDX DDX type of invariant 

fl: +(1/24) D_alalX D_a2a2X 

f2: +(-1/60) D_a2a2X D_lltlX d_lltl 

f3: +(-1/60) D_alalX D_12t2X d_12t2 

/180) D_lltlX D_12t2X d_lltl d_12t2 
/180) D_lltlX D_12t2X d_llt2 d_tll2 
/180) D_lltlX D_12t2X d_1112 d_tlt2 



f4: +( 
f5: +( 
f6: +( 



DDX DDY type of invariant 



/80) 
/80) 



D_a2a2X 
D_alalX 



altlY_alll 
a2t2Y_a212 



d.lltl 
d_12t2 



f9: 


+ 


/120) D 


_a2a2X D_ 


alalY_lltl d 


_lltl 




f 10 


+ 


1/120) 


D_a2a2X D_altlY_llal 


d_lltl 




f 11 


+ 


1/120) 


D.alalX D_a2a2Y_12t2 


d_12t2 




f 12 


+ 


1/120) 


D.alalX D_a2t2Y_12a2 


d_12t2 




f 13 


+ 


-1/80) 


D.alalX D_t2a2Y_12a2 


d_12t2 




f 14 


+ 


1/120) 


D.alalX D_t2a2Y_12a2 


d_12t2 




fl5 


+ 


-1/240) 


D_a2a2X 


D_tlalY_llal 


d_lltl 




fl6 


+ 


-1/240) 


D_a2a2X 


D.hlklY.lltl 


d_klhl 


d_lltl 


f 17 


+ 


-1/240) 


D_a2a2X 


D_hlklY_lltl 


d.llkl 


d.tlhl 


fl8 


+ 


-1/240) 


D_a2a2X 


D_hlklY_lltl 


d.llhl 


d.tlkl 


fl9 


+ 


1/720) 


D_12t2X D_tlalY_llal 


d_lltl 


1.12t2 


f20 


+ 


1/720) 


D_12t2X D_tlalY_llal 


d_llt2 


i_tll2 


f21 


+ 


1/720) 


D_12t2X D_tlalY_llal 


d_1112 


i_tlt2 


f22 


+ 


1/240) 


D.lltlX D_t2a2Y_12a2 


d_lltl 


i_12t2 


f23 


+ 


1/240) 


D.lltlX D_t2a2Y_12a2 


d_llt2 


i_tll2 


f24 


+ 


1/240) 


D.lltlX D_t2a2Y_12a2 


d_1112 


i_tlt2 


f25 


+ 


-1/240) 


D.alalX 


D_h2k2Y_12t2 


d_k2h2 


d_12t2 


f26 


+ 


-1/360) 


D_lltlX 


D_a2a2Y_12t2 


d_lltl 


d_12t2 


f27 


+ 


-1/240) 


D_lltlX 


D_a2t2Y_a212 


d_lltl 


d_12t2 


f28 


+ 


-1/360) 


D_lltlX 


D_a2t2Y_12a2 


d_lltl 


d_12t2 


f29 


+ 


-1/360) 


D_12t2X 


D_alalY_lltl 


d_lltl 


d_12t2 


f30 


+ 


-1/240) 


D_12t2X 


D_altlY_alll 


d_lltl 


d_12t2 


f31 


+ 


-1/360) 


D_12t2X 


D_altlY_llal 


d_lltl 


d_12t2 


f32 


+ 


-1/360) 


D_lltlX 


D_a2a2Y_12t2 


d_llt2 


d_tll2 


f33 


+ 


-1/240) 


D_lltlX 


D_a2t2Y_a212 


d_llt2 


d_tll2 


f34 


+ 


-1/360) 


D_lltlX 


D_a2t2Y_12a2 


d_llt2 


d_tll2 


f35 


+ 


-1/360) 


D_12t2X 


D.alalY.lltl 


d_llt2 


d_tll2 


f36 


+ 


-1/240) 


D_12t2X 


D_altlY_alll 


d_llt2 


d_tll2 


f37 


+ 


-1/360) 


D_12t2X 


D_altlY_llal 


d_llt2 


d_tll2 


f38 


+ 


-1/360) 


D_lltlX 


D_a2a2Y_12t2 


d_1112 


d_tlt2 


f39 


+ 


-1/240) 


D_lltlX 


D_a2t2Y_a212 


d_1112 


d_tlt2 


f40 


+ 


-1/360) 


D_lltlX 


D_a2t2Y_12a2 


d_1112 


d_tlt2 


f41 


+ 


-1/360) 


D_12t2X 


D.alalY.lltl 


d_1112 


d_tlt2 


f42 


+ 


-1/240) 


D_12t2X 


D.altlY.alll 


d_1112 


d.tlt2 
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f43 
f44 
f45 
f46 
f47 
f48 
f49 
f50 
f51 
f52 
f53 
f54 
f55 
f56 
f57 
f58 
f59 
f60 
f61 
f62 
f63 
f64 
f65 
f66 
f67 
f68 
f69 
f70 
f71 
f72 
f73 
f74 
f75 
f76 
f77 
f78 
f79 
f80 
f81 



f82: 
f83: 
f84: 
f85: 
f86: 
f87: 
f88: 
f89: 
f90: 
f91: 
f92: 
f93: 
f94: 
f95: 
f96: 
f97: 
f98: 
f99: 
flOO: 



-1/360) 

-1/240) 

-1/240) 

-1/360) 

-1/360) 

-1/360) 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

1/840 

-1/240) 



D_12t2X D_altlY_llal 
D_alalX D_h2k2Y_12t2 
D_alalX D_h2k2Y_12t2 
D_lltlX D_t2a2Y_12a2 
D_lltlX D_t2a2Y_12a2 
D_lltlX D_t2a2Y_12a2 
lltlX D_h2k2Y_12t2 
D_h2k2Y_12t2 
D_h2k2Y_12t2 
D_hlklY_lltl 
DJilklY.lltl 
D_hlklY_lltl 
D_12t2X D_hlklY_lltl 
D_12t2X D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_h2k2Y_12t2 
D_h2k2Y_12t2 
D_h2k2Y_12t2 
D_h2k2Y_12t2 
D_h2k2Y_12t2 
D_h2k2Y_12t2 
D_h2k2Y_12t2 
D_h2k2Y_12t2 
lit IX D_h2k2Y_12t2 
lit IX D_h2k2Y_12t2 
lit IX D_h2k2Y_12t2 
lit IX D_h2k2Y_12t2 
D_a2a2X D_hlklY_lltl 



lltlX 
lltlX 
12t2X 
12t2X 
12t2X 



_12t2X 
_12t2X 
.12t2X 
.12t2X 
_12t2X 
_12t2X 
_12t2X 
_12t2X 
_12t2X 
_12t2X 
.lltlX 
.lltlX 
.lltlX 
.lltlX 
.lltlX 
.lltlX 
.lltlX 
.lltlX 



-1/240) D_a2a2X D_hlklY_lltl 
-1/240) D_a2a2X D_hlklY_lltl 



d_1112 d_tlt2 
d_12k2 d_t2h2 
d_12h2 d_t2k2 
d_lltl d_12t2 
d_llt2 d_tll2 
d_1112 d_tlt2 
dji2tl d_k211 d. 

d_k2tl d. 
d_lltl d. 
d_kll2 d. 
d_klt2 d. 
d_lltl d_ 
d_1112 
d_llt2 
d_12t2 
d_1112 
d_llt2 
d_12t2 
d_llhl 
d_llkl 
d_llt2 
d_llhl 
d_llkl 
d_1112 
d_12k2 
d_1211 
d_12tl d. 
d_12h2 d_ 
d_1211 d_ 
d_12tl d. 
d_12h2 d_ 
d_12k2 d. 
d_12tl d. 
d_12h2 d_ 
d_12k2 d_ 
d_1211 d_ 
d_klhl d_lltl 
d.llkl d_tlhl 
d_llhl d_tlkl 



d_h211 
d_k2h2 
d_hlt2 
d_hll2 
d_klhl 
d_klt2 
d_kll2 
d.llkl 
d_hlt2 
d_hH2 
d.llhl 
d_klt2 
d_hlt2 
d_klhl 
d_kll2 
d_hH2 
d_klhl 
d_lltl 
d_k2tl 
d_k211 
d_lltl 
d_h2tl 
d_h211 
d_k2tl 
d_h2tl 
d_k2h2 
d_k211 
d_h211 
d_k2h2 



12t2 
12t2 
12t2 
lltl 
lltl 
12t2 
tlhl 
tlhl 
tlhl 
tiki 
tiki 
tiki 
tll2 
tll2 
tll2 
tlt2 
tlt2 
tlt2 
t2h2 
t2h2 
t2h2 
t2k2 
t2k2 
t2k2 
t211 
t211 
t211 
t2tl 
t2tl 
t2tl 



DDY type 


of 


invariant 


+ 


1/720) 


D. 


.alalY. 


.lltl 


+ 


1/480) 


D. 


_altlY_ 


.alll 


+ 


1/720) 


D. 


_altlY_ 


.Hal 


+ 


1/480) 


D. 


_alalY_ 


.lltl 


+ 


1/320) 


D. 


.altlY. 


.alll 


+ 


1/480) 


D. 


.altlY. 


.Hal 


+ 


1/720) 


D. 


.alalY. 


.lltl 


+ 


1/480) 


D. 


.altlY. 


.alll 


+ 


1/720) 


D. 


.altlY. 


.Hal 


+ 


1/720) 


D. 


_alalY_ 


.lltl 


+ 


1/480) 


D. 


.altlY. 


.alll 


+ 


1/720) 


D. 


.altlY. 


.Hal 


+ 


1/480) 


D. 


.alalY. 


.lltl 


+ 


1/320) 


D. 


.altlY. 


.alll 


+ 


1/480) 


D. 


.altlY. 


.Hal 


+ 


1/720) 


D. 


_alalY_ 


.lltl 


+ 


1/480) 


D. 


_altlY_ 


.alll 


+ 


1/720) 


D. 


.altlY. 


.Hal 



D_a2a2Y. 
D_a2a2Y. 
D_a2t2Y. 



D_a2t2Y. 
D_a2t2Y_ 
D_a2t2Y. 
D_a2t2Y. 
D_a2a2Y. 
D_a2a2Y. 
D_a2a2Y. 
D_a2t2Y_ 
D_a2t2Y_ 
D_a2t2Y. 
D_a2t2Y. 
D_a2t2Y. 
D_a2t2Y_ 
(1/720) D_alalY_lltl D_a2a2Y 



12t2 
12t2 
12t2 
a212 
a212 
a212 d_ 
12a2 d_ 
12a2 d_ 
12a2 d_ 
12t2 d_ 
12t2 d_ 
12t2 
a212 
a212 
a212 
12a2 
12a2 
12a2 
12t2 



lltl 
lltl 
lltl 
lltl 
lltl 
lltl 
lltl 
lltl 
lltl 
llt2 
Ht2 
Ht2 
Ht2 
Ht2 
Ht2 
Ht2 
Ht2 
Ht2 
_1112 



d_12t2 
d_12t2 
d_12t2 
d_12t2 
d_12t2 
d_12t2 
d_12t2 
d_12t2 
d_12t2 
d_tll2 
d_tll2 
d_tll2 
d_tll2 
d_tll2 
d_tll2 
d_tll2 
d_tll2 
d_tll2 
d_tlt2 
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1/480) D_altlY_alll 
1/720) D_altlY_llal 
1/480) D_alalY_lltl 
1/320) D_altlY_alll 
1/480) D_altlY_llal 
1/720) D_alalY_lltl 
D_altlY_alll 
D_altlY_llal 



D_a2a2Y_12t2 
D_a2a2Y_12t2 
D_a2t2Y_a212 
D_a2t2Y_a212 
D_a2t2Y_a212 
D_a2t2Y_12a2 



d_1112 
d_1112 
d_1112 



d_tlt2 
d_tlt2 
d_tlt2 



d_1112 d_tlt2 
d_1112 d_tlt2 
d_1112 d_tlt2 



1/480) 
1/720) 
1/960) 
1/960) 
1/960) 
1/720) 

1/480) D_t2a2Y_12a2 D_altlY_alll 
1/720) D_t2a2Y_12a2 D_altlY_llal 



D_tlalY_llal D_t2a2Y_12a2 
D_tlalY_llal D_t2a2Y_12a2 
D_tlalY_llal D_t2a2Y_12a2 
D_t2a2Y_12a2 D_alalY_lltl 



D_a2t2Y_12a2 d_1112 d_tlt2 
D_a2t2Y_12a2 d_1112 d_tlt2 
d_lltl d_12t2 



d_llt2 d_tll2 
d_1112 d_tlt2 
d_lltl d_12t2 
d_lltl d_12t2 
d_lltl d_12t2 
-1/960) D_a2t2Y_a212 D_tlalY_llal d_lltl d_12t2 
1/720) D_t2a2Y_12a2 D_alalY_lltl d_llt2 d_tll2 
1/480) D_t2a2Y_12a2 D_altlY_alll d_llt2 d_tll2 
1/720) D_t2a2Y_12a2 D_altlY_llal d_llt2 d_tll2 
-1/960) D_a2t2Y_a212 D_tlalY_llal d_llt2 d_tll2 
1/720) D_t2a2Y_12a2 D_alalY_lltl d_1112 d_tlt2 
1/480) D_t2a2Y_12a2 D_altlY_alll d_1112 d_tlt2 
1/720) D_t2a2Y_12a2 D_altlY_llal d_1112 d_tlt2 
-1/960) D_a2t2Y_a212 D_tlalY_llal d_1112 d_tlt2 
-1/480) D_alalY_lltl D_t2a2Y_12a2 d_lltl d_12t2 
-1/320) D_altlY_alll D_t2a2Y_12a2 d_lltl d_12t2 
-1/480) D_altlY_llal D_t2a2Y_12a2 d_lltl d_12t2 
-1/480) D_alalY_lltl D_t2a2Y_12a2 d_llt2 d_tll2 
D_altlY_alll D_t2a2Y_12a2 d_llt2 d_tll2 
D_altlY_llal D_t2a2Y_12a2 d_llt2 d_tll2 
1/480) D_alalY_lltl D_t2a2Y_12a2 d_1112 d_tlt2 
1/320) D_altlY_alll D_t2a2Y_12a2 d_1112 d_tlt2 
D_altlY_llal D_t2a2Y_12a2 d_1112 d_tlt2 
D_a2a2Y_12t2 D_tlalY_llal d_lltl 
D_tlalY_llal d.lltl 
D_tlalY_llal d_llt2 
D_tlalY_llal d_llt2 
D_tlalY_llal d_1112 
D_tlalY_llal d_1112 
D_tlalY_llal d_lltl 
D_tlalY_llal d_llt2 
D_tlalY_llal d_1112 
D_tlalY_llal d_h2tl 
D_tlalY_llal d_h211 
D_h2k2Y_12t2 D_tlalY_llal d_k2h2 d_lltl 
1/1120) D_hlklY_lltl D_t2a2Y_12a2 d_hlt2 d_kll2 
1/1120) D_hlklY_lltl D_t2a2Y_12a2 d_hll2 d_klt2 
1/1120) D_hlklY_lltl D_t2a2Y_12a2 d_klhl d_lltl 
1/1120) D_hlklY_lltl D_t2a2Y_12a2 d_klt2 d_1112 
1/1120) D_hlklY_lltl D_t2a2Y_12a2 d_kll2 d_llt2 
1/1120) D_hlklY_lltl D_t2a2Y_12a2 d_llkl d_12t2 
1/1120) D_hlklY_lltl D_t2a2Y_12a2 d_hlt2 
D_t2a2Y_12a2 d_hll2 
D_t2a2Y_12a2 d_llhl 
D_t2a2Y_12a2 d_klt2 
D_t2a2Y_12a2 d_hlt2 
D_t2a2Y_12a2 d_klhl 
D_t2a2Y_12a2 d_kll2 
D_t2a2Y_12a2 d_hll2 



■1/320) 
■1/480) 



-1/480) 

-1/1440) 

-1/1440) 

-1/1440) 

-1/1440) 

-1/1440) 

-1/1440) 

-1/1440) 

-1/1440) 

-1/1440) 

1/3360) 

1/3360) 

1/3360) 



D_a2t2Y_12a2 
D_a2a2Y_12t2 
D_a2t2Y_12a2 
D_a2a2Y_12t2 
D_a2t2Y_12a2 
D_t2a2Y_12a2 
D_t2a2Y_12a2 
D_t2a2Y_12a2 
D_h2k2Y_12t2 
D_h2k2Y_12t2 



1/1120) 
1/1120) 
1/1120) 
1/1120) 
1/1120) 
1/1120) 
1/1120) 
1/1120) 



D_hlklY_lltl 
D_hlklY_lltl 
D.hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 



D_hlklY_lltl D_t2a2Y_12a2 d_klhl 



d_12t2 
d_12t2 
d_tll2 
d_tll2 
d_tlt2 
d_tlt2 
d_12t2 
d_tll2 
d_tlt2 
d_k211 d. 
d_k2tl d. 

d. 
d. 
d. 
d. 
d. 
d. 
d. 
d. 
d. 
d. 
d. 
d. 
d. 
d. 
d. 
d. 



d_1112 
d_llt2 
d_12t2 
d_llhl 
d_llkl 
d_llt2 
d_llhl 
d_llkl 
d_1112 



12t2 
12t2 
12t2 
lltl 
lltl 
12t2 
.tlhl 
.tlhl 
tlhl 
tiki 
tiki 
tiki 
tll2 
tll2 
tll2 
tlt2 
tlt2 
tlt2 
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1/3360) 
1/3360) 
1/3360) 
1/3360) 
1/3360) 
1/3360) 
1/3360) 
1/3360) 
1/3360) 
1/3360) 
1/3360) 
1/3360) 
-1/1680 
-1/1120 
-1/1680 
-1/1680 
-1/1120 
-1/1680 
-1/1680 
-1/1120 
-1/1680 
-1/1680 
-1/1120 
-1/1680 
-1/1680 
-1/1120 
-1/1680 
-1/1680 
-1/1120 
-1/1680 
-1/1680 
-1/1120 
-1/1680 
-1/1680 
-1/1120 
-1/1680 
-1/1680 
-1/1120 
-1/1680 
-1/1680 
-1/1120 
-1/1680 
-1/1680 
-1/1120 
-1/1680 
-1/1680 
-1/1120 
-1/1680 
-1/1680 
-1/1120 
-1/1680 
-1/1680 
-1/1120 
-1/1680 
-1/1680 
-1/1120 
-1/1680 
-1/1680 
-1/1120 



D_h2k2Y_12t2 
D_h2k2Y_12t2 
D_h2k2Y_12t2 
D_h2k2Y_12t2 
D_h2k2Y_12t2 



D_tlalY_llal 
D_tlalY_llal 
D_tlalY_llal 
D_tlalY_llal 
D_tlalY_llal 



D_h2k2Y_12t2 D_tlalY_llal 
D_h2k2Y_12t2 D_tlalY_llal 



d.lltl 
d_k2tl 
d_k211 
d_lltl 
d_h2tl 
d_h211 
d_k2tl 
d_h2tl 
d_k2h2 



D_h2k2Y_12t2 D_tlalY_llal 
D_h2k2Y_12t2 D_tlalY_llal 
D_h2k2Y_12t2 D_tlalY_llal 
D_h2k2Y_12t2 D_tlalY_llal 
D_h2k2Y_12t2 D_tlalY_llal d_k2h2 
D_a2a2Y_12t2 D_hlklY_lltl d_hlt2 
D_a2t2Y_a212 D_hlklY_lltl 
D_a2t2Y_12a2 D_hlklY_lltl 
D_a2a2Y_12t2 D_hlklY_lltl 
D_a2t2Y_a212 D_hlklY_lltl 
D_a2t2Y_12a2 D_hlklY_lltl 
D_alalY_lltl D_h2k2Y_12t2 
D_altlY_alll D_h2k2Y_12t2 
D_altlY_llal D_h2k2Y_12t2 
D_alalY_lltl D_h2k2Y_12t2 
D_altlY_alll D_h2k2Y_12t2 
D_altlY_llal D_h2k2Y_12t2 
D_a2a2Y_12t2 D_hlklY_lltl 
D_a2t2Y_a212 D_hlklY_lltl 
D.a2t2Y_12a2 D_hlklY_lltl d_klhl 
D_alalY_lltl D_h2k2Y_12t2 d_k2h2 
D_altlY_alll D_h2k2Y_12t2 
D_altlY_llal D_h2k2Y_12t2 
D_a2a2Y_12t2 D_hlklY_lltl d_klt2 
D_a2t2Y_a212 D_hlklY_lltl d_klt2 
D_a2t2Y_12a2 D_hlklY_lltl 



d_12k2 
d_1211 
d_12tl 
d_12h2 
d_1211 
d_12tl 
d_12h2 
d_12k2 
d_12tl 



d_hlt2 
d_hlt2 
d_hll2 
d_hH2 
d_hll2 
d_h2tl 
d_h2tl 
d_h2tl 
d_h211 
d_h211 
d_h211 
d_klhl 
d_klhl 



d_k2h2 
d_k2h2 



D_a2a2Y_12t2 D_hlklY_lltl 
D_a2t2Y_a212 D_hlklY_lltl 



D_a2t2Y_12a2 
D_a2a2Y_12t2 
D_a2t2Y_a212 
D_a2t2Y_12a2 
D_a2a2Y_12t2 
D_a2t2Y_a212 
D_a2t2Y_12a2 
D_a2a2Y_12t2 
D_a2t2Y_a212 
D_a2t2Y_12a2 
D_a2a2Y_12t2 
D_a2t2Y_a212 
D_a2t2Y_12a2 
D_a2a2Y_12t2 
D_a2t2Y_a212 



D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D.hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 



D_a2t2Y_12a2 D_hlklY_lltl d_klt2 



D_a2a2Y_12t2 
D_a2t2Y_a212 
D_a2t2Y_12a2 
D_a2a2Y_12t2 
D_a2t2Y_a212 
D_a2t2Y_12a2 
D_a2a2Y_12t2 
D_a2t2Y_a212 



D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 
D_hlklY_lltl 



d_k211 d_12h2 
d_h211 d_12k2 
d_1211 
d.kll2 
d_kll2 
d_kll2 
d_klt2 
d_klt2 
d_klt2 
d_k211 
d_k211 
d_k211 
d_k2tl 
d_k2tl 
d_k2tl 
d_lltl 
d_lltl 
d_lltl 
d_lltl 
d_lltl 
d_lltl 
d_1112 
d_1112 
d_1112 
d_llt2 
d_llt2 
d_llt2 
d_12t2 
d_12t2 
d_12t2 
d_1112 
d_1112 
d_1112 
d_llt2 
d_llt2 
d_llt2 
d_12t2 
d_12t2 
d_12t2 
d_llhl 
d_llhl 
d_llhl 
d_llkl 
d_llkl 
d_llkl 
d_llt2 
d_llt2 
d_llt2 
d_llhl 
d_llhl 



d_klt2 
d_kll2 
d_kll2 
d_kll2 
d_llkl 
d_llkl 
d_llkl 
d_hlt2 
d_hlt2 
d_hlt2 
d_hH2 
d_hll2 
d_hll2 
d_llhl 
d_llhl 
d_llhl 
d_klt2 
d_klt2 



d_hlt2 
d_hlt2 
d_hlt2 
d_klhl 
d_klhl 
d_klhl 
d_kll2 
d_kll2 



d_t2h2 
d_t2h2 
d_t2h2 
d_t2k2 
d_t2k2 
d_t2k2 
d_t211 
d_t211 
d_t211 
d_t2tl 
d_t2tl 
d_t2tl 
d_lltl 
d_lltl 
d_lltl 
d_lltl 
d_lltl 
d_lltl 
d_12t2 
d_12t2 
d_12t2 
d_12t2 
d_12t2 
d_12t2 
d_12t2 
d_12t2 
d_12t2 
d_12t2 
d_12t2 
d_12t2 
d_tlhl 
d_tlhl 
d_tlhl 
d_tlhl 
d_tlhl 
d_tlhl 
d_tlhl 
d_tlhl 
d_tlhl 
d_tlkl 
d_tlkl 
d_tlkl 
d_tlkl 
d_tlkl 
d_tlkl 
d_tlkl 
d_tlkl 
d_tlkl 
d_tll2 
d_tll2 
d_tll2 
d_tll2 
d_tll2 
d_tll2 
d_tll2 
d_tll2 
d_tll2 
d_tlt2 
d_tlt2 
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f219 


+ 


-1/1680) 


D 


_a2t2Y_ 


_12a2 


D. 


_hlklY_ 


.lltl 


d. 


_kll2 


d_ 


.llhl 


d_ 


.tlt2 


f220 


+ 


-1/1680) 


D 


_a2a2Y_ 


.12t2 


D. 


_hlklY_ 


.lltl 


d. 


.hll2 


d_ 


.llkl 


d_ 


.tlt2 


f221 


+ 


-1/1120) 


D 


_a2t2Y_ 


.a212 


D. 


_hlklY_ 


.lltl 


d. 


.hll2 


d_ 


.llkl 


d_ 


.tlt2 


f222 


+ 


-1/1680) 


D 


_a2t2Y_ 


.12a2 


D. 


_hlklY_ 


.lltl 


d. 


.hll2 


d_ 


.llkl 


d. 


.tlt2 


f223 


+ 


-1/1680) 


D 


_a2a2Y_ 


.12t2 


D. 


_hlklY_ 


.lltl 


d. 


.klhl 


d_ 


.1112 


d. 


tlt2 


f224 


+ 


-1/1120) 


D 


_a2t2Y_ 


.a212 


D. 


.hlklY. 


.lltl 


d. 


.klhl 


d_ 


.1112 


d. 


tlt2 


f225 


+ 


-1/1680) 


D 


_a2t2Y_ 


.12a2 


D. 


_hlklY_ 


.lltl 


d. 


.klhl 


d_ 


.1112 


d. 


.tlt2 


f226 


+ 


-1/1680) 


D 


_alalY_ 


.lltl 


D. 


_h2k2Y_ 


.12t2 


d. 


.lltl 


d_ 


.12k2 


d. 


.t2h2 


f227 


+ 


-1/1120) 


D 


.altlY. 


.alll 


D. 


_h2k2Y_ 


.12t2 


d. 


.lltl 


d. 


.12k2 


d. 


.t2h2 


f228 


+ 


-1/1680) 


D 


.altlY. 


.Hal 


D. 


_h2k2Y_ 


.12t2 


d. 


.lltl 


d_ 


,12k2 


d. 


.t2h2 


f229 


+ 


-1/1680) 


D 


_alalY_ 


.lltl 


D. 


_h2k2Y_ 


.12t2 


d. 


_k2tl 


d_ 


.1211 


d. 


.t2h2 


f230 


+ 


-1/1120) 


D 


.altlY. 


.alll 


D. 


_h2k2Y_ 


.12t2 


d. 


.k2tl 


d_ 


.1211 


d. 


t2h2 


f231 


+ 


-1/1680) 


D 


_altlY_ 


.Hal 


D. 


_h2k2Y_ 


.12t2 


d. 


.k2tl 


d_ 


.1211 


d_ 


.t2h2 


f232 


+ 


-1/1680) 


D 


_alalY_ 


.lltl 


D. 


_h2k2Y_ 


.12t2 


d. 


.k211 


d_ 


_12tl 


d. 


.t2h2 


f233 


+ 


-1/1120) 


D 


_altlY_ 


.alll 


D. 


_h2k2Y_ 


.12t2 


d. 


.k211 


d_ 


.12tl 


d_ 


_t2h2 


f234 


+ 


-1/1680) 


D 


.altlY. 


.Hal 


D. 


_h2k2Y_ 


.12t2 


d. 


.k211 


d_ 


.12tl 


d_ 


.t2h2 


f235 


+ 


-1/1680) 


D 


.alalY. 


.lltl 


D. 


_h2k2Y_ 


.12t2 


d. 


.lltl 


d_ 


.12h2 


d_ 


.t2k2 


f236 


+ 


-1/1120) 


D 


.altlY. 


.alll 


D. 


_h2k2Y_ 


.12t2 


d. 


.lltl 


d_ 


_12h2 


d. 


t2k2 


f237 


+ 


-1/1680) 


D 


.altlY. 


.Hal 


D. 


.h2k2Y. 


.12t2 


d. 


.lltl 


d_ 


.12h2 


d. 


t2k2 


f238 


+ 


-1/1680) 


D 


_alalY_ 


.lltl 


D. 


.h2k2Y. 


.12t2 


d. 


,h2tl 


d_ 


.1211 


d. 


.t2k2 


f239 


+ 


-1/1120) 


D 


_altlY_ 


.alll 


D. 


_h2k2Y. 


.12t2 


d. 


.h2tl 


d_ 


.1211 


d_ 


.t2k2 


f240 


+ 


-1/1680) 


D 


.altlY. 


.Hal 


D. 


_h2k2Y. 


.12t2 


d. 


_h2tl 


d_ 


.1211 


d_ 


.t2k2 


f241 


+ 


-1/1680) 


D. 


_alalY_ 


.lltl 


D. 


_h2k2Y. 


.12t2 


d. 


.h211 


d_ 


_12tl 


d_ 


.t2k2 


f242 


+ 


-1/1120) 


D 


.altlY. 


.alll 


D. 


_h2k2Y_ 


.12t2 


d. 


.h211 


d_ 


.12tl 


d_ 


.t2k2 


f243 


+ 


-1/1680) 


D 


.altlY. 


.Hal 


D. 


_h2k2Y_ 


.12t2 


d. 


.h211 


d_ 


.12tl 


d. 


.t2k2 


f244 


+ 


-1/1680) 


D 


_alalY_ 


.lltl 


D. 


.h2k2Y_ 


.12t2 


d. 


.k2tl 


d_ 


.12h2 


d. 


t211 


f245 


+ 


-1/1120) 


D 


.altlY. 


.alll 


D. 


.h2k2Y_ 


.12t2 


d. 


.k2tl 


d_ 


.12h2 


d. 


.t211 


f246 


+ 


-1/1680) 


D 


.altlY. 


.Hal 


D. 


_h2k2Y_ 


.12t2 


d. 


.k2tl 


d_ 


_12h2 


d. 


.t211 


f247 


+ 


-1/1680) 


D 


.alalY. 


.lltl 


D. 


_h2k2Y_ 


.12t2 


d. 


.h2tl 


d_ 


.12k2 


d. 


.t211 


f248 


+ 


-1/1120) 


D 


.altlY. 


.alll 


D. 


_h2k2Y. 


.12t2 


d. 


.h2tl 


d_ 


.12k2 


d. 


_t211 


f249 


+ 


-1/1680) 


D 


.altlY. 


.Hal 


D. 


_h2k2Y_ 


.12t2 


d. 


.h2tl 


d_ 


.12k2 


d. 


.t211 


f250 


+ 


-1/1680) 


D 


_alalY_ 


.lltl 


D. 


_h2k2Y_ 


.12t2 


d. 


.k2h2 


d_ 


.12tl 


d. 


.t211 


f251 


+ 


-1/1120) 


D 


.altlY. 


.alll 


D. 


_h2k2Y_ 


.12t2 


d. 


_k2h2 


d_ 


_12tl 


d. 


t211 


f252 


+ 


-1/1680) 


D 


.altlY. 


.Hal 


D. 


.h2k2Y. 


.12t2 


d. 


_k2h2 


d_ 


.12tl 


d. 


t211 


f253 


+ 


-1/1680) 


D 


_alalY_ 


.lltl 


D. 


_h2k2Y. 


.12t2 


d. 


.k211 


d_ 


.12h2 


d_ 


.t2tl 


f254 


+ 


-1/1120) 


D 


.altlY. 


.alll 


D. 


_h2k2Y. 


.12t2 


d. 


_k211 


d_ 


.12h2 


d_ 


.t2tl 


f255 


+ 


-1/1680) 


D 


.altlY. 


.Hal 


D. 


_h2k2Y. 


.12t2 


d. 


.k211 


d_ 


.12h2 


d_ 


.t2tl 


f256 


+ 


-1/1680) 


D 


.alalY. 


.lltl 


D. 


_h2k2Y_ 


.12t2 


d. 


.h211 


d_ 


_12k2 


d_ 


.t2tl 


f257 


+ 


-1/1120) 


D 


_altlY_ 


.alll 


D. 


_h2k2Y_ 


.12t2 


d. 


.h211 


d_ 


.12k2 


d. 


.t2tl 


f258 


+ 


-1/1680) 


D 


_altlY_ 


.Hal 


D. 


_h2k2Y. 


.12t2 


d. 


_h211 


d_ 


.12k2 


d. 


.t2tl 


f259 


+ 


-1/1680) 


D 


_alalY_ 


.lltl 


D. 


.h2k2Y_ 


.12t2 


d. 


_k2h2 


d_ 


.1211 


d. 


.t2tl 


f260 


+ 


-1/1120) 


D 


_altlY_ 


.alll 


D. 


_h2k2Y_ 


.12t2 


d. 


_k2h2 


d_ 


.1211 


d. 


.t2tl 


f261 


+ 


-1/1680) 


D 


_altlY_ 


.Hal 


D. 


_h2k2Y. 


.12t2 


d. 


_k2h2 


d_ 


.1211 


d_ 


.t2tl 


f262 


+ 


-1/1680) 


D 


_t2a2Y_ 


_12a2 


D. 


_hlklY_ 


.lltl 


d. 


.hlt2 


d_ 


.kll2 


d. 


.lltl 


f263 


+ 


-1/1680) 


D 


_t2a2Y_ 


.12a2 


D. 


_hlklY_ 


.lltl 


d. 


.hll2 


d_ 


.klt2 


d. 


.lltl 


f264 


+ 


-1/1680) 


D 


_t2a2Y_ 


.12a2 


D. 


_hlklY_ 


.lltl 


d. 


.klhl 


d_ 


.lltl 


d. 


.12t2 


f265 


+ 


-1/1680) 


D 


_t2a2Y_ 


.12a2 


D. 


_hlklY_ 


.lltl 


d. 


.klt2 


d. 


.1112 


d. 


.tlhl 


f266 


+ 


-1/1680) 


D 


_t2a2Y_ 


_12a2 


D. 


_hlklY_ 


.lltl 


d. 


.kll2 


d_ 


_llt2 


d. 


.tlhl 


f267 


+ 


-1/1680) 


D 


_t2a2Y_ 


,12a2 


D. 


_hlklY_ 


.lltl 


d. 


_llkl 


d_ 


.12t2 


d. 


.tlhl 


f268 


+ 


-1/1680) 


D 


_t2a2Y_ 


,12a2 


D. 


_hlklY_ 


.lltl 


d. 


.hlt2 


d_ 


.1112 


d. 


.tiki 


f269 


+ 


-1/1680) 


D. 


_t2a2Y_ 


_12a2 


D. 


.hlklY. 


.lltl 


d. 


.hll2 


d_ 


.Ht2 


d. 


.tiki 


f270 


+ 


-1/1680) 


D 


_t2a2Y_ 


.12a2 


D. 


_hlklY_ 


.lltl 


d. 


.llhl 


d_ 


.12t2 


d. 


.tiki 


f271 


+ 


-1/1680) 


D 


_t2a2Y_ 


.12a2 


D. 


_hlklY_ 


.lltl 


d. 


.klt2 


d_ 


.llhl 


d. 


_tll2 


f272 


+ 


-1/1680) 


D 


_t2a2Y_ 


.12a2 


D. 


.hlklY. 


.lltl 


d. 


.hlt2 


d_ 


.llkl 


d. 


.tll2 


f273 


+ 


-1/1680) 


D 


_t2a2Y_ 


.12a2 


D. 


.hlklY. 


.lltl 


d. 


.klhl 


d_ 


_llt2 


d. 


tll2 


f274 


+ 


-1/1680) 


D 


_t2a2Y_ 


_12a2 


D. 


_hlklY_ 


.lltl 


d. 


.kll2 


d_ 


.llhl 


d_ 


.tlt2 


f275 


+ 


-1/1680) 


D 


_t2a2Y_ 


.12a2 


D. 


_hlklY_ 


.lltl 


d. 


.hll2 


d_ 


.llkl 


d_ 


.tlt2 


f276 


+ 


-1/1680) 


D 


_t2a2Y_ 


.12a2 


D. 


_hlklY_ 


.lltl 


d. 


.klhl 


d_ 


.1112 


d_ 


.tlt2 


f277 


+ 


1/13440) 


D 


_hlklY_ 


.lltl 


D. 


_h2k2Y_ 


.12t2 


d. 


.klhl 


d_ 


k2h2 


d_ 


.lltl d_12t2 
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f278 


+(1/13440) 


D 


_hlklY_ 


.lltl 


D. 


_h2k2Y. 


.12t2 


d_ 


_k2h2 


d. 


.llkl 


d_ 


_12t2 


d. 


.tlhl 


f279 


+(1/13440) 


D 


_hlklY_ 


.lltl 


D. 


_h2k2Y. 


.12t2 


d_ 


.k2h2 


d. 


.llhl 


d_ 


.12t2 


d. 


_tlkl 


f280 


+(1/13440) 


D 


_hlklY_ 


.lltl 


D. 


_h2k2Y_ 


.12t2 


d. 


.klhl 


d. 


.lltl 


d. 


.12k2 


d. 


_t2h2 


f281 


+(1/13440) 


D 


_hlklY_ 


.lltl 


D. 


.h2k2Y. 


.12t2 


d. 


.llkl 


d. 


_12k2 


d. 


.tlhl 


d. 


_t2h2 


f282 


+(1/13440) 


D 


.hlklY. 


.lltl 


D. 


.h2k2Y. 


.12t2 


d. 


.llhl 


d. 


_12k2 


d. 


tiki 


d. 


_t2h2 


f283 


+(1/13440) 


D 


_hlklY_ 


.lltl 


D. 


.h2k2Y. 


.12t2 


d. 


.klhl 


d. 


.lltl 


d. 


.12h2 


d. 


_t2k2 


f284 


+(1/13440) 


D 


.hlklY. 


.lltl 


D. 


_h2k2Y_ 


.12t2 


d. 


.llkl 


d. 


_12h2 


d. 


.tlhl 


d. 


_t2k2 


f285 


+(1/13440) 


D 


_hlklY_ 


.lltl 


D. 


_h2k2Y_ 


.12t2 


d. 


.llhl 


d. 


_12h2 


d. 


.tiki 


d. 


_t2k2 



Using Mathematica to contract kronecker delta indices, we have: 



f 1: 


{al,al,a2,a2} 








f2: 


{a2,a2,ll,tl}/ 


{11- 


->tl} 




f3: 


{al,al,12,t2}/ 


{12- 


->t2} 




f4: 


{ll,tl,12,t2}/ 


{11- 


->tl,12- 


->t2} 


f5: 


{ll,tl,12,t2}/ 


{11- 


->t2,tl- 


->12} 



f6{ll,tl,12,t2}/.{ll->12,tl->t2} 

f 7 : {a2 , a2 , al , t 1 , al , 11}/ • {ll->t 1} 
f 8 : {al , al , a2 , t2 , a2 , 12}/ . {12->t2} 
f9: {a2,a2,al,al,ll,tl}/.{ll->tl} 

f 10 : {a2 , a2 , al , t 1 , 11 , al}/ . {ll->tl} 

f 11 : {al , al , a2 , a2 , 12 , t2}/ . {12->t2} 

f 12 : {al , al , a2 , t2 , 12 , a2}/ . {12->t2} 

fl3: {al,al,t2,a2,12,a2}/.{12->t2} 

f 14 : {al , al , t2 , a2 , 12 , a2}/ . {12->t2} 

fl5: {a2,a2,tl,al,ll,al}/.{ll->tl} 

f 16: {a2,a2,hl,kl,ll,tl}/.{kl->hl,ll->tl} 

f 17 : {a2 , a2 , hi ,kl , 11 , t 1}/ . {ll->kl , tl->hl} 

f 18 : {a2 , a2 , hi ,kl , 11 , t 1}/ . {ll->hl , tl->kl} 

f 19 : {12 , t2 , t 1 , al , 11 , al}/ . {ll->tl , 12->t2} 

f 20 : {12 , t2 , t 1 , al , 11 , al}/ . {Il->t2 , t 1->12} 

f21: {12,t2,tl,al,ll,al}/.{ll->12,tl->t2} 

f 22 : {11 , t 1 , t2 , a2 , 12 , a2}/ . {ll->tl , 12->t2} 

f23: {Il,tl,t2,a2,12,a2}/.{ll->t2,tl->12} 

f24: {Il,tl,t2,a2,12,a2}/.{ll->12,tl->t2} 

f25: {al,al,h2,k2,12,t2}/. {k2->h2 , 12->t2} 

f 26 : {11 , t 1 , a2 , a2 , 12 , t2}/ . {ll->t 1 , 12->t2} 

f 27 : {11 , t 1 , a2 , t2 , a2 , 12}/ . {ll->tl , 12->t2} 

f 28 : {11 , t 1 , a2 , t2 , 12 , a2}/ . {ll->t 1 , 12->t2} 

f 29 : {12 , t2 , al , al , 11 , t 1}/ . {ll->t 1 , 12->t2} 

f 30 : {12 , t2 , al , t 1 , al , 11}/ . {ll->tl , 12->t2} 

f31: {12,t2,al,tl,ll,al}/.{ll->tl,12->t2} 

f32: {Il,tl,a2,a2,12,t2}/.{ll->t2,tl->12} 

f33: {Il,tl,a2,t2,a2,12}/.{ll->t2,tl->12} 

f34: {Il,tl,a2,t2,12,a2}/.{ll->t2,tl->12} 

f35: {12,t2,al,al,ll,tl}/.{ll->t2,tl->12} 

f 36 : {12 , t2 , al , t 1 , al , 11}/ . {Il->t2 , tl->12} 

f37: {12,t2,al,tl,ll,al}/.{ll->t2,tl->12} 

f38: {Il,tl,a2,a2,12,t2}/.{ll->12,tl->t2} 

f39: {Il,tl,a2,t2,a2,12}/.{ll->12,tl->t2} 

f40: {Il,tl,a2,t2,12,a2}/.{ll->12,tl->t2} 

f 41 : {12 , t2 , al , al , 11 , t 1}/ . {11->12 , t l->t2} 

f 42 : {12 , t2 , al , t 1 , al , 11}/ . {11->12 , tl->t2} 

f 43 : {12 , t2 , al , t 1 , 11 , al}/ . {11->12 , tl->t2} 

f 44 : {al , al , h2 , k2 , 12 , t2}/ . {12->k2 , t2->h2} 

f 45 : {al , al , h2 , k2 , 12 , t2}/ . {12->h2 , t2->k2} 
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f46: 


{Il,tl,t2,a2 


12, a2}/ 


{11- 


->tl 


12- 


->t2} 




f47: 


{Il,tl,t2,a2 


12, a2}/ 


{11- 


->t2 


tl- 


->12} 




f48: 


{Il,tl,t2,a2 


12, a2}/ 


{11- 


->12 


tl- 


->t2} 




f49: 


{a2,a2,hl,kl 


11, tl}/ 


{kl- 


->hl 


11- 


->tl} 




f50: 


{a2,a2,hl,kl 


11, tl}/ 


{11- 


->kl 


tl- 


->hl} 




f51: 


{a2,a2,hl,kl 


11, tl}/ 


{11- 


->hl 


tl- 


->kl} 




f52: 


{Il,tl,h2,k2 


12, t2}/ 


{h2- 


->tl 


k2- 


->11,12- 


->t2} 


f53: 


{Il,tl,h2,k2 


12, t2}/ 


{h2- 


->11 


k2- 


->tl,12- 


->t2} 


f54: 


{Il,tl,h2,k2 


12, t2}/ 


{k2- 


->h2 


11- 


->tl,12- 


->t2} 


f55: 


{12,t2,hl,kl 


11, tl}/ 


{hl- 


->t2 


kl- 


->12,11- 


->tl} 


f56: 


{12,t2,hl,kl 


11, tl}/ 


{hl- 


->12 


kl- 


->t2,ll- 


->tl} 


f57: 


{12,t2,hl,kl 


11, tl}/ 


{kl- 


->hl 


11- 


->tl,12- 


->t2} 


f58: 


{12,t2,hl,kl 


11, tl}/ 


{kl- 


->t2 


11- 


->12,tl- 


->hl} 


f59: 


{12,t2,hl,kl 


11, tl}/ 


{kl- 


->12 


11- 


->t2,tl- 


->hl} 


f60: 


{12,t2,hl,kl 


11, tl}/ 


{11- 


->kl 


12- 


->t2,tl- 


->hl} 


f61: 


{12,t2,hl,kl 


11, tl}/ 


{hl- 


->t2 


11- 


->12,tl- 


->kl} 


f62: 


{12,t2,hl,kl 


11, tl}/ 


{hl- 


->12 


11- 


->t2,tl- 


->kl} 


f63: 


{12,t2,hl,kl 


11, tl}/ 


{11- 


->hl 


12- 


->t2,tl- 


->kl} 


f64: 


{12,t2,hl,kl 


11, tl}/ 


{kl- 


->t2 


11- 


->hl,tl- 


->12} 


f65: 


{12,t2,hl,kl 


11, tl}/ 


{hl- 


->t2 


11- 


->kl,tl- 


->12} 


f66: 


{12,t2,hl,kl 


11, tl}/ 


{kl- 


->hl 


11- 


->t2,tl- 


->12} 


f67: 


{12,t2,hl,kl 


11, tl}/ 


{kl- 


->12 


11- 


->hl,tl- 


->t2} 


f68: 


{12,t2,hl,kl 


11, tl}/ 


{hl- 


->12 


11- 


->kl,tl- 


->t2} 


f69: 


{12,t2,hl,kl 


11, tl}/ 


{kl- 


->hl 


11- 


->12,tl- 


->t2} 


f70: 


{Il,tl,h2,k2 


12, t2}/ 


{11- 


->tl 


12- 


->k2,t2- 


->h2} 


f71: 


{Il,tl,h2,k2 


12, t2}/ 


{k2- 


->tl 


12- 


->ll,t2- 


->h2} 


f72: 


{Il,tl,h2,k2 


12, t2}/ 


{k2- 


->11 


12- 


->tl,t2- 


->h2} 


f73: 


{Il,tl,h2,k2 


12, t2}/ 


{11- 


->tl 


12- 


->h2,t2- 


->k2} 


f74: 


{Il,tl,h2,k2 


12, t2}/ 


{h2- 


->tl 


12- 


->ll,t2- 


->k2} 


f75: 


{Il,tl,h2,k2 


12, t2}/ 


{h2- 


->11 


12- 


->tl,t2- 


->k2} 


f76: 


{Il,tl,h2,k2 


12, t2}/ 


{k2- 


->tl 


12- 


->h2,t2- 


->11} 


f77: 


{Il,tl,h2,k2 


12, t2}/ 


{h2- 


->tl 


12- 


->k2,t2- 


->11} 


f78: 


{Il,tl,h2,k2 


12, t2}/ 


{k2- 


•>h2 


12- 


->tl,t2- 


->11} 


f79: 


{Il,tl,h2,k2 


12, t2}/ 


{k2- 


->11 


12- 


->h2,t2- 


->tl} 


f80: 


{Il,tl,h2,k2 


12, t2}/ 


{h2- 


->11 


12- 


->k2,t2- 


->tl} 



f 81{11 , tl ,h2 ,k2, 12 , t2}/ . {k2->h2 , 12->11 ,t2->tl} 

f 82 : {al , al , 11 , t 1 , a2 , a2 , 12 , t2}/ . {ll->t 1 , 12->t2} 
f 83 : {al , t 1 , al , 11 , a2 , a2 , 12 , t2}/ . {ll->tl , 12->t2} 
f 84 : {al , t 1 , 11 , al , a2 , a2 , 12 , t2}/ . {ll->t 1 , 12->t2} 
f 85 : {al , al , 11 , t 1 , a2 , t2 , a2 , 12}/ . {ll->t 1 , 12->t2} 
f 86 : {al , t 1 , al , 11 , a2 , t2 , a2 , 12}/ . {ll->t 1 , 12->t2} 
f87: {al,tl,ll,al,a2,t2,a2,12}/.{ll->tl,12->t2} 
f 88 : {al , al , 11 , t 1 , a2 , t2 , 12 , a2}/ . {ll->t 1 , 12->t2} 
f 89 : {al , t 1 , al , 11 , a2 , t2 , 12 , a2}/ . {ll->tl , 12->t2} 
f 90 : {al , t 1 , 11 , al , a2 , t2 , 12 , a2}/ . {ll->t 1 , 12->t2} 
f91: {al,al,ll,tl,a2,a2,12,t2}/.{ll->t2,tl->12} 
f92: {al,tl,al,ll,a2,a2,12,t2}/.{ll->t2,tl->12} 
f93: {al,tl,ll,al,a2,a2,12,t2}/.{ll->t2,tl->12} 
f94: {al,al,ll,tl,a2,t2,a2,12}/.{ll->t2,tl->12} 
f95: {al,tl,al,ll,a2,t2,a2,12}/.{ll->t2,tl->12} 
f96: {al,tl,ll,al,a2,t2,a2,12}/.{ll->t2,tl->12} 
f97: {al,al,ll,tl,a2,t2,12,a2}/.{ll->t2,tl->12} 
f98: {al,tl,al,ll,a2,t2,12,a2}/.{ll->t2,tl->12} 
f99: {al,tl,ll,al,a2,t2,12,a2}/.{ll->t2,tl->12} 
f 100: {al,al,ll,tl,a2,a2,12,t2}/.{ll->12,tl->t2} 
f 101: {al,tl,al,ll,a2,a2,12,t2}/.{ll->12,tl->t2} 
f 102: {al,tl,ll,al,a2,a2,12,t2}/.{ll->12,tl->t2} 
f 103: {al,al,ll,tl,a2,t2,a2,12}/.{ll->12,tl->t2} 
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f 104 


{al 


tl 


al 


11 


a2 


t2 


a2 


12}/ 


{11- 


->12 


tl- 


->t2} 




fl05 


{al 


tl 


11 


al 


a2 


t2 


a2 


12}/ 


{11- 


->12 


tl- 


->t2} 




f 106 


{al 


al 


11 


tl 


a2 


t2 


12 


a2}/ 


{11- 


->12 


tl- 


->t2} 




f 107 


{al 


tl 


al 


11 


a2 


t2 


12 


a2}/ 


{11- 


->12 


tl- 


->t2} 




fl08 


{al 


tl 


11 


al 


a2 


t2 


12 


a2}/ 


{11- 


->12 


tl- 


->t2} 




fl09 


{tl 


al 


11 


al 


t2 


a2 


12 


a2}/ 


{11- 


->tl 


12- 


->t2} 




f 110 


{tl 


al 


11 


al 


t2 


a2 


12 
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f281: {hi, kl, Il,tl,h2,k2, 12, t2}/.{ll->kl,12->k2,tl 

f282: {hl,kl,ll,tl,h2,k2,12,t2}/.{ll->hl,12->k2,tl 

f283: {hl,kl,ll,tl,h2,k2,12,t2}/.{kl->hl,ll->tl,12 

f284: {hi, kl ,H,tl,h2,k2, 12, t2}/.{ll->kl,12->h2,tl 

f285: {hl,kl,ll,tl,h2,k2 > 12,t2}/.{ll->hl,12->h2,tl 



Renaming dummy indices, we have: 

al->a 
a2->b 

11- >c 

12- >d 
tl->e 
t2->f 
kl->g 
b2->h 
hl->j 
h2->k 
k2->m 
h2->n 



And finally restricting the number of dummy indices to four and rearranging them 
to an arbitrary pattern, we have the following: 

DDX DDX type of invariant 

+(l/24)*D_aaX*D_bbX 

+(-l/60)*D_aaX*D_bbX 

+(-l/60)*D_aaX*D_bbX 

+(1/180) *D_aaX*D_bbX 

+ ( 1/180) *D_abX*D_baX 

+(1/180) *D_abX*D_abX; 
Output : ========================= 

+(1 180) D.abX D_abX+(l 180) D_abX| D_baX+(l 72) D_aaX| D_bbX 



->hl,t2->h2> 
->kl,t2->h2} 
->h2,t2->k2} 
->hl,t2->k2} 
->kl,t2->k2} 



DDX DDY type of invariant 
+(l/80)*D_aaX*D_bcY_bc +(l/80)*D_aaX*D_bcY_bc +(l/120)*D_aaX*D_bbY_cc +(l/120)*D_aaX*D_bcY_cb 
+( 1/120) *D_aaX*D_bbY_cc + (1/120) *D_aaX*D_bcY_cb +(-l/80)*D_aaX*D_bcY_bc + (1/120) *D_aaX*D_bcY_bc 
+(-1/240) *D_aaX*D_bcY_bc + (-1/240) *D_aaX*D_bbY_cc +(-1/240) *D_aaX*D_bcY_cb +(-l/240)*D_aaX*D_bcY_bc 
+(1/720) *D_aaX*D_bcY_bc + (1/720) *D_abX*D_acY_bc + (1/720) *D_abX*D_bcY_ac + (1/240) *D_aaX*D_bcY_bc 
+(1/240) *D_abX*D_acY_bc +(1/240) *D_abX*D_bcY_ac + (-1/240) *D_aaX*D_bbY_cc + (-1/360) *D_aaX*D_bbY_cc 
+ (-1/240) *D_aaX*D_bcY_bc + (-1/360) *D_aaX*D_bcY_cb + (-1/360) *D_aaX*D_bbY_cc + (-1/240) *D_aaX*D_bcY_bc 
+ (-1/360) *D_aaX*D_bcY_cb + (-1/360) *D_abX*D_ccY_ba + (-1/240) *D_abX*D_caY_cb + (-1/360) *D_abX*D_caY_bc 
+ (-1/360) *D_abX*D_ccY_ba +(-1/240) *D_abX*D_caY_cb +(-1/360) *D_abX*D_caY_bc +(-l/360)*D_abX*D_ccY_ab 
+(-1/240) *D_abX*D_cbY_ca + (-1/360) *D_abX*D_cbY_ac + (-1/360) *D_abX*D_ccY_ab + (-1/240) *D_abX*D_cbY_ca 
+(-1/360) *D_abX*D_cbY_ac + (-1/240) *D_aaX*D_bcY_cb + (-1/240) *D_aaX*D_bcY_bc + (-1/360) *D_aaX*D_bcY_bc 
+(-1/360) *D_abX*D_acY_bc + (-1/360) *D_abX*D_bcY_ac 
+( 1/840) *D_aaX*D_bcY_bc +( 1/840) *D_abX*D_baY_cc 



^ ( 1 /840) *D_aaX*D_bbY_cc + (1/840) *D_aaX*D_bcY_cb 



+( 1/840) *D_abX*D_baY_cc +( 1/840) *D_abX*D_abY_cc 
+( 1/840) *D_abX*D_caY_bc +( 1/840) *D_aaX*D_bcY_cb 
+( 1/840) *D_aaX*D_bcY_bc +( 1/840) *D_abX*D_cbY_ca 
+ ( 1/840) *D_abX*D_caY_cb +( 1/840) *D_abX*D_acY_cb 
+( 1/840) *D_abX*D_cbY_ac +( 1/840) *D_abX*D_caY_bc 



Kl/840)*D_abX*D_abY_cc 
Kl/840)*D_aaX*D_bbY_cc 

F ( 1/840) *D.abX*D_bcY_ac 
► ( 1/840) *D_abX*D_bcY_ca 
Kl/840)*D_abX*D_ccY_ab 
Kl/840)*D_aaX*D_bcY_bc 



K 1/840) *D_abX*D_acY_bc + (1/840) *D_abX*D_cbY_ca + (1/840) *D_abX*D_bcY_ca 



-( 1/840) *D_aaX*D_bbY_cc 
-( 1/840) *D_abX*D_cbY_ac 
-( 1/840) *D_abX*D_acY_bc 
-( 1/840) *D_abX*D_ccY_ba 

- (1/840) *D_aaX*D_bcY_cb 

- (1/840) *D_abX*D_bcY_ac 
-( 1/840) *D_abX*D_ccY_ba 
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+(-1/240) *D_abX*D_caY_cb +(-1/240) *D_abX*D_acY_cb +(-1/240) *D_abX*D_ccY_ab; 
Output : ========================= 

+(1 420) D_abX D_abY_cc+(13 2520) D_abX D_acY_bc+(-l 336) D_abX D_acY_cb+(l 420) D_abX D_baY_cc 
+(2 315) D_aaX D_bbY_cc+(13 2520) D_abX D_bcY_ac+(2 315) D_aaX D_bcY_bc+(l 420) D_abX D_bcY_ca 
+(2 315) D_aaX D_bcY_cb+(-l 315) D_abX D_caY_bc+(-19 1680) D_abX D_caY_cb+(-l 315) D_abX D_cbY_ac 
+(-1 168) D_abX D_cbY_ca+(-43 5040) D_abX D_ccY_ab+(-l 315) D_abX D_ccY_ba 



DDY DDY type of invariant 
+(1/320) *D_dcY_dc*D_abY_ab +(1/480) *D_dcY_cd*D_abY_ab +(1/480) *D_dcY_dc*D_baY_ab 
+(1/720) *D_dcY_cd*D_baY_ab + (1/720) *D_ddY_ba*D_ccY_ab + (1/480) *D_daY_db*D_ccY_ab 
+(1/720) *D_daY_bd*D_ccY_ab +(1/480) *D_ddY_cb*D_acY_ab +(1/320) *D_dbY_dc*D_acY_ab 
+( 1/480) *D_dbY_cd*D_acY_ab + (1/720) *D_ddY_ca*D_bcY_ab +( 1/480) *D_daY_dc*D_bcY_ab 
1/720) *D_daY_cd*D_bcY_ab +( 1/720) *D_ddY_ab*D_ccY_ab +( 1/480) *D_dbY_da*D_ccY_ab 
1/720) *D_dbY_ad*D.ccY_ab + (1/480) *D_ddY_bc*D_acY_ab +( 1/320) *D_dcY_db*D_acY_ab 
1/480) *D_dcY_bd*D_acY_ab + (1/720) *D_ddY_ac*D_bcY_ab + (1/480) *D_dcY_da*D_bcY_ab 
1/720) *D_dcY_ad*D_bcY_ab + (1/960) *D_dcY_dc*D_abY_ab +( 1/960) *D_adY_cd*D_cbY_ab 
1/960) *D_dcY_ac*D_dbY_ab + (1/480) *D_dcY_dc*D_abY_ab + (1/720) *D_dcY_dc*D_baY_ab 
-1/960) *D_dcY_dc*D_abY_ab +( 1/720) *D_acY_bc*D_ddY_ab + (1/480) *D_bdY_cd*D_acY_ab 
1/720) *D_adY_cd*D_bcY_ab + (-1/960) *D_daY_dc*D_cbY_ab + (1/720) *D_bcY_ac*D_ddY_ab 
1/480) *D_dcY_bc*D_adY_ab + (1/720) *D_dcY_ac*D_bdY_ab +(-1/960) *D_dcY_da*D_cbY_ab 
-1/320) *D_dcY_dc*D_abY_ab +(-1/480) *D_dcY_cd*D_abY_ab +(-1/480) *D_ddY_ca*D_cbY_ab 
-1/320) *D_daY_dc*D_cbY_ab +(-1/480) *D_daY_cd*D_cbY_ab +(-1/480) *D_ddY_ac*D_cbY_ab 
-1/320) *D_dcY_da*D_cbY_ab +(-1/480) *D_dcY_ad*D_cbY_ab +(-1/1440) *D_dcY_cd*D_abY_ab 



-1/1440) *D_ddY_ca*D_cbY_ab + 
-1/1440) *D_dcY_ad*D_cbY_ab + 
-1/1440) *D_dcY_ac*D_dbY_ab + 
1/1120) *D_dcY_cd*D_abY_ab +( 
1/1120) *D_dcY_dc*D_abY_ab +( 
1/1120) *D_ddY_ca*D_cbY_ab +( 
1/1120) *D_ddY_ac*D_cbY_ab +( 
1/3360) *D_daY_cd*D_cbY_ab +( 
1/3360) *D_adY_cd*D_cbY_ab +( 
1/3360) *D_ddY_ca*D_cbY_ab +( 
1/3360) *D_ddY_ac*D_cbY_ab +(■ 
-1/1680) *D_dcY_ad*D_bcY_ab + 
-1/1680) *D_daY_cd*D_bcY_ab + 
-1/1680) *D_ddY_ac*D_cbY_ab + 
-1/1680) *D_ddY_ca*D_cbY_ab + 
-1/1120) *D_dcY_dc*D_abY_ab + 
-1/1120) *D_dcY_db*D_acY_ab + 
-1/1120) *D_dcY_db*D_caY_ab + 
-1/1120) *D_daY_db*D_ccY_ab + 
-1/1120) *D_dbY_dc*D_acY_ab + 
-1/1120) *D_dbY_dc*D_caY_ab + 
-1/1120) *D_dbY_da*D_ccY_ab + 
-1/1680) *D_dcY_cd*D_baY_ab + 
-1/1680) *D_dcY_ad*D_bcY_ab + 
-1/1680) *D_daY_cd*D_bcY_ab + 
-1/1680) *D_ddY_ac*D_cbY_ab + 
-1/1680) *D_ddY_ca*D_cbY_ab + 
-1/1680) *D_ddY_bc*D_acY_ab + 
-1/1680) *D_ddY_bc*D_caY_ab + 
-1/1680) *D_ddY_ba*D_ccY_ab + 
-1/1680) *D_ddY_cb*D_acY_ab + 
-1/1680) *D_ddY_cb*D_caY_ab + 
-1/1680) *D_ddY_ab*D_ccY_ab + 
-1/1680) *D_dcY_ac*D_bdY_ab + 
-1/1680) *D_dcY_ac*D_dbY_ab + 
-1/1680) *D_dcY_bc*D_adY_ab + 



-1/1440) *D_daY_cd*D_cbY_ab + (-1/1440) *D_ddY_ac*D_cbY_ab 
-1/1440) *D_dcY_dc*D_abY_ab + (-1/1440) *D_adY_cd*D_cbY_ab 
1/1120) *D_dcY_ad*D_cbY_ab +(1/1120) *D_daY_cd*D_cbY_ab 
/1120)*D_dcY_ac*D_dbY_ab +(1/1120) *D_adY_cd*D_cbY_ab 
/1120)*D_dcY_da*D_cbY_ab +(1/1120) *D_dcY_ca*D_dbY_ab 
/1120)*D_daY_dc*D_cbY_ab +(1/1120) *D_acY_cd*D_dbY_ab 
/3360)*D_dcY_cd*D_abY_ab +(1/3360) *D_dcY_ad*D_cbY_ab 
/3360) *D_dcY_dc*D_abY_ab + (1/3360) *D_dcY_ac*D_dbY_ab 
/3360)*D_dcY_da*D_cbY_ab +(1/3360) *D_dcY_ca*D_dbY_ab 
/3360)*D_daY_dc*D_cbY_ab +(1/3360) *D_acY_cd*D_dbY_ab 
1/1680) *D_ddY_ac*D_bcY_ab +(-1/1120) *D_dcY_da*D_bcY_ab 
-1/1680) *D_ddY_ca*D_bcY_ab + (-1/1120) *D_daY_dc*D_bcY_ab 
-1/1120) *D_dcY_dc*D_baY_ab + (-1/1680) *D_dcY_cd*D_baY_ab 
-1/1120) *D_dcY_da*D_cbY_ab + (-1/1680) *D_dcY_ad*D_cbY_ab 
-1/1120) *D_daY_dc*D_cbY_ab + (-1/1680) *D_daY_cd*D_cbY_ab 
-1/1680) *D_dcY_cd*D_abY_ab + (-1/1680) *D_ddY_bc*D_acY_ab 
-1/1680) *D_dcY_bd*D_acY_ab + (-1/1680) *D_ddY_bc*D_caY_ab 
-1/1680) *D_dcY_bd*D_caY_ab + (-1/1680) *D_ddY_ba*D_ccY_ab 
-1/1680) *D_daY_bd*D_ccY_ab + (-1/1680) *D_ddY_cb*D_acY_ab 
-1/1680) *D_dbY_cd*D_acY_ab + (-1/1680) *D_ddY_cb*D_caY_ab 
-1/1680) *D_dbY_cd*D_caY_ab + (-1/1680) *D_ddY_ab*D_ccY_ab 
-1/1680) *D_dbY_ad*D_ccY_ab +(-1/1120) *D_dcY_dc*D_baY_ab 
-1/1680) *D_ddY_ac*D_bcY_ab +(-1/1120) *D_dcY_da*D_bcY_ab 
-1/1680) *D_ddY_ca*D_bcY_ab +(-1/1120) *D_daY_dc*D_bcY_ab 
-1/1120) *D_dcY_dc*D_abY_ab +(-1/1680) *D_dcY_cd*D_abY_ab 
-1/1120) *D_dcY_da*D_cbY_ab +(-1/1680) *D_dcY_ad*D_cbY_ab 
-1/1120) *D_daY_dc*D_cbY_ab +(-1/1680) *D_daY_cd*D_cbY_ab 
-1/1120) *D_dcY_db*D_acY_ab +(-1/1680) *D_dcY_bd*D_acY_ab 
-1/1120) *D_dcY_db*D_caY_ab + (-1/1680) *D_dcY_bd*D_caY_ab 
-1/1120) *D_daY_db*D_ccY_ab + (-1/1680) *D_daY_bd*D_ccY_ab 
-1/1120) *D_dbY_dc*D_acY_ab + (-1/1680) *D_dbY_cd*D_acY_ab 
-1/1120) *D_dbY_dc*D_caY_ab + (-1/1680) *D_dbY_cd*D_caY_ab 
-1/1120) *D_dbY_da*D_ccY_ab + (-1/1680) *D_dbY_ad*D_ccY_ab 
-1/1680) *D_adY_cd*D_bcY_ab + (-1/1680) *D_dcY_dc*D_baY_ab 
-1/1680) *D_adY_cd*D_cbY_ab + (-1/1680) *D_dcY_dc*D_abY_ab 
-1/1680) *D_dcY_bc*D_daY_ab + (-1/1680) *D_acY_bc*D_ddY_ab 
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+(-1/1680) *D_bdY_cd*D_acY_ab + (-1/1680) *D_bdY_cd*D_caY_ab + (-1/1680) *D_bcY_ac*D_ddY_ab 
+( 1/13440) *D_dcY_cd*D_baY_ab +(1/13440) *D_dcY_dc*D_baY_ab + (1/13440) *D_dcY_cd*D_abY_ab 
+( 1/13440) *D_dcY_dc*D_abY_ab; 
Output : ========================= 

+(1 1120) D_acY_ab D_dbY_cd +(1 1120) D_acY_ab D_dcY_bd +(1 1120) D_acY_ab D_ddY_bc 
+(1 1120) D_acY_ab D_ddY_cb +(1 1260) D_acY_bc D_ddY_ab +(1 1260) D_adY_cd D_bcY_ab 
+(1 1260) D_bcY_ac D_ddY_ab +(1 1260) D_bdY_ab D_dcY_ac +(-1 1680) D_bdY_cd D_caY_ab 
+(-1 1680) D_daY_ab D_dcY_bc +(-1 210) D_cbY_ab D_daY_dc +(-1 210) D_cbY_ab D_dcY_da 
+(1 3360) D_bcY_ab D_daY_dc +(1 3360) D_bcY_ab D_dcY_da +(1 3360) D_ccY_ab D_daY_db 
+(1 3360) D_ccY_ab D_dbY_da +(-1 360) D_cbY_ab D_daY_cd +(-1 360) D_cbY_ab D_dcY_ad 
+(-1 360) D_cbY_ab D_ddY_ac +(-1 360) D_cbY_ab D_ddY_ca +(1 5040) D_bcY_ab D_daY_cd 
+(1 5040) D_bcY_ab D_dcY_ad +(1 5040) D_bcY_ab D_ddY_ac +(1 5040) D_bcY_ab D_ddY_ca 
+(1 5040) D_ccY_ab D_daY_bd +(1 5040) D_ccY_ab D_dbY_ad +(1 5040) D_ccY_ab D_ddY_ab 
+(1 5040) D_ccY_ab D_ddY_ba +(-1 560) D_caY_ab D_dbY_dc +(-1 560) D_caY_ab D_dcY_db 
+(1 672) D_acY_ab D_bdY_cd +(1 672) D_adY_ab D_dcY_bc +(1 840) D_acY_cd D_dbY_ab 
+(-1 840) D_caY_ab D_dbY_cd +(-1 840) D_caY_ab D_dcY_bd +(-1 840) D_caY_ab D_ddY_bc 
+(-1 840) D_caY_ab D_ddY_cb +(1 840) D_dbY_ab D_dcY_ca +(11 40320) D_abY_ab D_dcY_dc 
+(11 40320) D_baY_ab D_dcY_cd +(19 20160) D_adY_cd D_cbY_ab +(19 20160) D_dbY_ab D_dcY_ac 
+(3 2240) D_acY_ab D_dbY_dc +(3 2240) D_acY_ab D_dcY_db +(47 40320) D_baY_ab D_dcY_dc 
+(-5 8064) D_abY_ab D_dcY_cd 



Combining all Maxima generated output will give C 2 rjr 4 , as given in (|5.62j) . 
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